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ABSTRACT

The purpose of this research is to establish thstemce of coincidence and common fixed
points for Reich type co-cyclic contraction in dishted quasi-metric space and to show the
uniqueness of the common fixed point. In this regeaindertaking, we followed analytical
design, secondary source of data such as joumalnet etc. was used. The study procedure we
used is that of Karapinar and Erhan [14]; and Raetthl. [19]. This study was conducted from
September 2014 G.C to September 2015 G.C

Keywords: Dislocated quasi-metric space, coincidence poausimon fixed point; Reich type
co-cyclic contraction



CHAPTER ONE: INTRODUCTION

1.1 BACKGROUND OF THE STUDY

Fixed point theory provides the most important &naditional tools for proving the existence of
solutions of many problems in both pure and apphedhematics. In metric fixed point theory,
the interplay between contractive condition andekistence and uniqueness of a fixed point has
been very strong and fruitful. The study of fixedimis of mappings which satisfy certain
contractive conditions has primary applicationstiwe solution of differential and integral
equations (see, e.g., [3, 4]).

The Banach Contraction Principle is a very poputal which is used to solve existence
problems in many branches of Mathematical Analgsid its applications. It is no surprise that
there is a great number of generalizations offimslamental theorem. In some generalizations,
the contractive nature of the map is weakened{[9ée[12], [13], [14], [15], [24]), and others.

In other generalizations the ambient space is weakesee ([1], [3], [6], [19], [26], [27]), and

others. This celebrated theorem can be statedlawfo

Theorem 1.1 [5]: Let (X,d) be a complete metric space dhtle a mapping of into itself
satisfying

d(Tx,Ty) < kd(x,y), forall x,y € X, 1.1)
wherek € [0,1). Then, T has a unique fixed poirit € X.
Inequality (1.1) implies continuity of T. A naturgliestion is whether we can find contractive
conditions which will imply existence of a fixed ipbin a complete metric space but do not
imply continuity. In the literature there is a greaumber of generalizations of the Banach

contraction principle (see [2] and references ditestein).

In 2003, Kirk et al. [15] introduced cyclic conttems in metric spaces and investigated the
existence of proximity points and fixed points &yclic contraction mappings. Since then many
results appeared in this field. (See [1], [2], [6], [11], [14], [15], [16], [17], [19], [22], [2D).

Definition 1.2 [15]: A mappingT : AU B - AU B is called cyclic ifT(A) € B andT(B) < A,

whereA, B are nonempty subsets of a metric sp@tel).



Definition 1.3 [15] A mappindl’ : AU B — AU B is called a cyclic contraction if there exists
k € [0,1) such that

d(Tx,Ty) < kd(x,y)forallx € Aandy € B. (1.2)
The concept of quasi-metric spaces was introdugeditson [25] in 1931 as a generalization of
metric spaces, and in 2000 Hitzler and Seda [#dhiced dislocated metric spaces as a
generalization of metric spaces. Furthermore, Zayddl. [26] generalized the results of Hitzler
and Seda [7] and introduced the concept of complesiecated quasi metric space. Aage and
Salunke [1, 2] derived some fixed point theoremsliglocated quasi metric spaces. For more
information about the fixed point results one cafer ([1], [2], [6], [7], [11], [17], [19], [20],
[21], [22], [27]).

In 1976, Jungck [9] proved a common fixed poinotleen for commuting maps by generalizing
the Banach’s fixed point theorem. The concept ef ¢tbmmutativity has been generalized in
several ways. For this, Sessa [24] has introdubedconcept of weakly commuting mappings
and Jungck [10] initiated the concept of compatipiWhen two mappings are commuting then
they are compatible but not conversely. In 1998gdk and Rhoades [11] introduced the notion
of weakly compatible mappings and showed that caitnipamaps are weakly compatible but not
conversely. The study of common fixed point of magp satisfying contractive type conditions
has been a very active field of research activity.

In 2012, Chaipunya [6] introduced co-cyclic contiags as follows which is a guarantee for

common fixed point theorem of a pair of self-majgsin

Definition 1.4 [6]: LetT,f: AUB — AU B be two self-mappinggl U B is said to be co-cyclic
representation between T afidf the following conditions are satisfied :

i. BothAandB are nonempty subsets 41 B,

i. T(A) cf(B)andT(B) c f(A).
In 2011, Karapinar et al. [14] introduced the fallog definition and established the theorem
following it.

Definition 1.6 [14] Let A and B be non-empty subsets of a metric sgod). A cyclic map
T: AU B — AUB s said to be Reich type cyclic contraction if:
d(Tx, Ty) < ad(x,y) + bd(Tx,x) + cd(Ty,y) forallx € Aandy € B, 1.3

where a, b, c are non-negative real numbers siatigfyt- b + ¢ < 1.
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The fixed point theorem of the Reich type cycliotaction is given as follows.

Theorem 1.7 [14]: Let A andB be non-empty closed subsets of a complete meidacesX, d)
andT : AU B — AUB be a Reich type cyclic contraction. THBias a unique fixed point in
ANB.

Inspired and motivated by the result of Karapinad &rhan [14], in this research work, the
researcher studied the existence of coincidenaggand common fixed points of a pair of self-
mappings satisfying the conditions of Reich typecgdic contraction in dislocated quasi-metric
space. Also, the uniqueness of the common fixeditpdias been shown. An example has

provided in support of our main result.
1.2. STATEMENT OF THE PROBLEM

The aim of this study is to prove the existence amdueness of common fixed point for Reich
type co-cyclic contraction in dislocated quasi neetpace.

This study will answer the following basic quesson

» How can we prove the existence of coincidence pdmt Reich type co-cyclic contraction
maps in complete dislocated quasi metric space?

» How can we prove the existence of common fixed ggdior Reich type co-cyclic contraction
maps in complete dislocated quasi metric space

» How can we prove the uniqueness of common fixechtpfer Reich type co-cyclic
contraction maps in complete dislocated quasi-mspace?

» How can we support the main result of this studyvexample?

1.3 OBJECTIVE OF THE STUDY
1.3.1 General objective

The main objective of this study is to establisk #xistence of coincidence point; and the
existence and uniqueness of common fixed pointsReich type co-cyclic contraction in a

complete dislocated quasi-metric space.



1.3.2 Specific objectives

i. To prove the existence of coincidence point forcReype co-cyclic contraction maps in
complete dislocated quasi metric space.

ii. To prove the existence of common fixed points fercR type co-cyclic contraction maps
in complete dislocated quasi metric space.

iii. To prove the uniqueness of common fixed point fa@icR type co-cyclic contraction
complete in dislocated quasi metric space.

iv. To give an example in support of the main resuthaf study.

1.4 SIGINIFICANCE OF THE STUDY

Fixed point theory is one of the most rapidly grogviresearch areas in nonlinear functional
analysis. We hope that the results obtained ingtidy may contribute to research activities in
this area. Further, collaboration in this reseasth be useful for the graduate program of the
department. The researcher may get benefit from ghidy since it uses to develop scientific
research writing skill, scientific literature catteng skill and scientific communication in
mathematics

1.5DELIMITATION OF THE STUDY

This study was conducted under the stream of fanatiAnalysis and is delimited to the study
of existence of coincidence point and common figetht for Reich type co-cyclic contraction in

complete dislocated quasi-metric space and theuenigs of the common fixed points.



CHAPTER TWO: LITERATURE REVIEW

Let X be a nonempty set and T:-X X a self-map. We say thateX is a fixed point of T if
T(x) = x and denote by F(T) or Fix(T) the set dffaded points of T.

The study of common fixed points of mappings switigf certain contractive conditions has been
at the Centre of vigorous research activity, beéhegapplications of fixed point is very important

in several areas of Mathematics.
2.1 FIXED POINT THEOREM

Hitzler and Seda [7] investigated the useful agpians of dislocated topology in the context of
logic programming semantics. In order to obtaima&ue supported model for these programs,
they introduced the notation of dislocated metpace and generalized the Banach contraction
principle in such spaces.

Furthermore, Zeyadet al. [26] generalized the results of Hitzler and SedafW introduced

the concept of complete dislocated quasi metricespadage and Salunke [1, 2] derived some
fixed point theorems in dislocated quasi metriccggaZoto [27] gave some new results in
dislocated and dislocated quasi metric spacesl R8leconstructed some new fixed point

results in a dislocated quasi metric space.

Furthermore, Aage and Salunke [1, 2] derived thievong fixed point theorems with a Kannan-
type contraction and a generalized contractioménsetting of dislocated quasi metric spaces,

respectively.

Theorem 2.1.1 [12]: Let (X, d)be a complete dg-metric space and T: X — X be a continuous
self-mapping satisfying the following condition:

d(Tx, Ty) < a[d(x,Tx) + d(y,Ty)]forallx,y € X,

where a = 0 with a< % . Then T has a unique fixed point.



Isufati [8] proved the following result in disloeat quasi metric spaces.

Theorem 2.1.2 [8]: Let (X, d) be a complete dg-metric space &hd X — X be a continuous
Self- mapping satisfying the following condition
d(Tx,Ty) < ad(x,y) + bd(y,Tx) + cd(x,Ty),

wherea, b, ¢ > 0 which may depends on bathandy with sup{a + 2b + 2c:x,y € X} < 1.
ThenT has a unique fixed point
In 1922, Banach [5] established a fixed point teeofor contraction mapping in metric space.
Since then a number of fixed point theorems hawenl@oved by many authors and various
generalizations of this theorem have been estadidhn 1982, Sessa [24] introduced the concept
of weakly commuting maps and Jungck [10] in 198@&jdted the concept of compatibility. In
1998, Jungck and Rhoades [11] initiated the nodibweakly compatible maps and pointed that
compatible maps were weakly compatible but not ecsely.
In 2012, Kumari et a[18] have established the following result:
Theorem 2.2.1[18]: Let (X, d) be a complete d-metric space andf,dt: X — X be
continuous mappings satisfying

d(Sx,Ty) < a max{d(Tx,Sy),d(Tx,Sx),d(SyTy)},

forallx,y € X,where 0<ac< %, then S and T have a unique common fixed point in X.

The purpose of this research study is to estaliligh existence of coincidence points and
common fixed points of a pair of self-mappingsHging the conditions of Reich type co-cyclic
contraction in dislocated quasi-metric space aedutiiqueness of the common fixed points was
investigated. Also, we provided an example in suppbour main result. We believe that our

main result extended the related existing resutérecent literatures.



CHAPTER THREE: METHODOLOGY OF THE STUDY

3.1 Study siteand period
This study was conducted from September 2014 GSefmember 2015 GC in Department of

Mathematics, Jimma University.

3.2. Study design
In this study we followed analytical method of dgsi
3.3. Source of information
To conduct this research secondary data was ussttetithe sources of these data are
» Different mathematics reference books.
* Unpublished Mathematics MSc. Theses in the depattme
» Journals and Published research works from theniete
3.4. Procedure of the study
In this study we followed the standard proceduresdun the published work of Karapinar
and Erhan [14]; and that of Panthi et al. [19].
3.5 Ethical consideration
Ethical consideration has to be considered intaliess of the research process. This study needs
books, published journal articles and other relateaterials was collected from different
sources. But there may be a problem in collectihgha above listed materials without any
permission letters. Soto make the study legal, sion was taken from a research review and

ethical committee of college of Natural sciencdiaima University



CHAPTER FOUR: RESULT AND DISCUSION
4.1 PRELIMINARIES

We recall the definition of complete metric spageasi metric space, dislocated metric space,
dislocated quasi metric space, the notion of cayergre and other results that will be needed in
the sequel.

Definition 4.1.1 [26]: Let X be a non-empty set. Suppose that the mapgiXi x X — [0, )

satisfies the following conditions:

d;: d(x,x) = 0,forallx € X.

d,:d(x,y) = d(y,x) = 0impliesx =Y.

d;: d(x,y) = d(y,x),forallx,y € X.

dy:d (x,y) <d(x,z) +d(z,y) , forallx,y,z € X.
Then, the pai(X, d) is called metric space. If d satisfies & and d, then (X, d) is called quasi
metric space [25]. If d satisfieg,dk and d, then (X, d) is called dislocated metric space [7]

If d satisfies dand d, then (X, d) is called dislocated quasi metriccep26].

Here we note thakevery metric space are quasi metric space, digldcatetric space and
dislocated quasi metric space but the conversetiaecessarily true and every dislocated metric
space are dislocated quasi metric space but theecsmis not always true [26].

Definition 4.1.2 [26]: A sequenceX,,} in a dg-metric spad&, d) is called Cauchy sequence if

forall €>0,3n, € N such that form,n > n,, we haved( x,,, x,,) < € and d(x,, Xn) < €.

Definition 4.1.3 [26]: A sequencéx,} in a dg-metric spacgX, d) converges with respect to dq,
if there existsc in X , such thatim,,_,, d(x,, x)=lim,,_,,, d(x, x,)= 0. In this case is called a

dg limit of {x,,} and we write as,, — x.

Definition 4.1.4 [26]: A dg-metric spacéX, d) is called complete if every Cauchy sequence in it

is convergent irX with respect to dqg.

Lemma 4.1.5[26]: Limits in a dg-metric space are unique.



Definition 4.1.6 [5]: Let (X, d) be a dg-metric space. A mappifigf — X is called contraction
if there existst € [0,1) such thatl(Tx,Ty) < k d(x,y) forallx,y in X

Theorem 4.1.7 [26]: Let (X, d) be a complete dg-metric space and’lef — X be a contraction

mapping. ThenT has a unique fixed point.

Definition 4.1.8 [15]: Let A and B be non-empty subset of a dg-metric spékgd) and
T:AUB - AUB be a self -mapl is said to be cyclic map if and only iff(4) € B and
T(B)< A and is said to be cyclic contraction if there &xi& € [0,1) such that
d(Tx,Ty) < kd(x,y) forallx in A andy in B.

Definition 4.1.9 [11]: Let X be a non-empty set. Two self-mdhg : X — X are said to be

i.  Commuting ifTfx = fTxforallxinX.If Tx = fx for somex in X, thenx is called
coincidence point of andf.

ii.  Weakly compatible if they commute at their coincide points .i.e. ift in X such that
Tu = fu,thenTfu = fTu.

Definition 4.1.10 [11]: Let T and f be weakly compatible self-mappings of a ZXet If
z=Tw = fw, then z is called point of coincidencefoédnd T; and w is called coincidence

pointoff and T. If z = w, thenz is called a unique common fixed pointfoandf.

Example4.1[11]: Let X = [0, 3] be equipped with a dg-metugx, y) = |x — y|.

dF ) {x.OSxSlTh ;
andf(x) = . Then for an
3,1<x<3 y

DefineT, f : X%beT(x):{g 1<x<3

xin,fTx = Tfx , showing that f, T are weakly compatible maps{cnd 3 is a common fixed

point of T and f.

Example 4.2 [11]: LetX = R and definel,f : R - R by Tx = x%andfx :gforx inR.
Hence, 0 and /3 are two coincidence points ffandT . Note thatf andT commute at O, i.e.,
fT(0) =Tf(0) = 0 but fT(g) = % and Tf(%) :%and sof andT are not weakly

compatible mappings aR.



42MAIN RESULT

Definition 4.2.1: Let A andB be non -empty subsets of a dislocated quasi msp@ceX, d).
The selfmaff : X - X is said to be a dg-Reich type co-cyclic contractib there exists a
selfmapf: X - X such that

i. X = AUB is a co-cyclic representation ¥foetweerl andf.

ii. d(Tx, Ty) < ad(fx, fy)+ b d(Tx,fx) + c d(Ty, fy)for all x € A and y€ B,

where a, b, c are nonnegative numbers suchathdi + c < 1

Theorem 4.2.2: Let A and B be a non-empty subsets of a complsleahted quasi dg- metric
spacéX,d). LetT, f: AUB - AUB be a dqg-Reich type co-cyclic contractionf f X — X is
injective andf (4) andf (B) are closed subsets ¥f whereT andf are weakly compatible

mappings, thef andf have a uniqgue common fixed point fi{A) N f(B).

Proof: Letx, € A (fix), T(A) € f(B), there exisk, € B such thafl'x, = fx;, = y, (say). Since
X1 € B , there exisk, € A such thal'x; = fx, = y; (say).

On continuing this procedure inductively, we gseguencé y, }in X such that,, = Tx,, =

fxn,.,foreach= 0,1,2,---, where{x,,} €A and{x,,_,} € B foreachn = 1,2,--..
Now, we want to show thdty,, } for eachn = 0,1, 2, -+ is a Cauchy sequenceXn
Now consider

A2, y1) = d(Txy, Txy) < ad(fxy, fx1) + bd(Txy, fx3) + cd(Txq, fx1)

@l (y1,Y0) + bd(y2,¥1) + cd(y1, Yo)-
This implies,

(1-b)dy.,y1) = (a+)d(V1,Y0)
= d(y2,1) < 5] d1, Yo), (4.1)
where 2= < 1. Let k = [a—’LC].Then O<k<1.
1-b 1-b
So, (4.1) becomes

d(y2,y1) < kd(y,Yo)
= d,y) < ka, (4.2)

wherea = max{d(y1,¥,) ,d (Yo, ¥1)}-
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Now again,

d(Y1,Y2) =d(Txy, Tx;) < ad(fxy, fx3) + bd(Txy, fxq) + cd(Txy, fx5)

=ad (Yo, y1)+b d(y1,¥0) +cd(yz, y1).

Using (4.1) in (4.3), we obtain,

d(y1,y2) < ad (Yo, y1) + bd(y1,y0)+ C

= ad(¥o,y1) + [b + c(a“)

d()’b)’o)

1d1,¥0)

< [a + b + c&2]a (from (4. 2))

__ ra—ab+b-b2+c (a+c)]
=1 (1-b)

a—ab+b—b?+c (1-b)
=

[ a+c+b(1-b)— b (1-b)
(1-b)

IA

a+c+b(1-b)—b (a+c)]
(1-b)

atc
tola

This implies that

Ay, y2) < [ ]“ ka.
Thus
d(y1,y2) < ka.
Similarly,
dys,y2) <kd,y) <k*a
and
d(y2y3) <k*a
Inductively, for eactm € N, we have
dYn+1,¥n) S k"
and
AW, Yn+1) < k™ a.
Lettingn — o in (4.7) and (4.8), we obtain

d(YVn+1,Yn) 2 0,
and

(since at+ c < 1-b)

la (since a+ ¢ < 1-b)

11
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d(Yn Yn+1) = 0 19)
Now letn,m € N, withm > n, by using the triangular inequality , we have
AdWm,yn) = d (Txp, Txn ) < d (Txn,Txpiq) + d (TXpiq,Txp)
< d (Txm Txnyz) +d (Txpe2, TXner) + d (Txpygq, Txy)
<d(Txp, Txm_1) + d (Txpe1, TXp—p) + ... + d (Txpeq, Txy)
<k™la+k™?2 a+ .. +k"a
< (k™14 k™24 L+ kM)
S kMM g2 4+ k4 1)a
= k" (Zﬁan_l ki )0(
< (k"ERokH)a
= k"=,
1-k
This implies,
A, ¥n) < k" (4.11)
Takingn — o in (4.11), we obtaid (y,, ,y, ) — 0.

Similarly, letn,m € N with m > n by a similar procedure, we obtain

d(Yn,Ym) = d (T, T2y ) < K™= (4.12)
Takingn— ooin (4.12), we obtaial (y,, , y,, ) = 0.
Thus {y,,} for each n = 0, 1, 2;- is a Cauchy sequenceXn
SinceX is complete, there existsn Xsuch thatim,,_, ., y,, = z.
Thus lim,,_,o Tx, = limy,_ o fX,q =2
Since the sequence/{} asn — oo converges toz , the subsequence/,}, wherey,,=Tx,,,
for each n = 0, 1,2;, converges to z. But,y,,} S T(A) € f(B). Sincef(B) is closed,
z € f(B). So, there exists; € B such thatfu, = z.
Also, the subsequen¢e,,,_,} wherey,,_,=Tx,,_,for each n = 1, 2;- converges ta.
But, {von—1} S T(B) < f(A) foreach n = 1, 2;- sincef(A) is closedz € f(A4). So, there exists
U, € Asuchthat fu, = z.Hencg (A) N f(B) # ¢pand fu, =fu,= z.
Sincef : X — X is injective map, we get, =u, = u (say).

Henceu € AN B such thatz = fu.

12



Now, we show thatl (z,z) = 0.

Consider

A(Tx2n, Txon-1) < a d(fXan, fXon-1) +b d(Tx2p, fX2n) + ¢ A(TX2n—1, fX2n—1).

Takingn — oo, we obtain

d(z,z) < ad(z,z) + bd(z,z) + cd(z,z).
This implies

d(z,z) = 0.
Now, for each n =0, 1, 2., we have

d(Tu, yon-1) =d (Tw,Txz,1)

< ad (fu, fxzn-1) + b d(Tu, fu) + ¢ d(Txzn-1,f X2n-1)-

Takingn — oo, we obtain

d(Tu,z) < ad(fu,z)+ bd(Tu, fu) + cd(z z).

This implies
(1-b)d(Tu,z) < 0.
This implies
d(Tu,z) = 0.

Similarly, for each n =0, 1, 2.-, we obtain

d(Yzn-1, Tu) =d (Txzp-1,Tu)

<ad(fxan-1, fu) +bd (Txzn_1, fX2n-1) +cd (Tw, fu).

Taking n - oo, we obtain

d(z,Tu) < ad(z,z)+ bd(z,z) + cd(Tu,z).
This implies

d(z,Tu) = 0.
So, from (4.14) and (4.15), we dét = z.
Hence,Tu = z = fu.
Thereforeu is a coincidence point gf andf, henceC(T, f ) is a non-empty set
SinceT andf are weakly compatible mappind¥u = fTu ,wheneveiTu = fu.
SoTz = Tfu = fTu = fz.
Now, we claimthat = Tz = fz.

Consider,

13
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d(Tz,Tz) < ad(fz,fz) + bd(Tz,fz) + cd(Tz,fz)
= ad(Tz,Tz)+ bd(Tz,Tz) + cd(Tz,Tz).
This implies
d(Tz,Tz) = 0. (4.16)
So,
d(Tz,z) =d(Tz,Tu) < ad(fz,fu) + bd(Tz,fz) + cd(Tu, fu)
= d(Tz,Tu) < ad(Tz,z) + bd(Tz,Tz) + cd(z, z).
From (4.13) and (4.16), we obtain
d(Tz,z) = 0. (4.17)
Similarly,
d(z,Tz) = d(Tu,Tz) < ad(fu,fz) + bd(Tu, fu) + cd(Tz, fz)
= ad(z,Tz) + bd(z,z) + cd(Tz,Tz)
> (1-a)d(z,Tz) <0.
This implies
d(z,Tz) = 0. (4.18)
From (4.17) and (4.18), we obtdia = z.
SinceTz = fz, we obtain
Tz = fz =2z.
Thereforez is a common fixed point of and f in X.
Now, we show the uniquenesszof
Letw € X be another common fixed point Bfandf. Then we have
d(z,zw) =d (Tz,Tw) < ad (fz,fw) + bd(Tz,fz) + cd(Tw, fw)
=ad(z,w) + bd(z,z) + cd(w,w)
= ad(z,w).[Sinced(z,z) = 0, we haved (w,w) =0].
= (1—-a)d(z,w) < 0.
This implies

d(z,w) = 0. (4.19)
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Similarly,
dw,z) = d(Tw,Tz) < ad(fw,fz) + bd(Tw,fw) + cd(Tz fz)
=adw,z)+ bdlw,w)+ cd(z,2)
= ad (w, 2).
>1-a)d(w,z) <0.
This impliesd(w ,z) = 0 (4.20)
Thus, from (4.19) and (4.20) we obtain= w.
Thereforez is a unique common fixed point @fand f in X.
Corollary 4.2.2: Let A and B be non-empty subsets of a completeciteéd quasi (dg)-metric
space(X,d). LetT, f: AUB - AUB be a dq co-cyclic contractionfif: X — X is injective and
f(A) andf (B)are closed subsets ¥f whereT andf are weakly compatible mappings, ti#én
andf have a unique common fixed point fitA) N f(B).

Proof: Takingb = 0 andc = 0, the proof follows from Theorem 4.2.2.

Corollary 4.2.3: Let A and B be a non-empty subsets of a complet®aited quasi dg-metric
spacéX,d). LetT,f: AUB - AUB be a Kannan type dq co-cyclic contractionf X — X is
injective andf(A) andf(B) are closed subsets &f, whereT andf are weakly compatible

mappings, thef andf have a unique common fixed point fi{4) N f(B).
Proof: Takinga = 0 andb = c, the proof follows from Theorem 4.2.2.

Remark 1: If f: AUB — AUB is the identity mapping, Theorem 4.2.2 becomeoidm 1.7.

This shows that Theorem 4.2.2 is an extension ebiidm 1.7.
The following is an example in support of Theore 2.

Example4.2.4: .LetX = R,A = (—,2]andB = [0, ).
Letd: X XX — [0,) be a dislocated quasi metric space defined by
d(x,y) =|x—y|l+|y|forallx,yinX.

0, ifx<2
1, ifx>2

ThenT(4) = {0},T(B) = {0,1},f(4) = (—,3] andf(B) = [0, o).

DefineT, f: AUB - AUB by Tx = { andfx =2x forallx in AUB.
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This implies TA) € f(B)and T(B) € f(A) . HenceX = AUB is a co-cyclic representation
with respect to the pa(f, f ) and collectior{4, B}.

Now we check the inequality of the conditions ofdReype contraction by considering the
following cases.

Casel: Letx € A andy € B.
We shall consider the following two subcases A,y € [0,2] and x € 4,y > 2.
If x € Aandy € [0, 2], the inequality clearly holds.
If x € Aandy > 2, we have
d(Tx,Ty) =|Tx —Ty|+ |Ty| = 2;
d(fx,fy) = Ifx = fyl+1fyl = 3y=x;
d (Tx,fx) = |Tx = fx| +|fx| =10—2x|+|2x| = 3|x|; and

d((Ty,fy)

. 1 1 2
So, if we choosea = o b = Eandc = o we have

3 3
1Ty = fyl +Ifyl =11 =3yl + 15yl = 3y - L.

ATy fy) = Gy -1 2 2() = 2y >2
This implies

d(Tx,Ty) < %d(fx,fy) +§d(Tx,fx) +§d(Ty,fy) forallx € A, andy > 2.
Case2: Letx € B andy € A.
Here also we consider the following two sub-casesx € [0,2] andy € A ; andx > 2 and
y € A.
Ifx € [0,2] and y € 4, the contraction clearly holds.
If x> 2 andy € A.Then

d(Tx,Ty) = |Tx =Tyl + Tyl = 1;

d (fx,fy) = fx = fyl+ Iyl = 15x =2yl + 15y] =2 [lx =y + Iyl]

d (Tx,fx) = |Tx = fx| +|fx| =|1—2x|+|2x| =3x — 1; and

3 3
d(Ty,fy) =Ty = fyl +1fyl =0 =yl +|5¥I=3lyl.
Now, if we choosa = %,b = % andc = é we have
= d(Tx,fx) = zBx—1) = = (5) = 1forallx > 2.
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This implies
d(Tx, Ty) < id(fx fy) + gd(Tx fx) + éd(Ty,fy) forallx > 2 andy € A.

HenceT andf satisfy all conditions of our theorem. Moreovers @ unique common fixed
point of T andf in f(A) N f(B).
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CHAPTER FIVE: CONCLUSION AND FUTURE SCOPE
5.1 CONCLUSION

In 2011, Karapinar and Erhan [14] established thstence of fixed point for mapping satisfying

the Reich type cyclic contraction in a completennetpace.

In this research work, we have established thetenge of coincidence points and a unique
common fixed point of Reich type co-cyclic contrantdefined in dislocated quasi-metric space.
We have supported the main result of this reseansk by example. Our work extends the main
result in [14].

5.2 FUTURE SCOPE

There are several published results related totemde of fixed points self-maps defined on
dislocated quasi metric space. There are also é&sults related to the existence of common
fixed points for a pair or more self-maps in thigee. The researcher believes the search for the
existence of coincidence and common fixed pointsnaps satisfying different conditions in
dislocated quasi metric space is an active areatwdy. So, the forthcoming postgraduate
students of Department of Mathematics can explog& opportunity and conduct their research

work in this area.
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