Common Fixed Points of f-Contraction Mapping With Generalized Altering

Distance Function In Partially Ordered Metric Spaces

A Research Submitted To The Department Of Mathematics, Jimma University In Partial
Fulfillment Of The Requirements For The Degree Of Masters Of Sciences In Mathematics
(Differential Equation)

By
Tesfaye Megerssa Oljira

Under the supervision of:

Alemayehu Geremew (Associate Professor) (Advisor)

July, 2015

Jimma, Ethiopia



DECLARATION
I, the undersigned declare that, the research entitled “Common Fixed Points of f-Contraction

Mapping With Generalized Altering Distance Function In Partially Ordered Metric
Spaces” is original and it has not been submitted to any institution elsewhere for the award of
any academic degree or like, where other sources of information that have been used, they have
been acknowledged .

Name: Tesfaye Megerssa

Signature....................

Date: ..oooovvviiiiil.
The work has been done under the supervision and approval of:
Alemayehu Geremew (Associate Professor) (Advisor)

Signature: ...................

Date: ooovie



Table of Contents

DECLARATION ..ttt ettt ettt e e ettt e ettt e e e et e e e et e e e eeua s e e seaa s e e eana s eeesaa e e tanasseeesnaseenenansaaeenassenennnseenenn i
TADIE OF CONTENTS ....eeeiieeiei ettt e e e e sttt et e e e e s s et e e e e e e e e saanbbeeeeeeeesesnnbraeeeaaaeens i
ACKNOWLEDGEMENTS . ...ttt ettt ettt ettt e ettt s e e et s e et et s e e eeaa s eeeanas s eaeaaa e esesanseenannnseaesnnnsesennnns iii
FAY 2 Y 112V Y O TP PPPPR PP iv
1. INTRODUCGTION L.ttt ettt ettt e et s e ettt s e e ette e e e et s e ettt s e eeaaasesesna s esesasseessnassasesnnssesennnseenennnsane 1
1.1, Background of the stUdy ..o 1
1.2.  Statementof the problem ... 2
1.3, Objective of the stUAY ...ccooeiiiii 3
1.3.1. (CT=T =T | 0] o] =T A VPP PP PPPPPPPPRt 3
1.3.2. Yo T Tol 1 (ol @] o T =Tot 41V PP PPPPPPPPRt 3

1.4. Significance of the study..........cooi i 3
1.5.  Delimitation of the study ... 3

2. REVIEW LITERATURE ....ceti ettt ettt st ettt e s st e s st e e s e e s smneeeesanneeeens 4
3. IMETHODOLOGIES ....cooiititeeeeiiiee ettt ettt ettt e e sttt e sttt e s st e e e st e e e s sanr e e e sabee e e s snreeeesnnes 8
3.1, StUAY Site @Nd PEIIOM ..uuvueieiiiiiiiiiit s 8
3.2, STUAY AOSIEN .ttt nan 8
3.3 SoUrce of iINFOrMAtioN .....cooiiiiiiiiiiee e e 8
3.4, Procedure Of the STUAY ........uuuueeuiieiii s 8
3.5, Ethical CONSIAEration .......coiiiiiieieiiieee e s 8

4.  DISCUSION AND MAIN RESULT ..eiiiiiiiieeiiiitee sttt e sttt e sttt e sttt e sttt e s st e e st e e sembee e e s samreee e smnee 9
4.1, PRELIMINARIES ...ttt ettt ettt sttt ettt e sttt e e sttt e e st e e e e ambb e e e e smreeeesnnees 9
A \V Y[ I = ] S PP PO PP PP P PPPOPRPPPN 14
5. CONCLUSION AND RECOMMENDATION.....ccciiutttteaiiieteeaiieteeeeiteeeesireee s st ee s snbeeeessbreeessareeeesnrees 30
5.1, CONGCLUSION ..ottt ettt ettt e sttt e e st et e s st ee s s bttt e e sabe e e e e eabbeee e snreeeesannes 30
5.2. RECOMMENDATION. ...ttt ettt ettt e ettt e e e e e ettt e e e e e e e eeeesn e e e e eeeeesnnaaees 30
S (T4 =T ol TSP PP OPUPPPOPPP 31



ACKNOWLEDGEMENTS
First of all, I am indebted to my almighty GOD who gave me long life, strength and helped me to

reach this precise time. Next my special cordial thanks go to my principal Advisor, Dr.
Alemayehu Geremew for his unreserved support, advice, constructive comments and guidance
throughout this research work. Lastly, 1 would like to thank Differential Equations Stream Post
Graduate Students and Functional Analysis instructors for their constructive comments and
provision of some references while | did this research.



ABSTRACT
The aim of this research project was to extend the result of Yongfu Su [26] and to obtain some

new fixed point theorems for f-contraction mapping in a complete metric space endowed with a
partial order by using generalized altering distance function. This study was mostly depended on
Secondary source of data such as journals and books which are found in different libraries and
internet service were used for the study. The researcher followed analytical and numerical
design in this research work. The procedures employed for the analyses of this study were the
standard iterative techniques and procedures used in Su [26]. We have stated some examples
showing that our results are effective. This study was conducted in Jimma University under
Mathematics Department from November 2014 to June 2015 G.C.

Key words: f-Contraction mapping, partially ordered metric spaces, common fixed point,

generalized altering distance function.



1. INTRODUCTION

1.1. Background of the study
Fixed point theory contains many different fields of mathematics, such as nonlinear functional

analysis, mathematical analysis, operator theory and general topology. The fixed point theory is
divided into two major areas: One is the fixed point theory on contraction or contraction type
mappings on complete metric spaces and the second is the fixed point theory on continuous
operators on compact and convex subsets of a normed space. The beginning of fixed point theory
in normed space is attributed to the work of Brouwer in 1910, who proved that any continuous
self-map of the closed unit ball of R™ has a fixed point. The beginning of fixed point theory on
complete metric space is related to the work of Polish mathematician Stefan Banach [4], Banach
Contraction Principle, published in 1922. Let (X, d) be a complete metric space and T: X — X be
a mapping. Then T is said to be a contraction mapping if there exists a constant k € [0,1), called
a contraction factor, such that

d(Tx,Ty) < kd(x,y)forallx,y € X.
Banach Contraction Principle says that any contraction self-mappings on a complete metric
space has a unique fixed point. This principle is one of a very power test for existence and
uniqueness of the solution of considerable problems arising in mathematics. Because of its
importance for mathematical theory, Banach Contraction Principle has been extended and
generalized in many directions.
Definition 1.1.1 Let X be non-empty set and T: X — X a self map. The point x € X is said to be
fixed point of T if Tx = x.
Definition 1.1.2[18] A mappingT: X — X, where (X, d) is a metric space, is said to be weakly
contractive if

d(Tx, Ty) < d(x,y) — ¢(d(x,¥))
wherex,y € Xand ¢:[0,0) — [0,00) is a continuous and non-decreasing function such that
@(t) = Oifand only ift = 0.
Theorem 1.1.3[18] If T: X — X is a weakly contractive mapping, where (X,d) is a complete

metric space, then T has a unique fixed point.



Now the weak contractions are generalization of the Banach contraction mapping, which have
been studied by several authors. In [1, 2, 3, 5, 6, 7, 8], the authors proved some types of weak
contractions in complete metric spaces, respectively. In particular the existence of a fixed point
for weak contraction was extended to partial ordered metric spaces in [2, 8, 16]. Among them
some involve altering distance functions. Such functions become famous by Khan et al in [18],
where they present some fixed point theorems with the help of such functions. Since its first
appearance, the Banach contraction mapping principle has become the main tool to study
contractions as they appear abundantly in a wide array of quantitative sciences. Its well known
application is in Ordinary Differential Equations, particularly in the proof of the Picard-Lindlof
theorem which guarantees the existence and uniqueness of solutions of first order initial value
problems. It is worth emphasizing that the remarkable strength of the contraction principle

originates from the constructive process it provides to identify the fixed point.

This notable strength further attracted the attention of not only many prominent mathematicians
studying in many branches of Mathematics related to non-linear analysis, but also many
researchers who are interested in iterative methods to examine the quantitative problems
involving certain mappings and space structures required in their work in various areas such as

social sciences, Biology, Economics, and Computer Sciences.

In 2012, Yan et al. [29] established a new contraction mapping principle in partially ordered
metric spaces. In his research paper published on 03 Nov 2014, Su [26] has proved some fixed
point theorems of generalized contraction mappings in a complete metric space endowed with a

partial order by using generalized altering distance functions.

Inspired and motivated by the results mentioned on [29] and [26], the purpose of this project was
to extend the main theorem of [26] to f-contraction mapping in a complete metric space endowed
with a partial order by using generalized altering distance functions and application examples

were provided.

1.2. Statement of the problem
This study focused on proving the existence of common fixed points of f-contraction mapping
defined on complete metric spaces endowed with a partial order by using generalized altering

distance functions. This study tried to answer the following questions:



I How can we prove the existence of common fixed points of f-contraction mappings
defined on complete metric spaces endowed with a partial order by using generalized
altering distance functions?

ii. If such common fixed points exist, how can we verify their uniqueness?

iii. How can we support the main result by providing application examples?

1.3. Objective of the study

1.3.1. General Objective
The general objective of this research was to establish common fixed point theorem for f-

contraction mapping on complete metric spaces endowed with a partial order by using
generalized altering distance function in partially ordered metric spaces.

1.3.2. Specific Objectives

i) To prove common fixed points of f-contraction mapping defined on complete metric
spaces endowed with a partial order by using generalized altering distance function in
partially ordered metric spaces.

i)  To verify the uniqueness of the common fixed point if it exists.

iii) To provide supporting and application examples in support of the result.

1.4. Significance of the study

Fixed point theory is an interesting area of research with a wide range of application in
various fields. This concept is recently becoming a topic of considerable research interest.
There are many works about fixed points of contraction mappings [2, 4, 10, 16, 17, 22, 27,
29]. We hope that the result obtained in this study will contribute to research activities in this
area. The researcher also benefited from this study since he used to develop scientific
research writing skill and scientific communication in Mathematics.

1.5. Delimitation of the study

This study was delimited to finding the common fixed points of f-contraction mappings
defined on complete metric spaces endowed with partial order by using generalized altering
distance function which will be done under Differential Equations and Functional Analysis
streams.



2. REVIEW LITERATURE

Fixed point theory is one of the famous theories in mathematics and has broad applications. The
applications of fixed point theory are very important in different disciplines of mathematics. The
Banach contraction mapping principle is one of the pivotal results of analysis. It is widely
considered as the source of metric fixed point theory and its significance lies in its vast
applicability in a number of branches of mathematics. There are a lot of generalizations of the
Banach contraction mapping principle in the literature. One of the most interesting of them is the
result of Khan et al. [18]. They addressed a new category of fixed point problems for a single
self-map with the help of a control function which they called an altering distance function.

Definition 2.1[18] A function : [0,0) — [0,) is called an altering distance function if the

following properties are satisfied:

a. Y is continuous and monotonically non-decreasing.
b. ¥(t)=0ifandonlyift = 0.
Example The following function is an altering distance function:

0, t=0
z/)(t)—{ﬁt't21 where g > 1.

Khan et al. [18] tried to prove the next fixed point theorem.

Theorem 2.1Let (X,d )be a complete metric space, let i be an altering distance function,and

letf: X — X be a self-mapping which satisfies the following inequality:

Y(d(fx, fy)) < cp(d(x,y)) (2.1)
for all x, y € Xand for some 0 < ¢ < 1. Then fhas a unique fixed point.

In fact Khan et al. proved a more general theorem of which theorem 2.1 is a corollary. Altering
distance functions have been used in metric fixed point theory in a number of papers. Some of

the works utilizing the concept of altering distance function are noted in [3, 12, 18, 23].

Another generalization of the Banach contraction was suggested by Alber and Guerre-Delabriere
[28] in Hilbert Spaces. Rhoades [22] has shown that the result which Alber and Guerre-

Delabriere have proved in [28] is also valid in complete metric spaces.

In fact, Alber and Guerre-Delabriere assumed an additional condition on ¢which is

lim,_,, @ (t) = c. But Rhoades [22] obtained the result noted in theorem 2.1without using this



particular assumption. Also, the weak contractions are closely related to maps of Boyd and

Wong [6] and Reich type [21]. Namely, if ¢ is a lower semi-continuous function from the right,

then ¥(t) =t — @(t) is an upper semi-continuous function from the right, and moreover, (2.1)

turns intod (Tx, Ty) < ¥(d(x,y)). Therefore, the weak contraction is of Boyd and Wong type.
And if we define g(t) =t — @ for t > 0and B(0) = Othen (2.1) is replaced by

d(Tx, Ty) < ¢(d(x,y))d(x,y) (2.2)

Therefore, the weak contraction becomes a Reich-type one. It may be observed that though the
function ¢ has been defined in the same way as the altering distance function, the way it has
been used in [16] is completely different from the use of altering distance function. Weakly
contractive mappings have been dealt with in a number of papers. Some of these works are noted
in [4, 5, 10, 16, 17, 22].

Also, Zhang and Song [21] have given the following generalized version of Theorem 2.1.
Theorem 2.2 Let (X, d)be a complete metric space, and let f,T: X — Xbe two mappings such
that for eachx, y € X,

d(Tx, fy) <P (x,y) — dp(Y(x,y))
where ¢ : [0,00) — [0,%0) is a lower semi-continuous function with ¢(t) >0 for t > 0 and

#(0) =0,

Y(e.y) = maxfd(x,y), 4G, T0,d0, ), 3140, T2 + d G )]}

Then, there exists a unique point z € X suchthat z =Tz = fz.

In recent years, many results appeared related to fixed point theorem in complete metric spaces
endowed with a partial ordering < in the literature [2, 13, 20, 27, 29]. Most of them are a hybrid
of two fundamental principles: Banach contraction theorem and the weakly contractive
condition. Indeed, they deal with a monotone (either order-preserving or order-reversing)
mapping satisfying, with some restriction, a classical contractive condition, and such that for
some x, € X either x, < Tx, orTxy < xo, Where T is a self-map on metric space.

Harjani and Sadarangani [16] established some fixed point theorems for weak contractions and
generalized contractions in partially ordered metric spaces by using the altering distance function

which improved the results in the theorems of [8,22].



Definition 2.2 [26] If (X, <) is a partially ordered set andT: X — X, we say that Tis monotone
non-decreasing if x,y € X, x < y = T(x) < T(y).
This definition coincides with the notion of a non-decreasing function in the case where X =
Rand < represents the usual total order in R.
Definition 2.3 [13] we shall say that the mapping T is f-non-decreasing (resp. f-non-increasing)
if fx<fy=Tx<Ty (resp.fx < fy = Tx > Ty) holds for each x,y € X.
Theorem 2.3[16] Let(X, <)be a partially ordered set and suppose that there exists a metric d
such that (X,d) is a complete metric space. Let f: X — X be a continuous and non-decreasing
mapping such that

d(f (), f ) < d(x,y) ~p(d(xy)), forx 2 y,
where iy : [0,00) — [0,) is continuous and non-decreasing function such that y is positive in
(0,0), Y(0) =0 and lim,, Y(t) = oo. If there exists x, € X with x;, < f(x;), then f has a
fixed point.
Theorem 2.4 [16] Let(X, <) be a partially ordered set and suppose that there exists a metric d on
X such that (X, d) is a complete metric space. Let f: X — X be a continuous and non-decreasing

mapping such that
P (d(F e, f3))) < ¥(d,)-9(dCx, ), forx 2 y,

where 1 and ¢ are altering distance functions. If there exists x, € X with x, < f(x,), then fhas
a fixed point.

Further, Harjani and Sadarangani [16] proved the ordered version of Theorem 2.1, Amini-
Harandi and Emami [2] proved the ordered version of Rich type fixed point theorem, and Harjani
and Sadarangani [16] proved ordered version of Theorem 2.2. Subsequently, Amini-Harandi and
Emami proved another fixed point theorem for contraction type maps in partially ordered metric
spaces in[2]. The following class of functions is used in [2]. Let R denote the class of those
functions B: [0,%0) — [0,) which satisfy the condition:

B(t,) > 1=>t, > 0.

Let (X, <) be a partially ordered set and suppose that there exists a metric d on X such that
(X,d) is a complete metric space. Let f: X — X be an increasing mapping such that there exists

an element x, € X withx, < f(x,),. Suppose that there exists § € R such that
d(f(x),f(¥)) < B(d(x,y)) d(x,y) foreach x,y € X with x > y.

6



Assume that either f is continuous orM is such that if an increasing sequencex, — x € X,
thenx,, < x, Vn, besides, if for each x,y € X there exists z € Mwhich is comparable to x andy,
thenf has a unique fixed point.
In 2012, Yan et al. proved the following fixed point theorem.
Let (X,<) be a partially ordered set and suppose that there exists a metric don X such that
(X,d) is a complete metric space. Let T: X — X be a continuous and non-decreasing mapping
such that
Y(d(Tx,Ty)) < ¢(d(x,y)),Vx 2y,
where 1 is an altering distance function and ¢ : [0,0) — [0,0) is a continuous function with
the condition y(t) > ¢(t) for all t > 0. If there exists x, € X with x, < T(x,), then T has a
fixed point.
In 2014, Su [26] proved the following fixed point theorem, which is the generalized type of Yan
et al [29];
Let (X, <) be a partially ordered set and suppose that there exists a metric din X such that (X, d)is
a complete metric space. Let T : X — X be a continuous and non-decreasing mapping such that
Y(d(Tx,Ty)) < ¢p(d(x,y)),vx =y,
where 1 is a generalized altering distance function and¢g: [0,%) — [0, %0)is a right uppersemi-
continuous function with the condition: ¥ (t) > ¢(t) for all ¢ > 0.If there existsx, € X such

that x, < Txg,then T has a fixed point.

In this research project we extended results of Su [26] to f-contraction mappings and obtained
some new fixed point theorems for f-contraction mapping in a complete metric space endowed
with a partial order by using generalized altering distance functions and common fixed point
theorems obtained were proved. Examples were given to show that our results are proper

extension of the existing ones.



3. METHODOLOGIES

3.1. Study site and period
This research was conducted in Jimma University under Mathematics department from
November 2014 to June 2015 G.C.

3.2 Study design
The design used in this research was Analytical and numerical design.

3.3. Source of information
This study mostly depended on document materials or secondary data. So, the available sources
of information for the study were Books, Journals, different study related to the topic and
internet service.

3.4. Procedure of the study
The procedures we followed for analysis was the standard iterative techniques and procedures
used in Su [26]. Application examples were also provided in support of the results we obtain.

3.5. Ethical consideration
Ethical clearance was obtained from Research and Post Graduate program coordinator Office of
College of Natural Sciences, Jimma University and any concerned body was informed about the
purpose of the study.



4. DISCUSION AND MAIN RESULT

4.1. PRELIMINARIES
Definition 4.1.1 Let fand T be self maps of a metric space (X, d). The pair (f,T) is called:

I commuting if fTx =Tfx,vx € X
ii. weakly commuting if d(fTx,Tfx) < d(fx,Tx) ,Vx € X

Example 4.1.1.1

2
Define f,T: X - X by fx =§—’6‘—4 and Tx = 2Vx € X.

x x¢ x  x? x: 3 x:2 x [(x x?
=—< —x——=
256 7 8 64 2

d(fT"'Tf")=<§‘z—56‘1—6+F8

d(fTx,Tfx) < d(Tx, fx)
Therefore f and T are weakly commuting. But
X X xz
fre=1(3)=%-1

X xz X x2

Tfx=T(-5) =%+

X xz X x2
= fTx —E—Ei————'rfx
= fTx # Tfx
Hence f and T are not commuting.

Therefore f and Tare weakly commuting but not commuting.

Definition 4.1.2: [34] Two self maps f and T of a metric space (X, d) are said to be compatible

if and only if lim,,_,, d(fTx,,Tfx,) = 0 when {x, } is a sequence such that

lim, e fx, =1limTx, =t forsomet € X. Thus d(fTx,Tfx) > 0asd(fx,Tx) > 0= f&T
n—oo

are compatible.

So, if f and Tcommute, then they are obviously Compatible.

Example 4.1.2.1 LetX = R. Definef,T: X - Xby fx = 5x3 and Tx = 2x3 vx € X.
Then d(fx,Tx) = |Tx — fx| = |5x3 — 2x3| = 3|x|* > 0iff x > 0 and

d(Tfx, fTx) = |fTx — Tfx|



= [40x° — 250x°|
=210|x|° > 0iff x > 0
d(fx,Tx) > 0= d(Tfx,fTx) > 0
Therefore f and T are compatible. But
d(fTx,Tfx) = 210|x|°and d(fx, Tx) = 3|x|°
d(fTx, Tfx) = 210|x|° £ 3|x|° = d(fx, Tx).
Therefore f and T are not weakly commuting.
Hence f and T are compatible but not weakly commuting.

Definition 4.1.3 [34] Let fand T be self maps of a metric space (X, d). The pair (f,T) is called
weakly compatible if they commute at their coincidence point. (i.e. if f(T(x)) = T(f(x)) for
allx e C(f, T).

Definition 4.1.4 Let fand T be self maps of a metric space (X,d). The pair (f,T) is called
occasionally weakly compatible (OWC) if there exists x € Xwhich is a coincidence point for f
and T at which f and T commute (i.e. if f(T'(x)) = T(f(x)) for some x € C(f,T)).

Example 4.1.4.1 LetX = [0,0) with the usual metric. Define f,T:X - X by f(x) = 2x and
T(x) = x* for allx € X. ThenC(f,T) ={0,2}, f(T(0)) = T(f(0))and f(T(2)) # T(f(2)).
Thus (f, T) is an Occasionally Weakly Compatible (OWC) pair but not weakly compatible.

Example 4.1.4.2 Let X = [0,20]and d is the usual metric on X. Define f,T: X — X by

0ifx=0
fx=4x+16 if0<x <4 and Tx:{
X—4if4<x<20

0 ifx € {0} U (4,20]
3if0<x<4

Show that fand T areweakly compatible but not compatible maps.

Solution
Letx, =4+%,n21.Thenfxn =xn—4=4+%—4=%—>0asn—>oo.
Tx,=0->0asn — w.
f0 =0 =T0= x = 0 is the coincidence point of f and T.
fT0 =0 =Tf0

Therefore f and T are weakly compatible maps.

10



Tfx, =T(x, —4)=3,asn - ©

fTx, = f(0) =0,asn —>
which implies lim,,_,,, d(fTx,,Tfx,) = 3 # 0.
Therefore f and T are not compatible.

Q. IfC(f,T) = @, then f and T are weakly commuting but not occasionally weakly compatible.
Give an example of such mappings.

Example 4.1.4.3 Define f,T: X = Xby fx = 3x and Tx = 3x + 2.
3x =3x + 2 = 0 = 2. Which is false. i.e. there is no x € X such that fx = Tx.
Therefore f and T have no coincidence point, i.e. C(f,T) = @.
But they are weakly commuting in the empty set. Next
fTx=fBx+2)=3(Bx+2)=9x+6
Tfx=T@Bx)=30Bx)+2=9x+2

These two equations are parallel lines that do not coincide at any point in X. It shows that f and
T are not occasionally weakly compatible since there does not exist x € X such that fTx = Tfx
for which fx = Tx.

Definition 4.1.5 Consider a function f: X — X and a point x, € X. The function f is said to be
upper (resp. lower) semi-continuous at the point x, if

f (o) 2 lim, ., supf (x), (resp. f (xo) < lim, ., inff (x)

Example 4.1.5.1
0,x<0

fx) = {1,x > OUpper semi-continuous

0,x<0 . .
Tx = {1,x >0 Lower semi-continuous
I,x<1
Example 4.1.5.2 fx = 12.x =1
E,x >1

is upper semi-continuous at x=1 although not left or right continuous. The limit from the left is equal
to 1 and the limit from the right is equal to 1/2, both of which are different from the function value of 2.

11



ifi L
Example 4.1.5.3 fx) = {Sm"“(x) ,Xx#0
1,x=0

IS upper semi-continuous atx = 0 while the function limits from the left or right at zero do not even exist.

Definition4.1.6 A partially ordered set is a set X and a binary relation <, denoted by(X, <)such
that for alla,b,c € X

I. a < a . (Reflexivity)
ii. a<bandb < a= a=b>b.(Anti-symmetry).

iii. a<bandb < ¢ = a < c. (Transitivity)

Definition 4.1.7 [26] A generalized altering distance function is a function y : [0,00) —= [0, )
which satisfies:

(a) yis non-decreasing;

(b) ¥(t) = 0ifand only if t = 0.
Example 4.1.7.1 The following are some generalized altering distance functions:

0,t=0
(@ = {[t] +1,t>0
0,t=0
o (t) = {a([t] +1),6>0
o= {21

wherea > 1 is a constant.

Definition 4.1.8 A metric space (X, d)together with a partial ordering < is said to be partially

ordered metric space if the following conditions are satisfied:

I. (X, d) is metric space

ii. (X, <) is partial ordered set.

Definition 4.1.9 Let (X, d) be a metric space and T, f: X — X be two functions. A mapping T is

said to be f-contraction if there exists k € [0,1) such that
d(fTx, fTy) < kd(fx, fy) forall x,y € X.
Definition 4.1.10 Let (X, d) be a partially ordered metric space and f,T be two self-mappings

on (X, d). A point z € Xis said to be a common fixed point of fand Tif fz =Tz = z.

12



Notation:

Let X = [0, ) and we denote:
1) The set of all right upper semi-continuous functions by
® = {¢$p:X - Xsuch that ¢(ty) = lim,_, ., sup ¢(t) for t, € X}.
2) The set of all generalized altering distance functions by

Y = {Y: X - X such that {s is non-decreasing and ys(t) = 0 if and only if t = 0}.

Theorem 4.1.1 [26] Let (X, <) be a partially ordered set and suppose that there exists a metric d
in X such that (X,d)is a complete metric space. Let T:X — X be a continuous and non-
decreasing mapping such that

Y(d(Tx, Ty)) < ¢(d(x,y)), vx > y,
where v is a generalized altering distance function and ¢:[0,0) — [0,)is a right upper semi-
continuous function with the condition: ¥ (t) > ¢(t) for all t > 0.If there exists x, € X
such that x, < Txg,then T has a fixed point.

If (x,) isa non-decreasing sequence in X such that x,, - x then x, < x foralln € N. (*)
Theorem4.1.2 [26] Let (X, <) be a partially ordered set and suppose that there exists a metric d
in X such that (X,d) is a complete metric space. Assume that X satisfies (*). Let T: X - X be a
continuous and non-decreasing mapping such that

Y(d(Tx, Ty)) < p(d(x,¥)),¥x = ,
where i is a generalized altering distance function and ¢: [0,) — [0,) is a right upper semi-

continuous function with the condition: 1 (t) > ¢(t) for all t > 0.If there exists x, € X
such that x, < Tx,, then T has a fixed point.
for x, y € X there exists z € X which is coparable to x and y (**)

Theorem4.1.3 [26] Adding the condition (**) to the hypothesis of theorem 4.2.1 (resp. theorem

4.2.2) wee obtain the uniqueness of the fixed point of T.
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4.2. Main result
We start this section with the following definitions. Consider a partially ordered set (X, <) and

two self-maps f,T: X — X such that T(X) c f(X).

Definition 4.2.1 A point yeX is called point of coincidence of two mappings f,T: X — X if there
exists a point x € Xsuch that y = fx = Tx. In this case x is called the coincidence point of f and
T and the set of coincidence points of f and T is denoted by C(f,T).

Definition 4.2.2 Let (X, d) be a metric space and T, f: X — X be two functions. A mapping T is

said to be f-contraction if there exists k € [0,1) such that
d(Tx,Ty) < kd(fx, fy)forall x,y € X.

Theorem 4.2.1: Let (X, <) be a partially ordered set and suppose that there exists a metric don
Xsuch that (X, d) is a complete metric space. Let f,T: X — X be two self maps on X satisfying
the following conditions:

i) TX C fX;

i) fX is closed;

iii) T is f-non-decreasing;

iv) there exists x, € X such that fx, < Txy;

V) ifze C(f,T), then fz < f(f2).
such that

Y(d(Tx, Ty)) < ¢(d(fx, fy)), Vx,y € X with, fy < fx )

where v is a generalized altering distance function and ¢: [0,) — [0,0) is a right upper semi-
continuous function with the conditiony(t) > ¢(t),vt > 0 and ¢(t) = 0 & t = 0. Then f and
T have a coincidence point. Furthermore if f and T are occasionally weakly compatible maps,
then f and T have common fixed point, in X.

Proof From condition (iv) we have x, € X such that fx, < Tx,. Since TX c fX, we can choose
x1 € X such that fx; = Tx,. Again fromTX c fX, we can choose x, € X such that fx, = Tx;.

Continuing this process, we can choose a sequence {y, } which is called Jungck sequence in X
such that

fxns1 =Txp =y, Vn 20 (2)
Since fx, < Txy and fx; = Txy, we have fx, < fx;. Then by (iii), we have

Txy < Tx; 3)
Thus by (2) we obtainfx; < fx,. Again by (iii), we have
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Tx; < Tx, 4)
That is fx, < fx3. Continuing this process we obtain
TXO < Txl < sz s TX3 s s Txn s Txn+1 < (5)

Now considering (2) (i.e. y, = Tx,, = fx,4+1), from (5) we note that y, and y, ., are
comparable n > 0,without lose of generality we can assume that y, # y, .1, ¥n € N. Using the
contractive condition (1), we get

l'b(d(yn+1' yn)) = l/)(d(TXn+1,TXn)) < ¢(d(fxn+11fxn))
= ¢(d(3/nlyn—1)) < 1nl)(d(yn:yn—l))
This implies that
¢(d(yn+1f yn)) < l/)(d(ynJYn—l)) (6)

By the non-decreasingness ofiy, from (6) we get

d(yn+1fyn) < d(yn'yn—l) (7)

Hence the sequence {d(y,, v, +1)} is decreasing sequence and consequently there exists r > 0
such that

d(YVps1,Yn) 2 1,850 > 0,
Now we claim that » = 0. Suppose r > 0.
l/)(d(Txn+1'Txn)) < ¢(d(fxn+1: fxn)) (8)

Considering the non-decreasingness of 1 and the upper semi-continuity of¢g, and letting n — o
in (8) we get

W) < limy e sUp YAy 41, ¥i)) < limyy oo supd(d 3, V1)) < G (1)
Hence, we have
Y(r) < ¢(r). Consequently we obtain

=) <yp(r)

which is impossible since r > 0. Thus r = 0.Hence

d(yn+1'yn) -0 (9)

Now we claim that {y, } is a Cauchy sequence.
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Suppose that {y,} is not Cauchy sequence. Then there exists a positive real number & such that
for agiven N € N there exists m,n € N such that m > n > N and

AW V) 2 €.

Since {d(y,,+1,v,)} converges to zero, it follows that there exist strictly increasing sequences
{n,} and{m,}, k = 1 of positive integers such that 1 < n;,, < my,,

AV dn,) =6 Vk=1 (10)
and

d(ymk—l' ynk) < € (ll)
Using the triangular inequality and the conditions (10) and (11) we have

€ S d(ymk' ynk) S d()’mk) :mG—l) + d(.mG—ll ynk) < d(ymk'ymk—l) + &
Letting k — oo and using (7), we obtain

limy, 0, d(ymk,ynk) =¢. (12)
Using the triangular inequality, we obtain

d(ymk—l' ynk—l) S d()’mk—ll Ymk) + d(Ymkl ynk) + d(ynk' ynk—l)

and

A(Ympr Vni.) < AWmr Vmy-1) + A1, V1) + V1, V)
Now letting k — oo in the above two inequalities and using (12), we have

im0 d(Vimy—1, Yny—1) = € (13)
Since 1 is non-decreasing on [0, ), from (10) we have,

¥(©) <P (dOn,¥m,)) Ve = 1, (14)

As my > ny, by (5) yn,_, and y,  are comparable. So from the condition (1), using (5) and
the upper semi-continuity of ¢, we have

(@) < lim sup (d(im3m,) ) = limsupy (d(Tom,. Tx,))

< limsup¢ (d(ymk_l,ynk_l)) < ¢(¢)

k—o0
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This implies
Y(e) < ¢p(e) <o),
which is impossible sincee > 0.
Thus the sequence {y, } is a Cauchy sequence in X.
Since (X, d) is a complete metric space, there exists y € X such that y, —» y asn — .

By (2) {v,} S fX, wherey, = fx,,;, foreachn = 1,2,3,--- and fX is closed then there exists
p € X suchthaty = fp.

Next we show that Tp = y.

Now by the continuity of fand T, we obtain

Y(d(Tp,y)) = Y(d(Tp,lim, ., Tx,))
=y (¢ (rplimx))
< ¢ (d(fp fQlimx))

=¢ (d (fp, limizy xn)>
=¢d(fp.fr)) =0
This implies that ¥(d (Tp,y)) = 0 and henced(Tp, y) = 0. As a result we have
Tp=y=fp (15)

Thus p is the coincidence point of f and T, which implies C(f,T) # @. Since f and T are
occasionally weakly compatible pair of self maps, f and T commute at some z € C(f, T).

Now setw = fz = Tz. Since f and T are occasionally weakly compatible,
fw=[f({Tz) =T(fz) =Tw,
which implies
fw=Tw. (16)

Next we claim that fw = Tw = w. Suppose Tw # w. By the condition (v) of Theorem 4.2.1, we
have fz < f(fz) = fw. Then
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l/)(d(TW, W)) = l/)(d(TW, TZ)) < d)(d(fw,fz))
= ¢(d(Tw,w)) <Y(d(Tw,w))
which implies that
Y(d(Tw,w)) < P(d(Tw,w)),
a contradiction. Thus Tw = w. And hence by (15), we have
fw=Tw=w.
Thus, we have proved that f and T have a common fixed point.

Example 4.2.1.1 Let X = {—2,—1,0,1} and
<=1{(-2,-2),(-1,-1),(0,0),(1,1),(—1,0),(0,1), (—1,1),(—2,0), (—2,1)}.

Let f,T: X — X defined by
fED)=1,£(0)=0,f(1) =-2,f(-2) = -1,
T(-1)=0,7(0) =0,T7(1) =—-1,T(-2) = 0.

T(X) ={-1,0}and f(X) = {—2,-1,0,1}

which implies that T(X) c f(X).

T is f-non-decreasing. Since
1=f(-2)<f(-D)=120=T(-2)<T(-1)=0
2=fD)<f(-1)=12-1=TA) ST =0
2=f(1)<f(0)=0=>-1=TA)<TO)=0
~1=f(-2)<f(0)=0 20=T(-2)<T(0)=0
0=7f0)<f(-1)=1=20=T0O)<T(-1)=0

In all the above 5 cases, the pair of mappings f and T satisfy all conditions of Theorem 4.2.1
withy(t) = %t and ¢(t) = ét. Also 0 is the common fixed point of f and T.

From the above example one can understand that T cannot satisfy the contraction condition of Su
because T is f-contraction not contraction. For if x = 0 and y = 1, then

(d(Tx,Ty)) = p(ITx = Tyl) = (|0 + 1]) = (1)
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¢(d(x,y) = ¢(x—yD = ¢(I0 - 1D = p(1)

Then using the contraction condition of Su, we obtain

Y(d(Tx,Ty)) < p(d(x,y))

which implies,

Y1) =¢(1)

Thus T does not satisfy the contraction condition of Su for any ¢ and v because of the condition

Y(t) = ¢(t) vt > 0.

Remark 1 From this example we conclude that theorem 4.2.1 generalizes Theorem 2.3 of Su and
hence we get Theorem 4.1.1 as the corollary to theorem 4.2.1 of this paper.

In what follows, we prove that Theorem 4.2.1 is still valid for f and T being not necessarily
continuous, assuming the following hypothesis in X:

If {y,,} is a non-decreasing sequence in Xsuch that y,, —» y
then y, < yforalln € N. 17)

Theorem 4.2.2 Let (X, <)be a partially ordered set and suppose that there exists a metric d
in X such that (X, d)is a complete metric space. Assume that X satisfies (17). Let f,T: X - X
be two self maps satisfying the following conditions:

i) TX C fX;

)] fX is closed;

iii) T is f-non-decreasing;

iv) there exists x, € X such that fx, < Tx;
V) ifze C(f,T),then fz < f(fz)

such that

Y(d(Tx,Ty)) < ¢(d(fx,fy)), Vx,y € X with fy < fx
where 1) isan altering distance functions and ¢: [0, ) — [0, o)is a right upper
semi-continuous function with the condition 1 (t) > ¢(t)forall t > 0. Then f and T have a
coincidence point. Furthermore if f and T are occasionally weakly compatible maps, then f and
T have common fixed point.
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Proof Suppose there existsx, € X such that fx, < Tx,. Since TX c fX, we can choose x; € X
such that fx; = Tx,. Again fromTX c fX, we can choose x, € X such that fx, = Tx;.
Continuing this process, we can choose a sequence {y, } in X such that

Yo = fXpnt1 = Tx,, Vn = 0. (19)
Since fxy < Txy and fx; = Tx, we have
fxo < fx41. Then by condition (iii) Txg < Tx;.
Thus by (18) fx; < fx,. Again by condition (iii) Tx; < Tx,. Thatis fx, < fx;.
Continuing this process, we obtain
Txg<Tx; <Txy; < Tx3..<Tx, < Txp 41 (20)

Now considering (19) (i.e. y, = fx,+1 = Tx,), from (18) we note that y, and y, ., are
comparable for each n > 0. Without lose of generality we can assume that y,, # y,_1Vn > 1.

¢(d(yn+1' yn)) < d)(d(:VnJYn—l)) < lp(d(YnJYn—l))
801 ¢(d(}’n+1; yn)) < d)(d(yn' yn—l))

Since the function vy is non-decreasing, it follows

dVnt1,Yn) < d(n, Yn—-1), and hence the sequence {d (v, +1, ¥, )} is decreasing
sequence and consequently there exists r > 0 such that

dYnt1,Yn) 27T, 88N > 00,
We claim that » = 0. Suppose r > 0.

Y(d(Txp11, Txn)) < P(A(fXn 41, fX0)). (21)
Considering the property of Y (t) > ¢(t),Vt > 0, and letting n — o in (21) we get

Y1) < limpe 5up Y(dWnr1,¥0)) < limyyeo sup ¢(d O, yn-1)) < 9 ()
This implies P(r) < ¢(),
which is impossible since by our assumption r > 0.
Therefore r = 0.
Hence dVyps1, ) = 0,851 - © (22)

Now we claim that {y, } is a Cauchy sequence. Suppose that {y, } is not a Cauchy sequence. Then
there exists a positive real number & such that for given N € N, there exists m,n € N and
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AWYm,Yn) = €

Since {d(y,,+1, )} converges to zero, it follows that there exist strictly increasing sequences
{m,} and {n,,} of positive integers such that 1 < n;, < my,,

(Vg V) = € (23)
and

A(Vimy—1:Ynp-1) < € (24)
Using the triangular inequality and from (23) and (24) we have

& < d(Ymp¥n,) < AW Ymy-1) + dVm-19m,) < AWy Ym—1) + €

Letting k — oo and using (22) we obtain

1imy oo d(Vinyr Vi) = € (25)
Again using the triangular inequality, we obtain

d(ymk' ynk) S d(ymk' ymk—l) + d()’mk—ll YYlk—l) + d(ynk—llynk)

and
d(Ymy—1,Yn-1) < dWmy-1,Ym,) + dOmyor Y, ) + (Vs Y1)
Letting k — oo in the above two inequalities and using (25)., we have
limy e, d(Ymk—1:Ynk—1) = (26)
Since 1 is non-decreasing on [0, o), from (23) we have
$@) <Y (dOmo9m,)), VE21 (27)

As my, > ny, by (20) yp,, -1 and y, _, are comparable. So, from the condition (18) using
(26),(27) and the upper semi-continuity of¢, we have

Y(e) < limsupy_e Y (d(ymk,ynk)) = liglsoljplp (d(Txmk, Txnk))

< timsupp (d(fx,, fx1,)) < b(e).

This implies that () < ¢ (&), which is impossible sinces > 0. Thus the sequence {y, } is a
Cauchy sequence in X.
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Since (X, d) is a complete metric space and using (17),{y,} c f(X) where y,, = fx,,, for each
n = 1and f(X) is closed, then there exists p € X such thaty = fp.

Now we prove that Tp = y. Then, by the continuity of y and the upper semi-continuity of ¢,
using the condition (18), we have

Y(dp, ) = w(d (rp, lim Tx,)) = lim p(dTp, Tx,))

< limyeo $(d(fp, f X))

< lim y(d(fp, fx.))

= P (lim, e, d(fp, f2,))

= (d(fp,lim, 0 fx,))
=¥(d(fp,fp)) = p(0) = 0

This implies that ¥(d (Tp,y)) = 0 and hence Tp = y

Thus

y=Tp=fp (28)

Thus p is the coincidence point of f and T, which implies that C(f,T) # @. Since f and T are
occasionally weakly compatible pair of self maps, f and T commute at some point z € C(f,T).

Now setw = fz = Tz. Since f and T are occasionally weakly compatible,
fw=f(Tz)=T(fz) =Tw
fw=Tw (29)
Now we claim that w is a common fixed poin of f and T
Now if Tw # w, since by (v) of Theorem 3.2.2, fz < f(fz) = fw, we have
l/)(d(TW, W)) = l/)(d(TW, TZ)) < (l)(d(fw,fz)) < d)(d(TW, W)) < l/)(d(TW,W))
which is absurd. Hence Tw = w.

Therefore fw = Tw = w.

22



Now we present an example where it can be appreciated that the hypothesis in Theorem 4.2.1
and Theorem 4.2.2 do not guarantee uniqueness of the common fixed point.

Example 4.2.2.1

Let X = {1,2,3,4,5} and a metric d: X x X — R be defined by d(x,y) = |x — y| for all x, yeX.
We define a partial order “<” on X by

<={(1,1),(2,2),(3,3),(4,4), (5,5),(3,4),(3,5), (4,5)} and we define
P, ¢:[000) - [000) by P(t) =t and ¢(t) = —t.

Then the pair (X, <) is partially ordered set. Consider the mappings f, T: X — X defined by
fO=1f2)=2B)=24 =205)=3
T()=1TQ2)=2T0R)=2T4)=2T(5)=2

The set of all coincidence points of f and T, C(f,T) = {1,2}.

i. T(X) ={1,2} c {1,2,3} = f(X)

ii. f(X) ={1,2,3} is closed.

iii. T is f-non-decreasing
Sincel=f(1)<1=f1)=>1=TA)<1=T(1)
2—f(2)<2—f(2):>2—T(2)\2—T(2)

=f(3)<2=fR)=22=TRB)<2=T@13)
2=f(4)<2 f(4)=22=T4)<2=T(4)
=f(5)<3=f(5)=>2=TG)<2=T()
2=f3)<2=f(4)=22=TQR)<2=T(4)
=fB)<3=f(6)=>2=TRB)<2=T(5)
2=f(4)<3=f(5)=>2=TM4)<2=T(5)

iv. There is xo = 1 € X such that fx, < Tx, implies 1 < 1.
V. z=2€ C(f,T) = {1,2} which implies that fz < f(fz), implying 2 < 2
Thus, f and T satisfy all the conditions of Theorem 4.2.1 and Theorem 4.2.2 with ¥ (t) = -

and ¢(t) =%t. Since C(f,T)+ @, f andT are occasionally weakly compatible maps.

Moreover, 1 and 2 are common fixed points of f and T. Hence the uniqueness of common fixed
point of f and T is not guaranteed by the conditions of Theorem 4.2.1 and Theorem 4.2.2.

Remark 2 By choosing a map T to be f-non-decreasing map in theorem 4.2.2 we get theorem
4.1.2 as a corollary to theorem 4.2.2.
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Lemma 4.2.1 [32] Let X be a non-empty set, fand Tare occasionally weakly compatible self
maps of X. If fand T have a unique point of coincidence, w = fx = Tx then w is the unique
common fixed point of fand T.

Proof Let z be another point of coincidence of f and T.
Nowz =Tw =Tfx = fTx = fw
This impliesz = Tw = fw

It follows that w is coincidence point of f and T. Since f and T have unique point of coincidence
z =w and hence w = fw = Tw. Let y = fy = Ty be another coincidence point of f and T. By
the hypothesis of Lemma 4.2.1 the point of coincidence of f and T is unique and hence y = w.
Therefore f and T have unique common fixed point.

In what follows, we give sufficient condition for the uniqueness of the fixed point of f and T in
Theorems 4.2.1 and 4.2.2? We try to answer this question in the following theorem.

Theorem 4.2.3 In addition to the hypothesis of Theorem 4.2.1 and Theorem 4.2.2, suppose that
f:X — X is non-decreasing and for every x,y € X there exists z € X which is comparable to x
and y. Then f and T have a unique common fixed point in X.

Proof By either Theorem 4.2.1 or Theorem 4.2.2, the set of common fixed points of f and T is
non-empty.

Suppose that there exist y,z € X which are common fixed points of fand T. We consider two
cases.

Casel. If y is comparable to z, then y = Ty is comparable to z = Tz. So,
Y(dW,2) =p(dTy,T2)) < ¢p(d(fy. f2) = ¢(d (¥, 2)).
As the condition ¥ (t) > ¢(t) fort > 0, we obtain d(y, z) = 0 which in turn implies y = z.

Case2. If y is not comparable to z, then there exists x, € Xwhich is comparable to y and z; i.e.,
either xo < y and xy < zory < xp and z < x,.

Without loss of generality let us take y < x, and z < x,.
Now xy, < y = fxo < fy, since f is non-decreasing on X.
= Tx, < Ty, since T is f-non-decreasing on X.
But TX c fX. Then there exists x; € X such that Tx, = fx;. It follows that
fx1<y=fy.
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Since T is f-non-decreasing on X, this implies
Tx;<Ty=y.
Now again since TX c fX, there exists x, € X such that Tx; = fx,. This implies
fxoy=fy
Proceeding this way, inductively we construct a sequence {p,, } such that vn > 0,
Pn Y,
where p, = Tx,, = fx,41 foreachn =0,1,2,---.
If there exists N € Z. such that y = py, then
Y(d,pn+1)) = Y(d(Ty, Txyi1)) < d(d(fy, fxni1)) = ¢(d(y.py)) =0,
which implies that y = p,,, Vn = N and hence the sequence {p,} - y asn — oo.
Suppose that y # p,,,v¥n = 0. Then
Y(d,pa)) = Y(d(Ty, Tx,)) < d(d(fy, f2,)) = $(d (¥, pu-1)) (30)
which implies that
Y(d.pn)) < ¢(d(, pu-1)) <P(dG,pu-1)), Vn = 1,23, .

From the property of 1y, we notice that {d(y, p,,)} is a non-decreasing sequence and hence there
exists b > 0 such that

d(y,p,) > basn — oo,
We claim that b = 0.

Letting n — oo in (30) and taking into account the property of ¥ and ¢, we obtain )(b) < ¢(b).
This and the condition ¥ (t) > ¢(t) for t > 0 imply b = 0. Hence,

lim, ., d(y,p,) = 0.
In similar line, it can be proved that
lim, ., d(z,p,) = 0.

Finally as lim,,_, d(y,p,)) = lim,_, d(z,p,) = 0, the uniqueness of limits in metric spaces
givesusy = z.

This completes the proof.
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Remark 3 By choosing T to be f-non-decreasing map in theorem 4.2.3, we get Theorem 4.1.3 is
the corollary to theorem 4.2.3.

The following example is an example in support of theorem 4.2.3.
Example 4.2.3.1 Let X = [—3,3] and define order relation “<” on X by
xsyoe{(x=y)or(xe[-3,0]&ye€[03]}
We observe that (X, <) is partially ordered set.
Defined: X X X - R by
dlx,y) =|x—y|lVx,y € X.

Consider the mapping f, T: X — X defined by Tx = %and fx= % Define ¥, ¢: [0, 00) — [0, )

~t0<t<1 .
by p(t) =4 % . and ¢(t) =-t. Theny and ¢ satisfy the conditions of the

) =

theorem. Here we observe that

33

) T(-33D =[-11]c [-32] = F([-3.3D:
i) f(-3,3]) = [—%%] is closed;
iii) T is f-non-decreasing,
Since if x,y € [-3,3] such that fx < fy, then either fx = fy or fx € [-3,0]
and fy € [0,3].
>x=yorxe[-30]andy € [03] (~ fx fy € £(1-33D = [1.3])
> Tx =TyorTx € [-3,0]and Ty € [0,3]
=>Tx<Ty
iv) Clearly there exists x, = 0 € [—3,3] such that fx, = Tx,,
i.e. fxg < Tx.
V) f is a non-decreasing, since if x,y € [—3,3] such that x < y, then either x = y or
x € [-3,0] and y € [0,3]
= fx=fyorfx=>€[-30]and fy =>€[03]

= fx<fy

Now let x, y € [—3,3] such thatfx < fy. Then either fx = fy or fx € [-3,0] and fy € [0,3].

Case (i) If fx = fy, we haveZ = 2, which implies Tx = Ty and hence obviously the inequality
(1) and (18) holds.
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Case (ii) If fx € [~3,0] and fy € [0,3], then > € [-3,0] and > € [0,3].
This implies that

x € [-3,0]andy € [0,3] (= fx, fy € f([=33]) = [-3,5]).
Now we shall consider two sub-cases

i) If0<y-—x<1,then

Y(d(Tx,Ty)) = ¢ G - x))

11/1
=@<§()’—X)>

11
—@(y—x)
1
< (v —
_12(3/ x)

1/1
=5<§(y—x)>

1
=q.'><§(y—x)>

= ¢(d(fx, fy))

i) Ify —x > 1, then
Y(d(Tx,Ty)) = t/)(% (v —x)>
= é(é (y—x)>
= (-x)

1
< (v —

1/1
=g<§(y—x)>
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1
=¢><§(y—x)>

= ¢(d(fx, fy))
Thus

v(d(Tx, Ty)) < ¢(d(fx, fy)) Vx,y € X with fx < fy; for

Leo<t<1
60

W(t) = and () =t.

1
i >
St,t_l

Thus, f and T satisfy all the conditions of Theorem 4.2.1 and Theorem 4.2.2.
Moreover, 0 is a unique common fixed point of f and T.

From Example 4.1.7.1 let us chose ¥ (t) = Y5 (t)

t,0<t<1
v®) = {atz,t >q and
_(tto<st<1
¢G)_{Bt t>1

where 0 < B < a is a constant. By using Theorem 4.2.1 we can get the following result.
Theorem 4.2.4 Let X be a partially ordered set and suppose that there exists a metric d in X
such that (X, d) is a complete metric space. Let f,T: X — X be continuous and T is f-non-
decreasing map such that

0<d(Tx,Ty) <1=d(Tx,Ty) < (d(fx, fy))?,

d(Tx,Ty) = 1= a(d(Tx,Ty))? < Bd(fx, fy)
for any x, y € X for which fx < fy. If there exists x, € X such that fx, < Txy;
such that

Y(d(Tx, Ty)) < $(d(fx, fy)), Vx,y € X with, fy < fx

where v is a generalized altering distance function and ¢: [0,0) — [0,0) is a right upper semi-
continuous function with the condition y(t) > ¢(t),vt > 0.Then f and T have a coincidence
point. Furthermore if f and T are occasionally weakly compatible maps, then f and T have
common fixed point, in X.
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Proof:
To prove this theorem we consider two cases as follows:
Case (i) Let0 < d(Tx,Ty) < 1.

t,0<t<1
at?,t>1

t2,0<t<1

st t>1 we can obtain,

Fromy (t) = { and ¢(t) = {

¥(d(Tx,Ty)) = d(Tx,Ty) and ¢(d(fx, fy)) = (d(fx,fy))z. Then by the contraction
condition (1) we have above,

w(d(Tx,Ty)) = d(Tx, Ty) < (d(fx, f))" = ¢(d(fx, f))

which implies that,

d(Tx,Ty) < (d(fx, fy))’
Case (ii) Let d(Tx, Ty) = 1.

t,0<t<1
at?,t>1

t2,0<t<1

gt t>1 we can obtain,

Fromy (t) = { and ¢(t) = {

Y(d(Tx,Ty)) = a(d(Tx, Ty))" and ¢(d(fx, fy)) = pd(fx, fy).

Again by the contraction condition (1) we have above,

W(d(Tx, Ty)) = a(d(Tx, Ty))" < pd(fx, fy) = ¢(d(fx, f¥))

which implies that,

2
a(d(Tx,Ty))" < pd(fx, fy)
From the conditions of theorem 4.2.1 since the set of all coincidence point of f and T is non-
empty, C(f,T) # @ it implies that f and T are occasionally weakly compatible maps, then f and

T have common fixed point.
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5. CONCLUSION AND RECOMMENDATION

5.1. CONCLUSION
In this research work, we proved three fixed point theorems namely Theorem 4.2.1, Theorem

4.2.2 and Theorem 4.2.4 on the existence of common fixed points for f-contraction mapping on
complete metric spaces endowed with a partial order by using generalized altering distance
function in partially ordered metric spaces. By imposing additional condition to theorems 4.2.1
and 4.2.2 we also proved the uniqueness of common fixed point for f-contraction mapping on
complete metric spaces by using generalized altering distance function in partially ordered metric
spaces.

1. Byremark 1, we conclude that theorem 4.1.1 is a corollary to Theorem 4.2.1.

2. Byremark 2, we conclude that theorem 4.2.2 is more general than theorem 4.1.2
Our result extends and improved the extension of the work of Yangfu Su [26] and also our work
in this paper is the new and original work on the common fixed points of f-contraction mappings
on complete metric spaces endowed with a partial order by using generalized altering distance

function in partially ordered metric spaces.

5.2. RECOMMENDATION
Now a day the fixed point theory is the most desirable area of study. The existence of common

fixed points of contraction mappings using altering distance function and generalized altering
distance function in partially ordered metric spaces were the research papers recently published.
There are a number of published research papers related to this area of study. So we recommend
the upcoming Post Graduate students and any other researcher of the department who will

interested to do their research work in this area of study.
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