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ABSTRACT
The aim of this research work was to establishsome common fixed point results in complete
dislocated quasi metric spaces. In this study we established common fixed point theorems for a
pair of self- maps involving contractive condition of rational type in complete dislocated quasi
metric spaces by extending the work of Rahman and Sarwar. Our resultextend and improves the
result of Rahman and Sarwar. In this research undertaking, we followed analytical study design.
Secondary sources of data such as journal, internet and books were used for the study. The
analysis techniques which we adopted for the successful completion of this study were that of

Rahman and Sarwar. We provided examples in support of our main findings.



CHAPETER ONE
INTRODUCTION

1.1 Background of the study
Fixed point theory is one of the most important topics in the development of nonlinear functional

analysis. It is the mixture of analysis, topology and geometry.

Definition 1.1: Let X be a non-empty set. A map T:X — Xis said to be a self-map ofX if Tx =

x. Anelement x in X is called a fixed point ofT.

Definition 1.2: Let(X, d)be metric space. A self-map T: X — X is said to be a contraction map if
there exists a constant k € [0,1) such that

d(Tx,Ty) < kd(x,y)forall x,y € X, where K is contraction constant.
The fixed point theorem in metric spaces plays an essential role to construct method to solve
problems in mathematics and other sciences involving certain mapping and space structures
required in various areas such as economics, chemistry, biology, computer science, engineering
and others (Dugudji, 1982).
In this area the first and the significant result was proved by Banach, (1922) for contraction
mapping in metric spaces which is called Banach contraction principle.
Theorem 1.1: (Banach Contraction Principle)Let(X, d) be a complete metric space, then each
contraction map T: X — X has a unique fixed point.
The Banach contraction theorem is importantasa source of existence and uniqueness theorems in
different branch of science and the sequence of successive approximation converges to a solution
of the problem. The theorem provides an illustration of the unifying power of functional analytic
methods and usefulness of fixed point theory in analysis.
Since a number of fixed point theorems for different types of nonlinear contraction mappings
have been investigated and proved by various authors and various generalizations of this theorem
have been established. Many researchers have obtained fixed point theorems, common fixed
point theorems and other fixed point results in metric spaces, cone metric spaces, quasi metric
spaces, dislocated metric spaces, dislocated quasi metric spaces and other spaces (Chandoks,
2015). Also Dass and Gupta,(1975) generalized the Banach contraction in metric space for some

rational type contractions. Most of the works of Banach contraction theorems involves continuity



of self-mappings for different type of contracions. Then a natural question arises whether the
continuity mapping is essential for the existence of fixed points. Thisquestion has been
affirmatively answered by Kannan, (1968). In 1968,Kannan proved a fixed point theorem for
operators that need not be continuous.
Theorem 1.2: Kannan, (1968) Let (X,d ) be a nonempty complete metric space and a self-map
T:X — X satisfying:
d (Tx, Ty) < a[d(x,Tx) + d(y, Ty)Iforall x,y € X where a € [0,).
Then T has a unique fixed point. Mappings satisfying this inequality are called Kannan type
mappings.
Further,Chatterjea,(1972) also proved a fixed point theorem for maps which are actually dual of
Kannan type mappings.
Theorem 1.3: Chatterjea, (1972) Let (X, d )be a nonempty complete metric space and a self-map
T satisfying:

d(Tx,Ty) < a[d(x, Ty) + d(y, Tx)]forall x,y € X, where a € [0,5).
Then T has a unique fixed point. And the mapping satisfying the above inequality is called
Chatterjea type mappings.
Zamfirescu, (1972)proved the following fixed point theorem by combiningtheorems1.1, 1.2 and
1.3 as follows.

Theorem 1.4: Zamfirescu (1972)Let (X, d) be a complete metric space and T: X — X be a map
for which there exist the real numbers a, b and c satisfyinga € [0,1), b € [0, %) and c € [0, %)

such that for each pair x,y € X at least one of the following hold.
(Z1) d(Tx,Ty) < ad(x,y).

(Z) d(Tx,Ty) <bld(x,Tx) +d(y, Ty)].
(Z3) d(Tx,Ty) <c[d(x,Ty) +d(y,Tx).Then T has a unique fixed point.

Zamfirescu’s theorem,(1972) is a generalization of Banach,(1922),Kannan,(1968) and
Chatterjea,(1972).

In 1977, Rhoades compared various definitions of contractive mapping on a complete metric

space which were used to generalize the contraction mapping principle. Due to the wide



applications of fixed point theorems in different fields, the study of existence and uniqueness of
fixed points and common fixed points have become a subject of great interest.There are a good
number of common fixed point theorems available for commuting as well as non-commuting
mappings in metric spaces satisfying different contractive conditions.

Jungck, (1976), gave a common fixed point theorem for commuting mappings in metric spaces,
which generalized Banach's contractiontheorem.Dass and Gupta, (1975) generalized the Banach
contraction principle in metric space for some rational type contractive conditions.

In general, various results pertaining to common fixed point have been investigated for maps
satisfying different contractive conditions in different settings, equations such as differential and
integral equations.

Kirishna and Deheri, (2015) obtained common fixed points of two continuous mappings in a
complete metric spaces. Jha andpanths, (2012) obtained common fixed points of self-maps in
dislocated metric spaces. Also Mannoj and Daheriya, (2015) obtained a common fixed point
theorem for three maps in a d-metric and dg-metric spaces. Recently, many researchers have
obtained fixed point and common fixed point theorems in dislocated quasi metric spaces.

Also Rahaman and Sarwar, (2016) established the following fixed point result in complete
dislocated quasi metric space.

Theorem 1.5: Let (X, d) be a complete dislocated quasi metric space. And T: X — X be self-
mapping satisfying

d(x,y)[1+ d(x,y)d(x,Tx)]2>

d(Tx, Ty) < ap(d(x,y)) + be(maxifd(x, Tx),d(x, y) P+ cgo( (1+d ()’

forallx,y € X,a,b,c>0with a+b+c <1 and ¢ isacomparison function. Then T has a
unique fixed point.

So this researcher is motivated and inspired by the work of Rahman and Sarwar, (2016) to
establish common fixed point theoremsinvolving contractive conditions of rational type for a
pair of self-maps in dislocated quasi- metric spaces by extending the result of Rahman and
Sarwar, (2016) and to verify the result of the study obtained by particular examples.



1.2. Objective of study
1.2.1. General Objective

The general objective of this study is to establish common fixed point theorems for a pair of self-

maps satisfying certain contractive condition of rational type in dislocated quasi-metric space.

1.2.2.Specific objectives
» To prove the existence and uniqueness of common fixed points of self-maps satisfying
certain contractive condition of rational type in dislocated quasi-metric spaces.
» To identify additional conditions required to assure uniqueness of common fixed point.

» To verify the applicability of the result using particular examples.

1.3. Significance of the Study
» The result obtained may contribute to research activities on the study area.
> It may develop basic research skills of the researcher and also may serve as reference for
individuals who have interest to be engaged research activities in this line of research.

> ltis applicable in solving some integral and differential equations.
1.4. Delimitation of the Study

The study was delimited to find common fixed point results in dg-metric spaces for a pair of self-
maps and focused on developing a scheme to prove existence and uniqueness of common fixed
point in complete dg-metric spaces. The study was conducted under the stream of functional

analysis.



CHAPTER TWO
LITERATURE REVIEW

Fixed point theory is very important in diverse disciplines of mathematics since it can be applied
for solving various problems and it is one of the most dynamic research subjects in nonlinear
analysis. A very interesting and useful result in fixed point theory is the Banach contraction
principles. This theorem has witnessed numerous generalizations and extensions in the literature
because of its simplicity and contractive approaches. For this reason generalization of Banach’s
contraction principle have been investigated heavily by many researchers (Sintunavarat et al.,
2013). Consequently, a number of generalizations of Banach’s contraction principles have
appeared. In the fixed point theory, contraction is one of the main tools to prove the existence
and uniqueness of a fixed point.Banach’s contraction principle, which gives an answer on the
existence and uniqueness of the solution of an operator, Tx = x is used in all analysis.
The advantage of topology in logic programming is recognized (Hitzler and Seda, 2000).
Particularly topological methods are applied to obtain fixed point semantics for logic programs.

Such considerations motivated the concept of dislocated metric space.

Definition2.1:Zeyada et al., (2005) LetXbe anon-empty setand d : X X X — [0, o) be a function
satisfying:

dy)d(x,x) =0.

d;) d(x,y) = d(y,x) = 0,imply thatx = y.

d3) d(x! }’) = d(% .X').

dy) d(x,y) < d(x,z) +d(z,y) forall x,y,z € X.

The pair (X, d) is metric space if d satisfiesd;-d,.

The pair (X, d) is quasi metric space if d satisfiesd;, d, and d,.

The pair (X, d) is dislocated metric space if d satisfies d,, d; and d,.

The pair (X, d) is dg-metric if d satisfies d, and d, only.

The concept of Quasi- metric space was introduced by Wilson, (1931) as a generalization of
metric spaces. Hitzler and Seda, (2000) introduced dislocated metric spaces as a generalization
of Metric spaces.



Hitzler and seda (2000) investigated the useful application of dislocated topology in the context
of logic programming semantics. Inorder to obtain a unique supported model for these programs,
they introduced the notion of dislocated metric space and generalized the Banach contraction
principle in such spaces. Furthermore, Zeyada,etal.(2005) generalized the result of Hitzler and
Seda (2000) and introduced the concept of complete dislocated quasi metric spaces.

Aage and Salunke (2008) derived the following fixed point theorem with Kannan type
contraction in the setting of dislocated quasi metric spaces.

Theorem 2.1: Aage and Salunke(2008)Let (X; d) be a complete dg- metric space and suppose
there exist non negativeConstants aq,a,, a3 with a; +a, + a3 < 1. Let f: X - X be a
continuous mapping Satisfying

d(fx, fy) < ayd(x,y) + axd(x, fx) + azd(y, fy).

Forall x,y € X, then f has a unique fixed point.

Similarly Isufati, (2010) proved the following fixed point result for continuous contractive

condition with rational type expression in the context of dislocated quasi metric spaces.

Theorem 2.2:Isufati, (2010) Let (X,d) be a complete dg-metric space and T:X — X be a
continuous self-mappings satisfying the following conditions:

d(Tx,Ty) < ad(x,y) + bd(y,Tx) + cd(x,Ty)
For all x, ye X where a, b, ¢ > 0, with sup {a+2b+2c} < 1.Then T has a unique fixed point.
Kohil, et al. (2010) investigated a fixed point theorem which generalizes the result of Isufati.
In 2012, Zoto gave some new result in dislocated and dislocated quasi metric spaces.
For continuous self-mappings the fixed point theorem in dislocated quasi metric space was
investigated by Shrivastava,et al.(2010).
In 2013 Patel constructed the following new fixed point results in a dislocated quasi metric
space.
Theorem 2.3: Let (X,d)be a complete dislocated quasi metric space and T:X - X be

continuous self-mapping satisfying the following condition:

d(Tx,Ty) < a[d(x,Tx) + d(y, Ty)]for all x, ye X, where a € [0, %), Then T has a unique fixed

point.



Tiwari and Sarwar, (2015), also established fixed point and common fixed point theorems on dg-
metric spaces.
In addition Tiwari and Vishuw, (2017), established the following common fixed point theorem
on a complete dislocated quasi b-metric space.
Theorem 2.4: Let(X, d)be a complete dislocated quasi b-metric space. LetT; : X — Xand
T,: X — X are continuous functions on X .for k > 1 satisfying

d(Tyx, T, y) < e d(x,y)forall x,y, € X.

Where, ¢is a comparison function,thenT; and T, have a unique common fixed point in X.



CHAPTER THREE

METHODOLOGY
This chapter contains study design, description of the research methodology, data collection
procedures and data analysis process.
3.1.Study period and site
The study was conducted from October, 2016 to October, 2017GCinJimma University under
Mathematics department.

3.2.Study Design
In order to achieve the objective of this research analytical design method was used.
3.3.Source of information

To conduct this research secondary data was used. Hence, the available sources of information
are different mathematics reference books, published journals and published research worksand

articles from internet.
3.4.Mathematical procedures

In this study we followed the analysis and the techniques used by Rahman and Sarwar, (2016),
and also using additional techniques from the other related references like Manoj and Deheriya,
(2015), Jha and Panths, (2012).



CHAPTER FOUR

DISCUSSION AND RESULT

4.1 Preliminaries
Definition 4.1: Zeyada et al., (2005)LetX be a non- empty set. A function

d: X X X = [0,00) is called a dislocated quasi metric provided that for all x, y, z €X
di) d(x,y) = d(y,x) = 0,impliesx = y.
dy) d(x,y) < d(x,z) + d(z,y).

The pair (X,d) is called dg-metric space. A dg-metric space is a functiond: X X X — [0, )
satisfying all the conditions of metric space with the exception of self-distance and symmetry. It
should be noted that the class of dg- metric spaces is effectively general than that of metric

spaces. Hence every metric space is dg-metric space but the converse is not true.

Exampled4.1: Let X =R define d(x,y) = |x| + y2.It is adg-metric but not metric for all
x,y,z€X.

Proof:We need to show that d satisfies definition 4.1
d) d(x,y) = x| +y?, d(y,x) = |yl + x?
lx| + y% = |y| + x* = 0 implies x =y = 0,
d(x,y) = d(y,x) = 0Oimpliesx =y
dy) d(x,y) = |x| + y? < |x| + z% + |z| + y?,since z%,|z| =0
<d(x,z) +d(zvy).
Thend(x,y) < d(x,z) + d(z,y)forall x,y € X.
Thus dsatisfies both properties of definition (4.1) . Thenthe pair (X, d) isdg-metricspace.
The pair (X, d) does not satisfy conditions(d;) and (d3) of definition 2.1.
That means self-distance is zero only when x is zero and also d is not symmetric. Hence d is not

metric. Therefore a dg-metric space is more general than metric space.



Definition 4.2:Zeyada et al., (2005) A sequence {x,} in a dg-metric space(X, d) is called
Cauchy sequence if for all € > 0, there exists ny € N such that for m,n > n,, we have

d(x,,x,) <& and d(x,,x,) <e.

Proposition 4.3:Zeyada et al., (2005) Let (X, d) be a dg-metric space{x, } be a sequence inX,
andx € X. Thena sequence {x,} converges tox if and only if
lim,,_,, d(x,,x) = lim,_ d(x,x,) = 0. In this case x is called the limit of {x, } and we

writex,, — x.

Proof: Suppose that {x,, } is a dg-convergent sequence. Then there existsx € X such that

lim, . x, = x, thatis lim,,_,, d(x,,, x) = lim,,, ., d(x, x,,) = 0.
Hence, {x, } converges to x (or dg-convergent).

Proposition 4.4: Zeyada et al., (2005) Limit of a convergent sequence in a dg-metric space is

unique.

Proof: Let x and y be limits of the sequence {x,, }, then using triangular inequality it follows
that d(x,y) < d(x,x,) + d(x,,y).

ByProposition 4.4[d(x, x,,) + d(x,,y)] = 0 hence d(x,y) = 0 and by property (d,) of
definition (4.1) it follows that x = y.Therefore, limit of a convergent sequence in a dg-metric

space is unique.

Proposition 4.5: Zeyada et al., (2005)Every convergent sequence in a dg-metric space is a dg-

Cauchy.

Proof: Let {x, } be a sequence which converges to some x, and € > 0, then there exist

ny € NWithd (x,,x) <> foralln =n,.
For m, n>ny, we obtain  d(x,, x,,) < d(x,, x) +d(x,x,) < §+2i=€

d(x, xm) < & Hence {x,} isadg- Cauchy.

10



Definition 4.6:Zeyada et al., (2005) A dislocated quasi-metric space (X, d) is said to be

complete if every Cauchy sequence in X converges to a point in X.

Dentition 4.7:Berind, (2003)A map ¢: [0, ) — [0, ) is called comparison function if it

satisfies:

i) @ is monotonically increasing.
if) The sequence {p" (t);—, Jconverges to zero for all t € [0, o).

If ¢ satisfies
i) ¥%_, @k (t)Converges for all t € [0, ).

Then ¢ is called (c)comparison function. Every comparison function is (c)
comparison.Prototype example for comparison function is ¢(t) = at,t € [0,0) and a €
[0,1).

Lemma 4.8: For every comparison function ¢; [0, ®0) — [0, )
o(t) < tforallt > 0,and ¢(t) =0 ifandonlyif t = 0.
Definition 4.9: Let X be a nonempty subset of a metric space (X,d). Apoint x € Xisa

common fixed point of self-maps T,f: X = X if fx =Tx = x.

Definition 4.10:Jungck (1976) Two self-maps T and f on a nonempty set X are said to be
commuting if Tfx= fTx forallx € X.

If Tx = fx for some x € X, then x is called coincidence point of Tand f.

We callz a point of coincidence of f and T if z = Tx = fx.If z=x, x is called the common
fixed point of f and T.The set of coincidence points of f and T is denoted by c(T, f).
Definition 4.11:Jungck (1986)Two self-mappings f and T of a metric space (X, d)are called
compatibleif lim, ., d (fTx,, Tfx,) = 0 whenever {x, },—, is a sequence in X such that

lim,_ fx, =lim,_, Tx, = t forsomet € X.

11



Definition 4.12: Jungck and Rhoades (1998)Two self- maps f and T of a metric space (X, d)
are called weakly compatible if they commute at their coincidence points. That is, fu =
Tu foruelX, thenTfu= fTu, for u € X.

4. 2.Main result

Theorem 4.1: Let (X, d) be a complete dislocated quasi metric spacesand T, f: X — X be self-

maps satisfying the following condition.
) TX € fX.
ii) f and Tare weakly compatible and fX is closed subset of X.

ii))d(Tx, Ty) < ap(d(fx, fy)) + bo(maxfid(fx, fy), d(fx, Tx)}) +

d(Fx y)1-HAT AT T
@ (1+d (fx,fy))? '

Forall x,y € X and a,b,c = 0with a+ b+ c <1 and ¢ isacomparison function, then
T and f have a coincidence points. If f and T commute at their coincidence points then f and T

have a uniqgue common fixed point.

Proof: Let x, € X, so that yo_Txo—fx; Againsince Tx; € fX there exist x, € X.
Such that y; = Tx;=fx,. Continuing this process we construct sequences {x, } and
{y,}suchthat y,_Tx, = fx,41 for n=0,1,2,..

To proof we consider two cases.

Case (i): Supposey,, = y,+1forsomen = 0,1,2, ..., then

Tx, = Tx,41 = fx,4+1. SO that x,, 4 is coincidence point of T and f.
LetTx,_Tx,11 = fX,41 = u, forsomeu € fX.

Then by the weakly compatibility of T and f we have

12



Tu = fon+1 = fon+1 = fu- (41)
Which shows T and fcommute and u is the coincidence point ofT and f.

Now we show d (Tu, Tu) = 0.

d(Tu, Tw) < ap(d(fu, fu)) + be(maxifd (fu, fu), d(fu, Tu)}) +

(1+d(fu, fwd(fu, Tu))z
cp | d(fu, fu) '

(1+ (fu,fu))2

= agp(d(Tu, Tw)) + be(max{d (Tu, Tu), d(Tu, Tw)}) +

(1 +/d(Tu, Twd(Tu, Tu))2
(1+@urw) )

cp <d (Tu, Tu)

Since @(t) < t, forall t > 0, we have
d(Tu,Tu) < ad(Tu,Tu) + b d(Tu,Tu) + cd(Tu, Tu).
d(Tu,Tu) < (a+ b + c)d(Tu, Tu).
[1-(a+b+)]d(Tu,Tu) <0.
Since a+b+c<1 then [1-(a+b+c)]>0.
This implies that d(Tu, Tu) < 0, but d(Tu, Tu) = 0.
Hence d(Tu,Tu) = 0. (4.2)

Now we claimTu = u.

d(Tu,u) = d(Tu, Txp41) < a@(d(fu, fx,41)) + b (maxifd (fu, Tw), d(fu, fx,+1)}) +

2
cQ (d(fu, Fx, 1) (1+d(fu, fxn1)d(fu, Tw)) )

(1+ (Fu, frne)

13



= a<p(d(Tu, u)) + b (max{d(Tu,Tu),d(Tu,u)}) +

(1 + \/d(Tu, w)d(Tu, Tu))2>

d(Tu,
C(p( (T (1 + (Tu,u))2
Sinced(Tu, Tu) = 0, max{d(Tu, Tu),d(Tu,u)} is d(Tu,u).

(1+ d(Tu,u)d(Tu,Tu))2
(1+(Tu,u))2

Then<d (Tu,u) ) < d(Tu,u).(4.3)

Since ¢(t) < tforall t >0 and using (4.3) we have
d(Tu,u) < ad(Tu,u) + bd(Tu,u) + cd(Tu,u) = (a + b + ¢)d(Tu, u).
d(Tu,u) < (a+ b +c) d(Tu,u).
Sincea+ b +c > 0,thend(Tu,u) <0, but d(Tu,u) = 0.
Hence d(Tu,u) = 0.(4.4)

Similarly

d(u, Tu) = d(Tx, 41, Tu) < ap(d(fxpi1, fu)) + bo(max{d(fx, 1, fu), d(fxpi1, Txn1)})

(1 + dftmss, FDdFnr, Txn+1))2>_

+co d(fxn+1: fu) 2
(1 + d(fxper, fu))

= ap(d(u,Tw)) + bo(max{d(u, Tuw)d(u,u)} +

(1+(u,Tu))2

2
d(u, d(u,
co <d(u, Tu) (1+\/ (u,Tu)d (u u)) )

Since d(u,u) = 0, then max{d(u, Tu),d(u,u)} is d(u, Tu).
This impliesthatd (u, Tu) < a@(d(u,Tu)) + bo(d(u, Tu)) + ce(d(u, Tu)).

Sincep(t) <t,forallt = 0,d(u,Tu) < (a+ b+ c)d(u,Tu).

14



Since a+b+c¢c>0, d(u,Tu) <0,but d(u,Tu) = 0.

Hence d(u,Tu) =0. (4.5)
So,from (4.4) and (4.5) we get u = Tu.
By (4.1)Tu = fu = u.

Therefore u is a common fixed point of T and f.

Now we prove the uniqueness of the common fixed point.
Suppose u and v are two distinct fixed points of T and f.
Thatmeans fu=Tu =u and fv=Tv=v.
d(u,v) = d(Tu, Tv) < ap(d(fu, fv)) + bo(max{d(fu, fv),d(fu,Tu)}) +

(1+¢d(fu,fu)d(fu,ru))2>

cp <d(fu' fv) (1+(fufv))’

= ap(d(u,v)) + bo(max{d(u,v),d(u,u)}) +

2
1+y/d,v)d(u,
co <d(u, v)( +/d@,v)du u)) )

(1+(uv))’

d(u,v) < ap(d(u,v))

(1 + Jd, v)d(u, u))2
+ b (max{d(u,v),d(u,w)}) + ce | du,v) )

1+ (u, 17))2
Since max{d(u,v),d(u,u)} = d(u,v), then
2
1+d@,v)d(u,u
a0 +“(1(+( ) )()2 ) < aquv)

This implies d(u, v) < ap(d(u,v)) + be(d(u,v)) + co(d(u,v)).
Since p(t) <t, forallt =0,then d(u,v) < (a+b+c)d(u,v).
a+ b+ c > 0, this implies that d(u,v) < 0but d(u,v) = 0.
Hence d(u,v) = 0.(4.6)
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Similarly

d(w,u) =d(Tv,Tu) < ap(d(fv, fu)) + bo(max{d(fv, fu),d(fv,Tv)})

( (1 +/d(fv, fwd(fv, TV))2>
+co | d(fv, fu)

(1 + (fv,fu))2

(1+1/d(v,u)d(v,v))2
(1+(v,u))2 .

=ap(d(v,u)) + bo(max{d(v,u),d(v,v)}) + ce <d(v, u)

d(v,w) < ap(d(v,w) + b (max{d(v,w), d(v,v)}) + cp (d(v, u) (1+m) )
Since max{d(v,u),d(v,v)} = d(v,u).

2
(1+ d(v,u)d (v,v))
(1+(v,u))2

This implies that d (v, u) < d(v,u).

Then,d(v,u) < apd(v,u) + b(p(d(v, u) + copd(v, u)).

Since p(t) <t forallt = 0d(v,u) < ad(v,u) + bd(v,u) + cd(v,u)
=(a+ b + c)d(v,u).

Then,d(v,u) < (a+ b + c)d(v,u).

Sincea + b + ¢ > 0,then d(v,u) < 0, butd(v,u) = 0.

Hence,d(v,u) = 0.(4.7)

From (4.6)and(4.7)we getu = v.

Hence u is a unique common fixed point of f and T.

Case (ii): Supposey, # y,4+1 foreach n=0,1,2, ...

d(yn ’yn+1): d(Tan Txn+1) < a(p(d(fxn: fxn+1)) + b(p(max{d(fxn' fxn+1)r d(fxn' Txn)})

2
+cop (d(fxn,fxn+1) (1 + \/d(fxn'fxn+1)d(fxn, Txn)) >

(1 +d(fxn, fxns1)’

= a@(d(Yn-1,Yn)) + bo(max{id(yn_1,Y), d(Yn-1,Y2)}) +
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(1+\/d(yn 1,Yn)dYn— 1yn))

d(y,—1, . 4.8

C(p< (Yn 1 yn) (1+d(yn 1yn)) > ( )
Since p(t) <'t, for all t = 0, (4.8)becomes

d(Yn:Yn+1) S ad(Vp-1,Yn) + b d(Yn-1,Yn) + ¢ A(Yn-1.Yn)
=(a+b+c)d(Yn-1.Yn)-

Leta+b+c=h<1

Then d(yy, Yn+1) < hd(Vy—1, ). (4.9)

Similarlyd (yp-1.¥2) <hdn-2 Yn-1)-

Then we have d (Y, Yn+1) < h*d(Yn—2,Yn-1)-

Now, continuing this process we getd (v,,¥n+1) < h"d(yoy1)-
Since h < 1we have lim,,_,, k" d(yoy;) = 0.(4.10)
Similarly

d(Yn+1:Yn) = d(TxXp41,Txn)

< ap(d(fxp41, %)) + bo(max{d(fx, 41, f%,), d(fXp 41, Txp11)}) +

(1+ Jd(fxnﬂ.fxn)d(fxnﬂ,Txn+1))
(1 + d(fxn+1'fxn))

co | d(fxpi1, fxn)

= a@(d(VpYn-1)) + bo(maxfid (¥, Yn-1), AV Y1)} +

(1 +dWn Yn- 1)d<yn,yn+1))
(1 + d(ynyn 1))

co| dWVuYn-1)

Since p(t) <t forallt >0

d(.Vn+1’yn) < ad(ynyn—l) + bmaXEEd(yn’yn—l)' d(yn' yn+1)} +
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2
(1+\/d(yn'Yn—1)d(ynJ’n+1))
cld _ .
( (ynyn 1) (1+d(ynyn—1))2

(411)Fr0m(49)max!§d(yn 1yn—1)' d(yn' yn+1)}is d(ynl yn—l)-

2
Then (1 +/dW Yo1)d0m Ynrn)) < (1+dWn_1,y0))"

2
1+./d( n—1, n)d( n.Yn )
) LSOyl ym) o gy gy (4.12)

This Imp|IeS d(}’nJ’n—l (1+d(y 1Y ))2

From (4.11) and (4.12) we have

d(Yn+1:¥n) < ad(Vn,Yn-1) + b (Y. Yn-1) + ¢ d(Vn:Yn-1)

=(@+b+c)d(¥nYn-1)-

Leta+b+c=h<1.

Thus d(yn+1,¥n) < hd (Yo, Yn-1)-

Similarly d(y,, yn—1) < hd(Vn—1,Yn-2)-

Then  d(Vpi1,¥0) < B? d(V—1, Yn—2)-

Continuing this process we get d(V,4+1,V,) < h"d(y¥1,Yo)-

Since h < 1, we have lim,,_,,, h"d(yy,y,) = 0.(4.13).

So, from (4.10) and (4.13) lim,, e, k" d(yo,y1) = lim, e K"d(y1,¥0) = 0. (4.14)

Now we show {y, }is a Cauchy sequence in X.

Let m,n € N with m > n.

Applying triangular inequalityd (y,, ¥) < d (. Yn+1) + d(Vn+1, Yim)

< dWnYn+1) + AWns1Vne2) + oo+ dWim-1, Ym)

< R*d(yo, y1)+h" 1 d(yo, y)+ . . . +R" " d (Yo, y1)
<h*(1+h+-+ ™" Dd(y, 1)
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m-n—1
=h"< > hi)d(yo.yl)

i=0

< (Z hi)d(yo,yl)

i=0
n

1-h

d(¥o,y1)-

hn
Thus d(n, ¥m) < 7 d(¥o71)-

Since h< 1limy_o~—d (o, y1) =0.

Then lim, 00 d(Vy, Vi) = 0.(4.15)
By similar proof, letm,n€ N,m > n.
AYm Yn) < dWmiYm-1) + AWVm-1, )
S AW Ym-1) + dWm-1,Ym-2) + =+ dYn+1.¥n)
< ™ 1d(yy, y0) + K™ 2d(y1,¥0) + -+ h"d(y1, ¥o)
< AY (AT 4 PR e B+ 1) d(y, Vo)
m-n-—1
= h”( > hl‘)d(yl.yo).
i=0

Thus d (3w, ¥u) < B (Zi20 hY) d(1, ¥0) = 2—d (1, 70) -

This implies that d (i, y) < =—d(y1, ¥o).

Since h< 1, limh_,(,%d(yl,yo) =0.

Then lim, o d(Yy,, V) = 0.(4.16)
Hence from (4.15) and (4.16) we have
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My, e dYVnYm) = LMy, 5o d(Yin, Yn) = 0.

Thus the sequence {y,} isa Cauchy sequence in X for n =0,1, 2, ... (4.17)
Since X is complete, there exists z € X, such that lim,_. y, = z.
Thuslim,, o, Tx, = lim,, e fX,+1 = 2.

Since fX is aclosed subset of X, there exist u € fX such thatz = fu.

Now we show that Tu = z.

d(Tu,z) = d(Tu,Tx,) < ap(d(fu, fx,)) + bo(maxd(fu, fx,), (fu,Tu)})

+ cp <d(fu; fxn) <(1+\/d(fu,fxn)d(fu,Tu))2))l

(1+d (fu,f )

From (4.1)wehaveTu = fu, then

d(Tu,z) < ap(d(Tu, fx,)) + bo(max{d(Tu, fx,),d(Tu,Tu)}) +

o <d(Tu, fx,) <(1+\/d(Tu’fxn)d(Tu'T”))z>>,

(1+d (Tu,fxn))2

Lettingn — o,d(Tu,z) < ap(d(Tu, z)) + bo(max{d(Tu, z), d(Tu, Tu)}) +

(1+,/d(Tu,z)d(Tu,Tu))2>

cp d(Tu, Z) ( (1.|.d(Tu,Z))2

Since d(Tu,Tu) = 0, max { d(Tu, z),d(Tu,Tu)} = d(Tu, z).

2
14++/d (Tu,z)d (Tu,Tw)
L 9) ) < d(Tu, 2).
(1+d(Tu,Z))

This implies that (d(Tu, z)(

Then, d(Tu,z) < ap(d(Tu,z)) + be(d(Tu,z)) + cop(d(Tu, z)).
Sinceg(t) < tforallt > 0,d(Tu,z) < (a+ b + ¢)d(Tu, z).

Sincea+b+c>0,d(Tu,z) <0, but d(Tu,z) = 0.
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Hence d(Tu,z) = 0.(4.18)

Similarly d(z, Tu) = d(Tx,, Tw) < ap(d(fx, fu)) + bo(max{d(fx, fu), d(fx,Tx,)}

2
(1 + Jd(fxn,fu)d(fxn,Txn))) \

+ep | d(fxn, fu) 5 :
(1+d(fx,, fu))

Since Tu = fu andtaking n - Tx, = fx, =z

d(z,Tu) < ap(d(z,Tu)) + bp(max{d(z,Tu),d(z, 2)}) +

(1+d(z,Tu))?

cp <d(Tu, z) <(1+m) >> (4.19)

Since max{d(z,Tu),d(z,z)}is d(z,Tu) and @(t) < t,forallt > 0,
then(4.19)becomesd(z, Tu) < (a + b + c)d(z, Tu).

Since a+b+c¢>0,d(z,Tu) <0 but d(z,Tu) = 0.

Henced(z, Tu) = 0.(4.20)

By (4.18) and (4.20) we have z = Tu.

Then z =Tu = fu.

By the weakly compatibility off and T,we have Tfu = fTu.
ThenTz =Tfu = fTu = fz.

Which implies f and T commute and z is the coincidence point of f and T.
Now we claim that z is a common fixed point of f and T.

Consider d(Tz,z) = d(Tz, Tu)

< ap(d(fz fu)) + bo(max{d(fz, fu),d(fz, Tz)}) +
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(1+JaGz f)d(FzTz))
ap(d(fz,fu)( o ))

= a(p( d(TZ, Z)) + b(p(maX{d(TZ, Z); d(TZ, TZ)}) +

(1+d (Tz,z))2

d(Tz,z) < ap(d(Tzz)) + bp(max{d(Tz,z),d(TzTz)}) +

co < d(Tz, 2) <(1+1/d(Tz,z)d(TZ,T_Z)))Z>>. 21)

(1+d (TZ,Z))2

Since max{d(Tz, z),d(Tz,Tz)}isd(Tz, z),

: : 2
d(Tz, 2) ((1+1/d(Tz 2)d (Tz,Tz)))

(+d(T20) ) < d(Tzz).(4.22)Usingp(t) < t,and (4.22)in (4.21) we get
d(Tz,z) < (a+ b+ c)d(Tz, z).

Buta+ b+ ¢ > 0,then d(Tz,z) <0,butd(Tzz) > 0.

Hence d(Tz, z) = 0(4.23)

Similarly

d(z,Tz) = d(Tu,Tz) < ap(d(fu, fz)) + bo(max {d(fu, fz), d(fu,Tu)})

+ co <d(fu, f2) <(1+\/d(fu,fz)d(fu,Tu)))2>>.

(1+d(fu,f2))°

= ap(d(z,Tz)) + bp(max {d(z,Tz),d(z,2)})

+cp <d(z, Tz) <(1+vd(Z'TZ)d(Z'Z)))2)>,

(1+d(z,Tz))2

Sincemax{d(z,Tz) d(z,z)} is d(z Tz)and ¢(t) < t, we have

d(z,Tz) < ad(z,Tz) + bd(z,Tz) + cd(z,Tz) = (a+ b + ¢)d(z,Tz).
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Then(1—(a+b+c¢))d(zTz) <0.

But a + b+ c < 1, thisimpliesthat d(z,Tz) < 0, but d(z,Tz) = 0.
Hence d(z,Tz) = 0.(4.24)

So, from (4.23) and (4.24) we have Tz = z.

ThenTz = fz = z.

Therefore z is common fixed pointoff and T.

Now we show the uniqueness of common fixed point of f and T in X.

Let w be another common fixed point of f and T in X, that means Tw = fw = w.

Then we have

d(z,w) =d(Tz, Tw) < ap (d(fz, fw)) + bp(max {d(fz, fw),d(fz,T2z)}) +

2
cp| d(fz fw) (d(fz,fw)(l+«/d(fz,fw)d(fz,Tz))) ) |

(1+d(fz fw))’

= a¢ (d(z,w)) + bo(max {d(z,w),d(z,2)}) +

2
co| dizw) (d(z’w)(1+\/d(z,w)d(z,z))) ) |

(1+d(zw))

d(z,w) <agp (d(z,w)) + bo(max {d(z,w),d(z,2)}) +

(1+ Az wdz2)’
cp| d(z,w) 5 .(4.25)
(1 + d(z, W))

Sincemax{d(z,w),d(z,z)} is d(z,w) and since ¢(t) <t
(4.25) become d(z,w) < (a+ b + c)d(z,w).

Sincea+b +c¢ >0, d(z,w) <0, butd(z,w) = 0.
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Hence d(z,w) = 0.(4.26) using similar line of proofd(w, z) = d(Tw,Tz) < ap(d(fw,fz)) +
bo(max{d(fw, fz),d(fw,Tw)} +

(1+dGFw F)dFw Tw)))’
cp <d(fW,fZ)< (LG [2)’ >>

dw,z) < ap(d(w,z)) + bo(max{d(w,z),d(w,w)}) +

cp <d(w, Z) <(1+V(‘1T‘;)d(;/)';/))) )) (4.27) Sincemax{d(w, z), d(w,w)}
isd(w, z),

(/A Ddw W)’
then(d(w, Z) (Lrdorn)’ > < d(w,2z). (4.28)

Using ¢ (t) < t,and (4.28) in (4.27) we get
dw,z) < (a+ b+ c)d(w,z2).
[1—(a+b+c)]dlw,2) <0.
Sincea+ b +c<1then d(w,z) <0,but d(w,z) =0.
Therefore d(w,z) = 0.(4.29)
From (4.26) and (4.29)we conclude thatw = z.
So,zis a unique common fixed point of T and f in X.
The following is an example in support of Theorem 4.1.
Example 4.2: Let X = [0,4], define d: X X X — [0, =) by
d(x,y) = x?> + yandT, f: X —» X by

O,ifOSxSS fif0<x<3
T(x) =141 . Andf(x) =43’ -
= {z:lf3<XS4 /) {4,if3<xs4
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1 1 1 3
|fa—5,b —E,c—g,and<p(t) _Zt’ forallt > 0.

In fact both properties of definition 4.1 holds true.
Ddlx,y)=x*+y=y?>+x=d(y,x) = 0impliesx =y = 0.

i) dx,y)=x*+y <x*+z+z*+y=d(x,2)+d(zy).
We observe that (X, d) is a dg-metric space and also T0 = f0. This implies O is coincidence
point of T and f.Moreover fX = {4} U [0,1]and TX = {O, %} Hence TX CfX, also
TO=Tf0=fTO = f0 = 0. Thenf and Tare weakly compatible.
To see contractive condition of theorem 4.1 we consider the following cases.
Case(i):Supposex, y € [0,3]. Then,

d(Tx,Ty) = d(0,0) = 0.

2 x2+3y

Yy _
+3— 5

arxm=a(32)=() +

w |
O | R

d(fx, o) =d(%,0) =,

From the contractive condition (2) we have

d(Tx,Ty) < a@(d(fx, fy)) + be(max{d(fx, fy),d(fx,Tx)}) +

(1 + VAT AT )
(1 +d(fx fy)’ |

{x2+3y xz}) + 3 (x2+3y)
9 ’9 20 9 )

co| d(fx, fy)

.. . 3 x2+3y 3
This implies Osg( 5 )+%(max

Always true for all x,y € [0,3)

Case (ii): Suppose x,y € (3,4]. In this case

arsty) =d (3= () +2=2
IV =) T4 B
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d(fx, fy) = d(44) = (4)% + 4 = 20

d(fx,Tx) =d (4&) =—

d(Tx,Ty) < ap(d(fx, fy)) + bp (max{ d(fx, fy), d(fx,Tx)}) +

(1 + AT, ), d(F, Tx>2)>

col| d(fx, fy) >
(1+d(fx fy))

: ( (1+ J@)Z\

=< %(20) + %(max {20,%}) + % |\(%) (1+ﬁ)2 [.True for all x,y €(3, 4]
4

Case(iii): Ifx € [0,3] and y € (3, 4], then

d(fx,fy) =d(3,4) = (f)2+4=%+4=" 36

d(fx,Tx) = d(3,0) = (f)2 =X,

d(Tx,Ty) < ap(d(fx, fy)) + bp(max{ d(fx, fy),d(fx,Tx)}) +

(1+ VAT ), A, Tx)2)>

co | d(fx, fy) 3
(1+d(fx )

2 )

== /
True for all x € [0,3] and y € (3,4].
Case (iv): Suppose x € (3,4] and y €[0, 3], then we have

1
3 x%+36,, 3 (x%+36 3| (x%+36 (
8% 9 20\ 9 20 9

d(Tx, Ty) = dG,O) = % .

d(fx, fy) =d (4,%) = (9)2+=16+%
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d( T)—d(41)—42+1—65
fx,Tx) = 7)) = 1= 71

d(Tx,Ty) < a(e d(fx, fy)) + bp(max{ d(fx, fy),d(fx,Tx)}) +

(1+/aF Az )
(1+d (. fy)

cQ <d(fx, fy)

(1 (mzyﬁ)z\
ey |

Z<iae+y) S (16+3y)+ 2| (16+1y)

True for all x € (3,4] and y € [0,3].
From cases (i) — (iv) all the conditions of theorem 4.1 are satisfied and 0 is the unique common
fixed point of f and T.

Theorem 4.2:Let(X, d) be a complete dg-metric space. T, f: X — Xbe continuous self-mappings
satisfying the contractive condition of theorem 4.1.Then T and f have a unique common fixed
point.
Proof: Followingas in the proof of Theorem 4.1 we construct a sequence {y, }. Let
{x2,} and {x,,41} be subsequences of the sequence {y, }.As in the theorem 4.1 we define
Xon+1 = Txppandxy, = fxon-1..
Similarly as shown in the proof of theorem 4.1 we can show that the sequence {y,} isa Cauchy
sequence.
By the completeness of X one can find that lim,,_,., v, = u for some u € X.
Since {x,,} and {x,,,1} are subsequences of {y, }, lim,, ., X3,,41 = u, also lim,,_, x;, = u.
Next since Tand f are continuous we arrive at
Tu=T limx,, = limT x,,
n-0co n-co
= lim x5, 41
n—00
= Uu.

Then Tu = u. (4.30)
Similarly fu = f lim, e x2,1 = lim, e fX2n_1

= lim x,,
n—oo
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=Uu.

Then fu = u.(4.31)

So, from (4.38) and (4.39) we get Tu = u = fu.

Therefore u is common fixed point of Tand f.

Now we show uniqueness of the common fixed point.

Let g be another common fixed point of f and T.thatis fq = Tq = q.

Then by the contractive condition (2) we have

d(u,q) = d(Tu,Tq) < ap(d(fu, fq)) + bp(max{d(fu, fq),d(fu, Tw)}) +

(1+vaTeraGers )
(1+d(fufo)’

ce <d(fu; fo

(1+dwq))’

(1+ d(u,q),d(u,u)z))

= a(d(u,q)) + bp(max{d(u,q),d(u,w)}) +ce (d(u, Q)

d(u,q) < ap(d(u,q)) + bp(max{ d(u,q),d(u,wW)}) +

(1+\/d(u,q),d(u,u)2)> (4 32)

co (d(u, Q) IPT:
Since max{ d(u, q),d(u,w)}is d(u,q), and Since p(t) <'t
then(4.32) becomes d(u,q) < ad(u,q) + b d(u,q) + cd(u, q).
d(u,q) < (a+b+c)d(u,q),Sincea+b+c>0,d(uq) <0
butd(u, q) = 0. Hence d(u, q) = 0.(4.33)

Similarly

d(q,u) = d(Tq,Tu) < ap(d(fq, fu)) + bo(max{ d(fq, fu),d(fq,Tq)})

(1 +dGq ), d(fq, Tq)2)>

+co | d(fq, fu) 5
(1+d(fq, fw)
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d(q,u) <
ap(d(q,u)) + bp(max{ d(q,u),d(q,Q}) +

2
(1+VaG@waGD )
(1+d(q,u))2

cQ <d(q, u) ) Since max{ d(q,u),d(q,q)} is d(q,u) and ¢@(t) < t, forall
t=>0,

Thus (q,u) < ad(q,u) +bd(q,u) + cd(q,u).

Sincea+ b + ¢ > 0,thend(q,u) < 0. butd(q,u) = 0.

Hence d(q,u) = 0.(4.34)

So, from (4.33) and (4.34) we have u = q.

Thus u is a unique common fixed point of fand T.

Examplesupporting the result of theorem 4.2

Example 4.3: Let X = [0,1]d: X X X — [0, ) by

d(x,y) = xand define f,T: X — X by

8x 4 3 =1 -1
fx=-,and @(t) =t where a =, b==and ¢ = —.

Tx =

O | R

d(Tx,Ty) = d(g , %)z g

8x

o) = () =%
d(fx, Tx) = d(%",%") =8

From the contractive condition of the theorem we have

d(Tx,Ty) < a (d(fx, fy)) + bo(max{ d(fx, fy),d(fx,Tx)}) +

(1+ a7y, dGFx, Tx>2)>

co| d(fx, fy) 3
(1+d(fx fy)
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<L) 0 e 20 ] (2

97-20\9/ 30 801 \9

(1+%
x 24 16x
S<S Tttt 2% which is true for all x € [0,1].

Tandf satisfies all the conditions of the Theorem 4.2 and T and f have a unique fixed point.
TO0 = f0 = 0.AlsoTf0 = 0 = TfO0.

Therefore 0 is the unique common fixed point of Tandf .

Remark 1: For f = I(I =identity map on X) from contractive condition of theorem 4.1 we get

(1+ d(x,y)d(x,Tx))z)

d(Tx, Ty) < ap(d(x,y)) + bp(max{d(x, y),d(x, TX)}) + c¢ (d(x, y) rd)
Whenever f = Icontractive condition of theorem 4.1 is simplified to theorem 1.5.

Hence theorem 1.5 follows asa corollary to theorem 4.1.

CHAPTER FIVE
CONCLUSIONS AND FUTURE SCOPE
5.1. Conclusion

In this Thesis, we have explored the properties of dislocated quasi-metric spaces and also discuss
the difference between metric space and generalizations of metric space. We established two
common fixed point theorems for a pair of self-maps in complete dislocated quasi metric spaces
under contractive conditions of rational type. We also obtained sufficient conditions for

existence of points of coincidence and common fixed points of two self —mappings in dislocated

quasi metric spaces. We have supported the result of this work by particular examples. Our

works extend and generalize some of the results of Rahman and Sarwar(2016).

5.2 Future scope
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Fixed point theory is one of the active and vigorous areas of research in mathematics and other
sciences. There are several published results related to existence of fixed points of self-maps
defined on dislocated quasi metric space. There are also few results related to the existence of
common fixed points for a pair or more self-maps in this space. The researcher believes the
search for the existence of coincidence and common fixed points of self-maps satisfying
different conditions in dislocated quasi metric space is an active area of study. So, forthcoming
postgraduate students of department of Mathematics or any researcher persons who are interested
can exploit this opportunity and conduct their research work in this area.

REFERENCES

Aage, C. T. and Salunke,J. N. (2008).The Results on fixed points in dislocated and dislocated
quasi-metric Space. Applied Math. Sci., 59, (2), 2941-2948.

Banach,S.( 1922). Sur
lesoperationsdanslesensemblesabstraitetleurapplicationauxequationsintegrals.
Fund.Math.,3, 133-181.

Berinde,V. (2003).0n the approximation of fixed points of weak contractive mappings.

Carpathian Journal of Math., 19, (1), 7-22

Chaipunya, P., Cho, Y.J., Sintunavarat, W., Kumam, P. (2012). Fixed point and common fixed
point theorems for cyclic Quasi-contraction in Metric and Ultra metric spaces. Advances
in Pure Math., 2, 401 - 407.

Chatterjea, S.K. (1972). Fixed point theorems. C. R. Acad. Bulgare Sci., 25, 727-730.

31



Dass, B. K. and Gupta, S. (1975). An extension of Banachcontarction principle through
rationalexpression.Indian Journal of pure Applied Math., 6, 1455-1458.

Hitzler, P. and Seda, A. K. (2000). Dislocated topologies.Journal of Electronic Eng., 51, 3 -7.

Isufati, (2010). Fixed point theorems in dislocated quasi metric spaces.Appl.Math. Sci.,
4, (5), 217 - 223.

Jha,K. and Panths, D.(2012). Common fixed point theorem in dislocated metric spaces.

App. math. Sci. 91, (6),4497- 4503

Jungck, G. (1976).Commuting mappings and fixed points. Amer. Math. Monthly, 4, (83),

261-263.

Jungck,G. (1986).Compatible mappings and common fixed points.Int. Journal ofMath.

and Math. Sci., 9, (4), 771-779.

Jungck, G. and Rhoades, B. E. (1998). Fixed point for set valued functions with out

continuity. Indian Journal of pure Applied Math., 29, (3), 227-238.

Kannan, R. (1968). Some results on fixed points. Bull. Cal. Math. Soc., 60, 71-76.

Kirishna, P. and Deheri, G. M. (2015). A common fixed point of continuous mappings in a
complete metric space. Math.today, 31, 36 -38.

Manoj, U. and Deheriya, R. D. (2015). Some new fixed point and common fixed point theorems
in d-metric and dg-metric spaces. .1JSIMR, 9, (3), 35 - 48.
Patel, S. T. and Patel, M. (2013). Some results of fixed point theorem in dislocated quasi metric
Space, Int. Journal of Res. Mod. Eng. Technol., 1, (9), 20 -24.

Rahman, M. U., Sarwar, M. and Ali, G. (2014). Some fixed point results in dislocated quasi-

metric spaces. Journal of Inequalities and Applications, 278, 1-11.

Rahman, M.U. and Sarwar, M. (2014). Fixed point results in dislocated quasi-metric spaces. Int.
Math. Forum, 6, 677 - 682.

Rahman, M. U. and Sarwar, M (2016). Fixed point results in dislocated quasi metric spaces.
Pal. Journal of Math., 5, 171-176.

Rhoades, B. E. (1977).A comparison of various definitions of contractive mappings.Journal of
Transfer Amer. Soc., 226, 257-290.

32



Shrivastava, M., Qureshi, Q. k, Singh, AD.(2012). A fixed point theorem for continuous self-
mappings in dg-metric spaces.Int. J. Theo. App. Sci., 4, 39-40.

Wilson, W.A. (1931). On quasi-metric spaces, A.M. J. Math., 53, (3), 675 - 684.

Tiwari, S.K. and Vishuw, P. (2017). Dislocated quasi b - metric spaces and New common fixed
point results.Dr.C.V. RamanUniversity,KotaBilaspur, 7, (3), 60 - 64.

Zamfirescu, T. (1972). Fixed point theorems in metric spaces.Jour.of Arch. Math. (Basel), 23,
292-298.

Zeyada, F.M., Hassan, G.H, Ahmad, M.A., (2005).A generalization of fixed point theorem due
to Hitzler and Seda in dislocated quasi metric space.Arab.Journal of Sci. Eng. (31), 111-
114,

Zoto, K., Houxha, E., Isufati, A. (2012). Some new results in dislocated and dislocated quasi

metric space. Appl. Math. Sci., 6, 3519-3526.

33



