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                                                 Abstract 
 

This research dealt with common fixed points for generalized contraction and Zamfirescu pair of 

maps in cone b-metric spaces. In 2010, Babu et al. [1] established the existence of unique 

common fixed points for generalized contraction and zamfirescu pair of maps in complete cone 

metric spaces. Recently, Haung and Xu [9] have proved some fixed point theorems of 

contraction mappings without the assumption of normality condition in complete cone b-metric 

space. Motivated by the work of Babu et al. [1], in this work we have extended the main results 

of them [1 and 9] to cone b-metric spaces and examples in support of our main findings are also 

provided.  
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1. Introduction 

1.1 Background of the study 

 

Fixed point theory has fascinated hundreds of researchers since 1922 with the celebrated 

Banach’s fixed point theorem, which is stated as follows.  

“Let  be a complete metric space and  be a self- map. If there exists a 

constant  such that  

 

for every  then  T has a unique fixed point  such that  = .” 

A mapping T for which the inequality mentioned above holds is called a contraction. Since its 

first appearance, the Banach contraction mapping principle has become the main tool to study 

contractions as they appear abundantly in a wide array of quantitative sciences. This theorem 

provides a technique for solving a variety of applied problems in mathematical sciences and 

engineering. Its most well-known application is in ordinary differential equations, particularly, in 

the proof of the Picard-Lindelöf theorem which guarantees the existence and uniqueness of 

solutions of first-order initial value problems. It is worth emphasizing that remarkable strength of 

the Banach contraction principle originates from the constructive processes it provides to identify 

the fixed point. This notable strength further attracted the attention of not only many prominent 

mathematicians studying in many branches of mathematics related to nonlinear analysis, but also 

many researchers who are interested in iterative methods to examine the quantitative problems 

involving certain mappings and space structures required in their work in various areas such as 

Social sciences, Biology, Economics, and Computer sciences. 

There are great numbers of generalizations of the Banach contraction principle. In 2007, Huang 

and Zhuang [8] re-introduced the concept of a cone metric space where every pair of elements 

are assigned to an element of a Banach space equipped with a cone which induces a natural 

partial ordering. They proved some fixed point theorems for contraction maps in such space in 

the same work. In [2], Bakhtin introduced b-metric spaces as a generalization of metric spaces. 

He proved the contraction mapping principle in b-metric spaces that generalized the famous 
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Banach contraction principle in metric spaces. Since then, several papers have dealt with fixed 

point theory for single-valued and multi-valued operators in b-metric spaces (see [4–6] and the 

references therein). In recent investigations, the fixed point in non-convex analysis, especially in 

an ordered normed space, occupies a prominent place in many aspects (see [7–10]). In [10], 

Hussain and Shah introduced cone b-metric spaces as a generalization of b-metric spaces and 

cone metric space. They established some topological properties in such spaces. In 2010, Babu, 

Alemayehu and Prasad [1] established the existence of unique common fixed points for 

generalized and Zamfirescu pair of maps in complete cone metric spaces. Recently, Haung and 

Xu [9] have proved some fixed point theorems of contraction mappings without the assumption 

of normality condition in complete cone b-metric space. In this research the work of Babu, 

Alemayehu and Prasad [1] has been extended to cone b-metric spaces. 

1.2 STATEMENT OF THE PROBLEM 

 

The aim of this research is to prove the existence and uniqueness of common fixed point of 

generalized contraction and Zamfirescu pair of maps in cone b-metric spaces. 

 Motivated by the work of Babu, Alemayehu and Prasad [1], in this research work we extended 

the main results of [1] to cone b-metric spaces and applicable examples were provided. 

This research answered the following basic questions:  

i. What are cones, cone metric space, b-metric and cone b-metric space and how do we relate 

them? 

ii. What are the topological properties of cone b-metric space? 

iii. How do we prove the existence and uniqueness of common fixed point of generalized 

contraction pair in cone b-metric space? 

iv. How do we prove the existence and uniqueness of common fixed point of Zamfirescu 

pair of maps in cone b-metric spaces? 

v. Can we provide examples in support of the main results of this research problem? 

   1.3 Objective of the study 

The main objective of this study was to deal with existence of common fixed points of 

generalized contraction and Zamfirescu pair of maps in cone b-metric spaces. 

The topics of the research problem had the following specific objectives: 

i. To discuss about Cones, Cone metric space, b-metric and cone b-metric on real Banach 

space and show their relationship. 
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ii. To discuss about the topological properties of con b-metric space. 

iii. To prove existence and uniqueness of common fixed point of generalized contraction pair 

in cone b-metric space. 

iv. To prove existence and uniqueness of common fixed point of Zamfirescu pair in cone b-

metric space. 

v. To provide examples in support of the main results. 

1.4 Significance of the study 

Fixed point theory is one of the interesting areas of research with a wide range of application in 

various fields. There are many works about fixed point of contraction maps [6, 7].We hope that 

the results obtained in this research will contribute to research activities in this area. The 

researcher also beneficial from this study since it uses to develop scientific research writing skill 

and scientific communication in mathematics  

1.5 Delimitation of the study 

This research is delimited to finding common fixed points of generalized contraction and 

Zamfirescu pair of maps in cone b-metric spaces which has been done under Differential 

Equation and Functional Analysis Streams. 
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2. Methodology 

2.1 Study site and period 

The study uses a generalization of the Banach contraction mapping principles as a base, which 

was stated in some of the researchers and then to prove different fixed point results in cone b- 

metric space. This study was conducted from November to June 2013/2014 G.C in Jimma 

University under Mathematics Department. 

2.2 Study Design 

In order to achieve the objective of this research numerical and analytical design method has 

been used. 

2.3 Sources of information 

This research mostly depends on document materials so, the available sources of information for 

the study are Books, Journals, different study related to the topic and internet services. The 

researcher collected different documents that are listed above which supports the research and 

discuss about the collected material and other activities with an advisor. 

2.4 Procedure of the study 

The procedures we followed for analysis were the standard technique used in Alemayehu and 

Babu [1] and Huang and Xu [9]. 

  2.5 Instrumentation and Administration 

We used secondary data for this study. So, to collect those materials by photo copy, by printing 

and taking by RW-CD, flash disk, hard disk and for organizing the literature pen and paper were 

used. The materials were collected till completion of the study to find possible extension of 

common fixed points in cone b-metric spaces. 

2.6. Ethical issues 

For this study it needed Books, Journals and other related materials. But there was a problem for 

collecting all the above listed materials without any permitted letters. So, the researcher took a 

letter of permission from Mathematics Department, Jimma University and then the researcher 

explained the aim of collecting those materials. 
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3. Discussion and results 

3.1 Preliminaries  

3.1.1. Cone Metric spaces and Cone b-metric spaces 

Definition 3.1.2 [9]: Let E  be a real Banach space and let P  be a subset of  .  By   we denote 

the zero elements of E  and by int P  the interior of P . The subset P  is called a cone if and only 

if 

i) P  is closed, non-empty, and { }P  , 

ii) ,a b  , 0, ,a b x y P ax by P     ,and 

iii) ( ) { }P P     

Examples 3.1.3 

1) The set E   of real numbers with the usual norm is a real Banach space.  In this case the 

cone P  is the set of non-negative real number. 

2) The set 
2   of a Euclidian plane with the usual norm is a real Banach space.  In this 

case the cone P is the first quadrant. 

On these bases, we define a partial ordering   with respect to P  by yx  if and only 

if y x P  .We write x y to indicate that yx  but ,yx  while yx  stands for  xy  

int P .Write .  as the norm on  . The cone P  is called normal if there is a number 0k such 

that ,,  yx ykxyx  . The least positive number k satisfying the above is called 

the normal constant of P .  It is well known that .1k  

There exists a cone which is not normal  

Example 3.1.4 [5] Let ]1,0[1

RC with 'x x x and  

  { : ( ) 0P x x t    on ]}1,0[ .  This cone is not normal. 

Consider for example   
2

sin1
)(






n

nt
txn  and 

2

sin1
)(






n

nt
tyn  
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Then nnn xyx 0  

1 nn yx and 0
2

2





n
yx nn  

In the following, we always suppose that   is a real Banach space, P  is a cone in   with 

int p  and    is a partial ordering with respect to P . 

Definition 3.1.5 [9]: Let X  be a non-empty set. Suppose that the mapping  XxXd :  

satisfies: 

 with  and . 

 

 

Then d  is called a cone metric on X  and the pair ),( dX is called cone metric space. 

Note that: It is obvious that cone metric space generalizes metric space: 

Remark 3.1.6 [1]: Let E  be an ordered Banach space with a cone P  

(1) c is an interior  point of the cone P iff  cc, is a neighborhood of 0. 

(2) If  vu   and ,wv  then wu   

(3) If vu   and ,wv   then wu   

(4) If cu   for each c int P then u  

(5) If vu   and ,wv  then wu   

(6) If au  where a P  and ,10   then a  

(7) If  cba   for  each c int P then ba   

(8) If c int P , na0  and 0,0 nan  such that 0nn  we have can   
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Properties )4(),2( and )6( of this remark are often used (particularly when dealing with non-

normal cones), so we give their proofs. 

Proof: (2):  We have to prove that intw u Pif v u P    and intw v P   

There exists a neighborhood V of   in  such that w v V P   .  Then, from v u P  it 

follows that  

( ) ( ) ,w u V w v V v u P P P           

Since p is convex. 

(4)  Since intc u P  for each c int P , it follows that 
1

intc u P
n

  for each n . Thus,  

lim 1
(c u u P P P

n n
 is closed) 

Hence ( ) { },u P P  i.e. u (by definition of cone) 

(6) The condition aa  means that a a P , i.e., (1 ) .a P  

Since a P and ,01   we have also (1 )a P .Thus we have (1 ) ( ) { }a P P  , 

and a  

Definition 3.1.7 [5]:  Let X  be a non-empty set and 1s  be given real number. A mapping 

:d XxX  is called a b-metric if Xzyx  ,, the following conditions are satisfied: 

(1) ( , ) 0d x y x y  and ),(0 yxd  

(2) ),(),( xydyxd   

(3)  ),(),(),( yzdzxdsyxd  . 

A pair ),( dX is called a b-metric space with constant s . 

It is easy to see that any metric space is a b-metric space with  .1s   
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Thus, the class of b-metric space is larger than the class of metric spaces.   

The following examples show that a b-metric space is a real generalization of a metric space. 

Example 3.1.8 [5]: The set  of real numbers together with the mapping  

2
( , ) ,d x y x y x y     is a b-metric space with 2s . But d   is not metric on . 

Proof:  We need to show that d satisfies Definition 3.1.7.  

i) ,0),(
2
 yxyxd  yx,  with  x y  

Hence 0),( yxd  

00),(
2
 yxyxd 0 yx 0 yx yx  . 

Hence (1) is satisfied  yx, . 

ii)  yx, , 

     ),(1)(),(
22222

xydxyxyxyyxyxd   

  ( , ) ( , ), ,d x y d y x x y   . 

Hence (2) is satisfied. 

iii)  Let  , , ,x y z  then 

 
2 2

( , )d x y x y x z z y  

We set vuyxsoyzvzxu  ,,  

 222
(2),( vuvuyxd    =  22

2 yzzx   

 ),(),(2),( yzdzxdyxd  . 

Hence (3) is satisfied. 
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Hence ( , )d is a b-metric space with 2s .  Since, 1s  it is not a metric space. 

Example 3.1.9 [5]: Let {0,1,2}X  and a mapping :d X x X   be defined by 

1)1,2()2,1()0,1()1,0(,0),2,2()1,1()0,0(  ddddddd and mdd  )2,0()0,2(  where 

m is a given real number such that .2m   

Proof: It is enough to show that it satisfies Definition 3.1.7 (3).  

Let Xzyx ,, then  

  Xzyxyxdzxd
m

yxd  ,,),(),(
2

),( .   

Therefore, ),( dX  is a b-metric space with constant
2

m
s  .However, if ,2m the ordinary 

triangle inequality does not hold and thus ),( dX is not metric space, for if we take X2,1,0 , 

then we get 

                      )0,1()1,2()0,2( ddmd   

                 2 m . 

Hence it does not satisfy ordinary triangle inequality. 

Definition 3.1.10 [9]:  Let X  be a non-empty set and let 1s  be given real number.  A 

mapping XxXd :  is said to be cone b-metric if and only if   zyx ,,  X  the following 

conditions are satisfied. 

i) ),( yxd  with yx  and yxiffyxd ),( ; 

ii) );,(),( xydyxd   

iii)  ),(),(),( yzdzxdsyxd  . 

The pair ),( dX is called a cone b-metric space. 
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Remark 3.1.11 [9]:  Observe that if  1s  then the ordinary triangle inequality in cone  metric 

space is  satisfied, however it does not hold true when .1s  Thus  the class of cone  b-metric 

space is larger than the class of cone  metric spaces since any cone metric space must be a cone  

b-metric  spaces with 1s . 

The following examples show that cone b-metric spaces are more general than cone metric 

spaces. 

Example 3.1.12 [9]:  Let 2 , {( , ) ,: , 0} ,p x y x y E X       and   

   XxXd :  such that  

   pp
yxyxyxd  ,),( , Where 0 and 1p  are two constants.  

 Then, ),( dX is a cone b-metric space, but not a cone metric space. 

Proof: Let X   and  XxXd : .  We need to show that d  satisfies definition 3.1.10. 

i) Since 0 and 0
p

yx ,  yx,  

  0,),( 
pp

yxyxyxd  . 

Hence, Xyxyxd  ,0),(  

  )0,0(,)0,0(),( 
pp

yxyxyxd   

    

   0 yx  (Since 0 ) 

   0 yx  

   yx  . 

Hence  (i) is satisfied. 
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ii)  pp
yxyxyxd  ,),(   =  pp

xyxy )(,)(    

=  pppp
xyxy  1,1   

=  pp
xyxy  ,  

= ),( xyd . 

),(),( xydyxd  . 

Hence (ii) is satisfied . 

iii) Xzyx  ,,  

      pp
yxyxyxd  ,),(  

  =  pp
yzzxyzzx  ,  

  ( ) , ( )p px z z y x z z p  

   p2  pppp
yzzxyzzx  ,  

   =      ppppp yzyzzxzx   ,,2  

   = 2 ( , ) ( , )p d x z d z y  

  ),(),(2),( yzdzxdyxd p  . 

Next, we let  yzVzxU  ,  so VUyx  . 

From the inequality  

 
We have  
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 ppp
vuvuyx )(   )(2

ppp vu  = )(2
ppp yzzx  . 

This implies that  

          ),(),([),( yzdzxdsyxd  ]  

with 12  ps . But,  

ppp
yzzxyx   

 is impossible for all yzx  . Indeed, taking account of the inequality  

                                        

We arrive at  

             
ppppppp

yzzxvuvuvuyx )()()(   

                     = yzxyzzx
pp

 . 

Hence,(iii) in Definition 3.1.5 is not satisfied, i.e., ),( dX is not a cone metric space.  

Example 3.1.13 [9]:  Let 2,X    , and }0,0:),{(  yxyxp . We define   

    by 

                                                          ),(),(
22

yxyxyxd  .   

Then as it is shown below,  is a cone b-metric space with coefficient 2s .  But it is not a 

cone metric space since the triangle inequality is not satisfied. 

Proof: Let X   and . We need to show d satisfies definition 3.1.10. 

i) Since 0
2
 yx  yx, . 

2 2
( , )x y x y   
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Hence,  

2 2
( , ) , ) ,d x y x y x y x y X . 

)0,0(),()0,0(),(
22
 yxyxyxd  

              0
2
 yx  

             0 yx  

              yx  . 

Hence, ( i) is satisfied. 

ii)    )(,)(,),( 22
xyxyyxyxyxd   

                                                      =  xyxy  1,1  

                                                      =  xyxy  ,  

                                                      = ),( xyd  

),(),( xydyxd  . 

Hence, (ii) is satisfied. 

iii) Let Xzyx ,,  

 22
,),( yxyxyxd   

       =  22
, yzzxyzzx   

            
2

2,( )x z z y x z z y  

        2222
,2 yzzxyzzx   
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        = )],(),[(2
2222

yzyzzxzx   

         = )],(),([2 yzdzxd   

)],(),([2),( yzdzxdyxd  . 

Hence,( iii) is satisfied . 

Thus, ( , )X d is a cone b-metric space with  2s . 

Since   1s , it cannot be cone metric space. 

Definition 3.1.14 [9]: Let ( , )X d be a cone b-metric space, Xx  and }{ nx be a sequence in .X  

Then, 

i) }{ nx Converges to x whenever, for every c with ,c there is a natural number N  

such that cxxd n ),( for all Nn  . We denote this by lim n
n

x x  or 
nx x as 

n . 

ii) }{ nx is  a Cauchy sequence whenever, for every c with ,c there is  a natural 

number N such that  cxxd mn ),( for all Nmn ,  

iii) ( , )X d  is a complete cone b-metric space if every Cauchy sequence is convergent. 

3.2 Main results  

In this section we state and prove common fixed points of generalized contraction and Zamfrescu 

pair of maps in cone b-metric spaces. 

Definition 3.2.1: Let ),( dX be a cone b-metric space with 1s  and P  be a cone with non-

empty interior. Let f, g: XX  be self-maps.  Suppose that there exists a constant 









s
k

1
,0 and 

there exists  

 ( , ) ( , ), ( , ), ( , ),p x y d x y d x fx d y gy 
2

),(),( fxydgyxd 
, 
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such that  

                                          in                                            (3.2.1.1) 

Then the pair of maps ),( gf is called a generalized contraction pair on X . 

 Example 3.2.2: Let     10,1 , 0,1X E C    and   }0:{   Ep . 

Define EXxXd :  by 
2

( , )d x y x y    where :[0,1]   such that tet )( . Then 

),( dX  is a cone b-metric space with the coefficient s=2 but it is not a cone metric space. 

Consider the mappings XXgf :, are defined by 














1
6

5,
3

1

6
50,

3

1

)(

xif

xifx
xf    and    

)(xg = 

50, 0
6

1 5, 1
63

if x

x if x
 

Then the pair ),( gf is a generalized contraction pair with 
6

5k   

Solution: Let  1s  .Then we need to show 1(0, )k
s

  such that   

    

where  

 ),,(),,(),,({),( gyydfxxdyxdyxp 
( , ) ( , )

}
2

d x gy d y fx
 

We consider the following cases   

Case I:  When  5, [0, )
6

x y  

 
2

2

9

1
0

3

1
)0,

3

1
(),( xxxdgyfxd  . 
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 If we take ),(),( fxxdyxp   we get 

    ( , )p x y = )
3

1
,( xxd = 

2

3

1
xx  = 

2

3

2
x = 

2

9

4
x . 

Thus, 
222

54

20

9

4
.

6

5

9

1
),( xxxgyfxd   

 
22

54

20

9

1
xx  . 

This case is true.  

Case II:  When 5, [ ,1]
6

x y  

 
2

2

1
9

1

3

1

3

1
)

3

1
,

3

1
(),( yyydgyfxd  . 

 if we take ( , ) ( , )p x y d y gy  we get 

    ( , )p x y =
1

( , )
3

d y y = 

2

3

1
yy  = 

2

3

3 yy 
= 

2

9

4
y . 

Thus, 
222

54

20

9

4
.

6

5
1

9

1
),( yyygyfxd   

 
22

54

20
1

9

1
yy  . 

This is true . 

Case III: When )
6

5,0[x and ]1,
6

5[y  

 
2

2

9

1

3

1

3

1
)

3

1
,

3

1
(),( yxyxyxdgyfxd  . 

 If we take ),(),( yxdyxp  , we get  



17 
 

    ( , )p x y = 
2

yx  . 

Thus,  

  
2 21 5

( , )
9 6

d fx gy x y x y  . 

Which is true. 

If ),(),( gyydyxp  , we have  

         ( , )p x y  = )
3

1
,( yyd = 

2

9

4
y . 

Then, 
222

54

20

9

4
.

6

5

9
1).( yyyxgyfxd  . 

 
22

54

20

9

1
yyx  . 

 This is true . 

Case IV: When ]1,
6

5[x and 5[0, )
6

y  

 
9

1
0

3

1
)0,

3

1
(),(

2

 dgyfxd .  

If ),(),( fxxdyxp  , then we have 

  ( , )p x y = )
3

1
,(xd = 

2

3

1
x  = 

2
13

9

1
x . 

Then, 
22

13
54

5
13

9

1
.

6

5

9
1).(  xxgyfxd . 

 
2

13
54

5

9

1
 x . 

This is also true.  
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Then from cases I, II, III and IV we conclude that the pair ),( gf is generalized contraction. 

Theorem 3.2.3:  Let ( , )X d be a complete cone b-metric space with 1s .  Suppose that ),( gf is 

a generalized contraction pair of self-maps on X . Then f  and g have a 

unique common fixed point in X . 

Proof: Let   Xx 0
. Since ( )f X X , Xx  1 such that )( 01 xfx  . 

Since ( )g X X , 
2x X  such that

2 1( )x g x . By continuing this process having defined 

,Xxn   we define 
1nx X such that 

                1nx  =








,...5,3,1,

,...4,2,0,

nifgx

niffx

n

n
  

We first show that:  

                                  ),(),( 11   nnnn xxkdxxd , for ,3,2,1n …                                     (3.2.3.1) 

We consider two cases:  

Case (i):  n  is even.  Then, 

                               ),(),(),( 111   nnnnnn xxpkgxfxdxxd  

where  

 






 

 


2

),(),(
),,(),,(),,(),( 11

1111
nnnn

nnnnnnnn

fxxdgxx
dgxxdfxxdxxdxxp  

   = 






  


2

),(),(
),,(),,(),,( 11

111
nnnn

nnnnnn

xxdxx
dxxdxxdxxd  

   = 








 ),(
2

1
),,(),,( 1111 nnnnnn xxdxxdxxd  

Now if ),(),( 11   nnnn xxdxxp , then  



19 
 

             ),(),(),( 111   nnnnnn xxkdxxkpxxd  

Clearly 3.2.3.1 holds true. 

If ),(),( 11 nnnn xxdxxp    

),(),(),( 111 nnnnnn xxkdxxkpxxd    

0),( 1   nn xxd [by Remark 3.1.6 (6)]. 

If ),(
2

1
),( 111   nnnn xxdxxp , 

),(
2

),(
2

),( 1111   nnnnnn xxd
k

xxp
k

xxd  

        ),(),(
2

11   nnnn xxdxxd
sk

 

      = ),(
2

),(
2

11   nnnn xxd
sk

xxd
sk

 

),(
2

),(
2

),( 111   nnnnnn xxd
sk

xxd
sk

xxd  

),(
2

),(
2

1 11  







 nnnn xxd

sk
xxd

sk
 

),(
2

),(
2

2
11  







 
 nnnn xxd

sk
xxd

sk
 

),(
2

),( 11 


 nnnn xxd
sk

sk
xxd  

              = ),,( 1nn xxhd where
2

sk
h

sk
. 

),(),( 11   nnnn xxhdxxd . 
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Hence, 3.2.3.1 holds true. 

Case (ii) n is odd.  Then,  

 ),,(),(),(),( 1,111 nnnnnnnn xxkpgxfxdfxgxdxxd   where  

 






 

 


2

),(),(
),,(),,(),,(),( 11

1111
nnnn

nnnnnnnn

fxxdgxxd
gxxdfxxdxxdxxp  

   = 






 


2

),(),(
),,(),,(),,( 11

111
nnnn

nnnnnn

xxdxxd
xxdxxdxxd  

   = 








 ),(
2

1
),,(),,( 1111 nnnnnn xxdxxdxxd  

Now if ),,(),( 11   nnnn xxdxxp then  

 ),(),(),( 111   nnnnnn xxkdxxkpxxd  

 ),(),( 11   nnnn xxkdxxd  

Clearly 3.2.3.1 holds true.  

If ),(),( 11 nnnn xxdxxp    

 ),(),(),( 111 nnnnnn xxkdxxkpxxd    

 0),( 1   nn xxd  [by Remark 3.1.6 (6)] 

If ),(
2

1
),( 111   nnnn xxdxxp , then  

 ),(
2

),(
2

),( 1111   nnnnnn xxd
k

xxp
k

xxd  

    ),(),(
2

11   nnnn xxdxxd
sk
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 ),(
2

),(
2

),( 111   nnnnnn xxd
sk

xxd
sk

xxd  

 ),(
2

),(
2

1 11  







 nnnn xxd

sk
xxd

sk
 

 ),(
2

),(
2

2
11  







 
 nnnn xxd

sk
xxd

sk
 

),(
2

),( 11 


 nnnn xxd
sk

sk
xxd  

  = ),,( 1nn xxhd where   
2

sk
h

sk
 

         ),(),( 11   nnnn xxhdxxd . 

Hence, 3.2.3.1 holds true.  

Hence, in both cases the inequality 3.2.3.1 holds.  

By repeated application of (3.2.3.1), we get  

 ,2,1),,(),( 011  nxxdkxxd n

nn . . .                                                                      (3.2.3.2) 

We now need to show that  nx is a Cauchy sequence in X . 

For ,1 nm we have  

 1 1( , ) ( , ) ( , )n m n n n md x x s d x x d x x  

               
1 1( , ) ( , )n n n msd x x sd x x  

               2

1 1 2 2( , ) [ ( , ) ( , )]n n n n n msd x x s d x x d x x  

                

2

1 1 2 1( , ) ( , ) ( , ) ... ( , )m n

n m n n n n m md x x sd x x s d x x s d x x                                        (3.2.3.3) 
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Since ,1sk from the inequality (3.2.3.1), we get  

2

1 1 2 1( , ) ( , ) ( , ) ... ( , )m n

n m n n n n m md x x sd x x s d x x s d x x  

     2 1 1

0 1 0 1 0 1( , ) ( , ) ... ( , )n n m n msk x x s k d x x s k d x x  

    2 1 1

0 1[ ... ] ( , )n n m n msk s k s k d x x  

     2 1

0 1(1 ( ) ... ( ) ) ( , )n m nsk sk sk sk d x x  

                            


 ),(
1

10 xxd
sk

sk n

 as  n                                                            (3.2.3.4) 

Let c0 .From (3.2.3.4) and Remark 3.1.6 (8), there exists an integer N such 

that cxxdsksk n   ),()1( 01

1 Nn  .  By Remark 3.1.6  (2), ( , ) .n md x x c  

Hence by definition 3.1.14 (ii) }{ nx is a Cauchy sequence in X .By the completeness of ,X there 

exists z  in X  such that zxn  as n  

We claim that zfz  . 

Let c0 .  If  n  is odd, Then  

 
1

( , ) [( , ) ( , )]

[ ( , ) ( , )]

n n

n n

d fz z s fz gx d gx z

s kp z x d x z
                                                                    (3.2.3.5) 

When  
2

),(),(
),,(),,(),,(),(

fzxdgxzd
gxxdfzzdxzdxzp nn

nnnn


  

        =  1

1

( , ) ( , )
( , ), ( , ), ( , ),

2

n n

n z n x

z x d x fz
d z x d z f d x x  

One of the following cases holds true for infinitely many n . 

If ),,(),( nn xzdxzp  then from (3.2.3.5) we have  
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 1( , ) [ ( , ) ( , )]
2 2

n n

c c
d fz z s k d z x d x z sk c

sk s
. 

If  ),,(),( fzzdxzp n   then from (3.2.3.5) we get  

       
1( , ) ( , ) ( , )nd fz z sk d z fz sd x z  

  ),(),()1( 1 zxdszfzdsk n  

 c

sk

s

c

sk

s
zxd

sk

s
zfzd n 
















 

1

1
),(

1
),( 1 . 

If ),,(),( 1 nnn xxdxzp then from (3.2.3.5) we get  

),(),(),( 11 zxsdxxskdzfzd nnn    

  ),()],(),([ 11

2 zxsdxzdzxdks nnn    

 ),()1(),( 1

2 zxdskszxdks nn   

 c
sks

c
sks

ks

c
ks 




)1(2
)1(

2 2

2 . 

If 
2

),(),(
),( 1 fzxdxzd

xzp nn
n


  , then from (3.2.3.5) we get  

),())],(),((
2

[),( 11 zxdsfzxdxzd
k

szfd nnnz    

 )],(),([
2

),()
2

(
2

1 fzzdzxd
ks

zxds
sk

nn    

   ),(
2

),(
2

),(
2

2 22

1 fzzd
ks

zxd
ks

zxd
ssk

nn 


   

2 2

1

2
(1 ) ( , ) ( , ) ( , )

2 2 2
n n

s k sk s s k
d fz z d x z d x z  
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),(
2

),(
2

2
),(

2

2

12
zxd

ks

ks
zxd

ks

ssk
zfzd nn







   

          cc
ks

ks

ks

ks
c

ks

ks

ks

ks
















2

2

2

22

2 2

)2(

2)2(

)2(

2(2

)2(
. 

In all cases, we obtain czfzd ),( for each intc P using remark 3.1.6 (4) it follows that 

0),( zfzd or zfz  . 

Next we prove that  zgz  . 

Now consider   

               zzkpgzfzdgzzd ,),(),(   ,                                                                            (3.2.3.6) 

where  }
2

),(),(
),,(),,(),,({),(

gzzfzzd
gzzdfzzdzzdzzp


  

  
( , )

{0, ( , ), }
2

d z gz
d z gz . 

If 0),( zzp from (3.2.3.6), we get zgz  . 

If either 
2

),(
),(

gzzd
zzp   or ),,(),( gzzdzzp  then from (3.2.3.6) and remark 3.1.6 (6) we 

have, 0),( gzzd  

Thus, gzz  . 

Hence zgzfz  . 

The uniqueness of z  follows from the inequality (3.2.1.1).  Hence the Theorem follows. 

Corollary 3.2.4 [1]:  Let ( , )X d be a complete cone metric space. Suppose that ),( gf is a 

generalized contraction pair of self-maps on X . Then f  and g have a unique common fixed 

point in X . 
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Proof: Since every cone metric space is a cone b-metric space, the proof follows from Theorem 

3.2.3. 

Example 3.2.5:  Let , , , , ,X E P d f and g be as in example 3.2.2.The pair ),( gf is a generalized 

contraction pair with
6

5
k ; and the maps f and g satisfy all the conditions of theorem 3.2.3 and 

0 is the unique common fixed point of f  and g . 

Definition 3.2.6: Let ),( dX be a cone b-metric space with  1s  and P  be a cone with non-

empty interior. Let XXgf :,  be self-maps. Suppose that there exists a constant  )1,0(
s

k   

and there exists  


2

),(),(
),,(),(

gyydfxxd
yxdyxp


 , 

2

),(),( fxydgyxd 
 

         such that  

                ),(),( yxkpgyfxd   for all yx, in X .                                                                 (3.2.6.1) 

Then the pair of maps ),( gf is called a Zamfirescu pair of maps on .X  

Example 3.2.7:  Let     10,1 , 0,1X E C   and   { : 0}P E  .. 

Define EXxXd :  by 
2

( , )d x y x y   where :[0,1]  Such that tet )( . Then 

),( dX is a cone b-metric space with the coefficient s=2 but it is not a cone metric space.  

Consider the mappings XXgf :, are defined by  

        














1,
5

1

1,
4

1

)(

ifx

xifx
xf    and        )(xg = 














1,
4

1

1,
5

1

ifx

xifx

 

Then the pair ),( gf is a Zamfirescu pair with
5

4
k . 

Now we need to show 
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),(),( yxkpgyfxd  , , , (0,1)x y X k     where  

 
2

),(),(
),,({),(

gyydfxxd
yxdyxp


 , }

2

),(),( fxydgyxd 
 

Case I:  When 1, yx  

2
21 1 1 1 1

( , ) ( , )
4 5 4 5 400

d fx gy d x y x y x y  . 

 If we take ),(),( yxdyxp   we get 

    ( , )p x y = 
2

yx   

Thus, 
22

5

4

400

1
),( yxyxgyfxd  . 

which is true.  

Case II:  when 1, yx  

 

2
1 1 1 1 1

( , ) ( , )
5 4 5 4 400

d fx gy d   . 

 If we take ),( yxp
( , ) ( , )

2

d x fx d y gy
 

    = 
2

)
4

1
,()

5

1
,( ydxd 

 

    = 
2

4

1

5

1
22

  yx

 

    =  
800

14251516
22
  yx

  =  
216 (25 9)

800

 
. 
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
800

481
),(  yxp . 

Then  

          
000,1

481

800

481
.

5

4

400

1
),( gyfxd  

 
1 481

400 1,000
  . 

This case is also true.  

Case III: When 1x and 1y  

 )
5

1
,

5

1
(),( ydgyfxd   

   = 

2

5

1

5

1
y = 

21
1

25
y  = 

2
1

25

1
y . 

If we take ),(),( yxdyxp   

  = 
2

yx  = 
2

1 y . 


22

1
5

4
1

25

1
),( yygyfxd   

 
22

1
5

4
1

25

1
yy  . 

This case is true. 

Case IV:  when 1x and 1y  

 
2

2

1
16

1

4

1

4

1
)

4

1
,

4

1
(),(  xxxdgyfxd .  

If we take ),(),( yxdyxp  , we get 
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 ( , )p x y = 
2

yx   = 
2

1x . 

Then 
22

1
5

4
1

16

1
),(  xxgyfxd . 

which is true. 

From case I, II, III, and IV the pair ),( gf is a zamfirescu pair of maps on X . 

Theorem 3.2.8:  Let ),( dX be a complete cone b-metric space with 1s .  Suppose that ),( gf  

is a Zamfirescu pair on X .  Then f and g have a unique common fixed point in X . 

Proof: Let Xx 0  since ( )f X X there exists Xx 1 such that 01 fxx  . 

Since ( )g X X , there exists Xx 2 such that 12 gxx  .  By continuing this process, having 

defined Xxn  , we can define Xxn 1 such that  
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nifgx

niffx
x
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n

n  

We first show that  

 ),,(),( 11   nnnn xxkdxxd for  ,3,2,1n . . .                                          (3.2.8.1) 

We consider two cases: 

Case (i) n is even.  Then, 

),,(),(),( 111   nnnnnn xxkpgxfxdxxd where  

  
2

),(),(
,

2

),(),(
),,(),( 1111

11
nnnnnnnn

nnnn

fxxdgxxdgxxdfxxd
xxdxxp 
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
  

   = 1 1

1 1 1

( , ) ( , ) 1
( , ), , ( , )

2 2

n n n n

n n n n

d x x d x x
d x x d x x . 

Now if ),(),( 11   nnnn xxdxxp  
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 ),(),( 11   nnnn xxkdxxd  

Hence (3.2.8.1) holds  

If  ),( 1nn xxp ,
2

),(),( 11   nnnn xxdxxd
then we have  

 1( , )
2

n n

k
d x x   ),(

2
),(

2
),(),( 1111   nnnnnnnn xxd

k
xxd

k
xxdxxd  

 ),(
2

),(
2

1
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k
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),(
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1
11   nnnn xxd

k
xxd  

 ),(),( 11   nnnn xxkdxxd  

Hence (3.2.8.1) holds.  

If ),(
2

1
),( 111   nnnn xxdxxp , then we have  
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 ),(
2

),(
2

2
11  
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

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 
 nnnn xxd
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sk

sk
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             = ),,( 1nn xxhd  where  
sk

sk
h




2
. 

),(),( 11   nnnn xxhdxxd . 

Hence (3.2.8.1) holds.  

Case (ii) n  is odd.  Then  

 ),(),(),(),( 1111 nnnnnnnn xxkpgxfxdfxgxdxxd    
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Now if  ),,(),( 11   nnnn xxdxxp  then  

 kpxxd nn  ),( 1 ),(),( 11   nnnn xxkdxx  
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),(
2

),(
2

1
11   nnnn xxd

k
xxd  

),(),( 11   nnnn xxkdxxd .  

Hence 3.2.8.1 holds.  

If ),(
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1
),( 111   nnnn xxdxxp , we have  
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),(),( 11   nnnn xxhdxxd . 

Hence 3.2.8.1 holds true.  
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Hence, in both cases the inequality 3.2.8.1 holds. 

By repeated application of (3.2.8.1), we get  

,2,1),,(),( 011  nxxdkxxd n

nn . . .                                                   (3.2.8.2) 

Next, we need to show that }{ nx is a Cauchy sequence in X . 

For  .1 nm   it follows that  

1 1( , ) [ ( , ) ( , )]n m n n n md x x s d x x d x x  

                
1 1 2 2( , ) [ [ ( , ) ( , )]]n n n n n msd x x s s d x x d x x  

               2 2

1 1 2 2( , ) ( , ) ( , )n n n n n msd x x s d x x s d x x  

                           2 3 3

1 1 2 2 3 3( , ) ( , ) ( , ) ( , )n n n n n n msd x x s d x x s d x x s d x x  

            2

1 1 2 1( , ) ( , ) ... ( , )m n

n n n n m msd x x s d x x s d x x . 

Now 3.2.8.1 and 1sk imply that  
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  2 1 1
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  2 1 1
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

 ),(
1

10 xxd
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sk n

 as n .                                                         (3.2.8.3) 

Let c0 from (3.2.8.3) and Remark 3.1.6 (8), there exists an integer N such that 

cxxd
sk

sk n




),(
1

10  .n N   By Remark (3.1.6) (2), cxxd mn ),( . 
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Hence by Definition 3.1.14 (ii), }{ nx is a Cauchy sequence in .X  By the completeness of X , 

there exists z in x  such that zxn  as n  . 

We claim that  zfz   

Let .0 c If n  is odd.  Then,  

 

 ( , ) [ ( , ) ( , )]n nd fz z s d fz gx d gx z  

               ( , ) ( , )n ns k p z x d gx z                       

                                    ( , ) ( , ).n nsk p z x sd gx z                                                              (3.2.8.4) 
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One of the following cases holds true for infinitely many n  
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In all cases, we obtain czfzd ),(  for each pc int .Using Remark 3.1.6 (4), it follows that 

0),( zfzd or zfz  . 

Next we prove that gz =z. To do so consider  

                ),(),(),( zzkpgzfzdgzzd   ,                                                                     (3.2.8.5) 

where 
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Now if 0),( zzp , from (3.2.8.5) trivially we get zgz   
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If
2

),(
),(

gzzd
zzp  , then from (3.2.8.5) and remark 3.1.6 (6), we have  0),( gzzd  

i.e.  gzz  . 

Hence, zgzfz  . 

The uniqueness of z  follows from inequality the (3.2.6.1). Hence the theorem follows.  

Corollary 3.2.9 [1]: Let ),( dX be a complete cone metric space. Suppose that ),( gf is a 

Zamfirescu pair on X .  Then f and g have a unique common fixed point in X . 

Proof: Since every cone metric space is a cone b-metric space, the proof follows from Theorem 

3.2.8. 

Example 3.2.10: Let , , , , ,X E P d f and g be as in Example 3.2.7. The pair ),( gf is a 

Zamfirescu pair with
5

4
k ; and the maps f and g satisfy all the conditions of Theorem 3.2.8 

and 0 is the unique common fixed point of f  and g . 
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4. Conclusions and Future scopes 

4.1 Conclusions 
In 2010 Babu, Alemayehu and Prasad [1] established the existence of common fixed points for 

generalized contraction and Zamfirescu pair of maps in complete cone metric spaces. Recently 

Haung and Xu [9] have proved some fixed point theorems of contraction maps in complete cone 

b-metric spaces. In this research the work of Babu, Alemayehu and Prasad [1] is extended to 

cone b-metric spaces by proving 

 The existence of common fixed point for generalized contraction pair in cone b-metric 

spaces. 

 The existence of common fixed point of Zamfirescu pair of maps in cone b-metric 

spaces.  

And we have also provided examples to substantiate the aforementioned main results. 

 Since Corollary 3.3, Corollary 3.4 and Corollary 3.5 in Babu, Alemayehu and Prasad [1] are 

corollaries to Corollary 3.2.9; Theorem 2.3, Theorem 2.4 and Theorem 2.5 of Razapour and 

Hamlbarani [12] are generalized by Theorem 3.2.8. As a result some of the main results in 

Huang and Zhang [8] are also generalized by Theorem 3.2.8.  

4.2 Future scopes 

Common fixed points of two or more operators defined on cone b-metric space is new area of 

study. Recently there are a number of published research papers related to this area of study. So 

the student researcher recommend the upcoming Post graduate students of the department to 

have interest to do their research work in this area of study. 
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