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Abstract 

 
This research is intended to study the relationship between the fractional order integral of a 

function    the Riemann-Liouville fractional order derivative of the function    and the Caputo 

fractional order derivative of the function   and also to prove the existence and uniqueness of 

solutions for initial value problems (IVP) of Caputo fractional order ordinary differential 

equations using Schaefer fixed point theorem.  
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CHAPTER ONE  

INTRODUCTION  

1.1   Background of the study 

 Fractional calculus is a name for the theory of derivatives and integrals of arbitrary order. It 

generalizes the concepts of integer-order differentiation and n-fold integration,      

Fractional calculus is a branch of mathematics that deals with operators having a non-integer 

order, that is ,fractional derivatives and fractional integrals .Fractional derivatives and integrals 

are mathematical operators involving differentiation and integration of an arbitrary (non-integer) 

order such as   ,where can be taken to be non-integer,      .                   

Differential equations of fractional order is a generalization of ordinary differential equations and 

integration to arbitrary non integer orders,      

There are well-known approaches to fractional derivatives, by Riemann-Liouville, Grunwald -

Letnikov and Caputo            .The most commonly used definitions are by Riemann-Liouville 

and Caputo. Caputo introduced an alternative definition which has the advantage of defining 

integer order initial conditions for fractional order differential equations.  

Applied problems require definitions of fractional derivatives allowing the utilization of 

physically interpretable initial conditions, which contain y (0), y’ (0), etc. . . . The Caputo 

fractional derivative is important because it allows traditional initial conditions to be included in 

the formulation of the problem. Caputo   fractional derivative satisfies these demands. Thus, 

Caputo fractional derivative is the base for fractional differential equations with integer order 

initial conditions.  

For more details on the geometric and physical interpretation for fractional derivatives of both 

Riemann-Liouville and Caputo types,          

Fractional differential equations have proved to be valuable tools in the modeling of many 

phenomena in various fields of science and engineering. So, there are numerous applications in 

viscoelasticity, electrochemistry, control, porous media, electromagnetic and other areas of 

applications,                   There has been a significant development in fractional and 

partial differential equations in recent years; see the monographs of                , and       

)(xfD





dx

xfd )(
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For a good bibliography on this topic we refer to [25]. As a consequence there is an intensive 

development of the theory of differential equations of fractional order. We refer to the 

monographs of         

So solving fractional order differential equation of Caputo type is completely important in the 

circumstance of applied mathematics, theoretical physics and engineering sciences,[22].To 

understand Caputo fractional order differential equations as well as further applying it in 

practical scientific research, it is important to find their exact solutions,        

However, to solve Caputo fractional order differential equations using different methods, first it 

is important to know the existence and uniqueness of solutions for Caputo fractional order 

differential equation.  

Earlier the existence and uniqueness of solutions for fractional order differential equation is 

studied by using Sadovskii s'  fixed point theorem,      and other method,             In this 

research the researcher studies the existence and uniqueness of solutions for initial value problem 

(IVP) of Caputo fractional order ordinary differential equation using Schaefer fixed point 

theorem which belongs in fixed point theory. For the fixed point theory and many related results, 

interested reader may consult       Caputo fractional order derivative has a lot of applications in 

many areas of mathematics, physics and engineering. This motivates the present study for 

showing the existence and uniqueness of solution for initial value problems of Caputo fractional 

order ordinary differential equation.                                                                                            

Therefore, the main purpose of this study is to proof the existence and uniqueness of solutions 

for initial value problem of Caputo fractional order ordinary differential equation in Banach 

space using Schaefer fixed point theorem. 
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1.2.   Statements of the problem 

Finding the solutions of fractional order differential equation is possible using different methods, 

      

 This study is targeted answering the following questions.  

 What is the relationship between the Riemann-Liouville fractional order integral, the 

Riemann-Liouville fractional order derivative, and the Caputo fractional order 

derivative?  

 What is the proof of the existence and uniqueness of solution for initial value 

problems of Caputo fractional order ordinary differential equations using methods of 

Schaefer s'  fixed point theorem in Banach space? 

1.3  Objectives of the study 

1.3.1.   General Objective 

The general objective of the study is to show the existence and uniqueness of solutions for 

Caputo fractional order differential equations by using fixed point theorem. 

1.3.2.   Specific Objectives 

The specific objectives of the studies are 

 To identify the relationship between the Riemann-Liouville fractional integral order, the 

Riemann-Liouville fractional order derivative, and the Caputo fractional order derivative. 

 To prove the existence and uniqueness of solutions for initial value problems of Caputo 

fractional order ordinary differential equations in Banach space using methods of Schaefer s'

fixed point theorem. 
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1.4.   Significance of the study 

The study is essential for the following reasons. 

 It develops the researcher s'  skill to know the relationship between the Riemann-Liouville 

fractional integral order, the Riemann-Liouville fractional order derivative, and the 

Caputo fractional order derivative. 

 It provides techniques of proving existence and uniqueness of solutions for initial value 

problems of Caputo fractional order ordinary differential equations by using Schaefer s'  

fixed point theorem. 

 It used as reference material for anyone who works on the similar study. 

1.5.   Delimitation of the study 

 The study was restricted to prove existence and uniqueness of solutions for initial value 

problems of Caputo fractional order ordinary differential equations using methods of Schaefer s'  

fixed point theorem. 
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CHAPTER TWO 

 

2.   RELATED LITERATURE REVIEW 

 

Fractional differential equations have become important in recent years as mathematical models 

of phenomena in engineering, chemistry, physics, and other sciences by using mathematical tools 

from the theory of derivatives and integrals of fractional non-integer order,       

Different Authors have proved the existence and uniqueness of solutions for fractional order 

differential equations by using different methods and conditions. 

In     sufficient conditions are established for the existence and uniqueness of solutions for 

various classes of initial and boundary value problem for fractional differential equations and 

inclusions involving the Caputo fractional derivative.  

In 20012, Sadovskii s'  fixed point method is used to investigate the existence and uniqueness of 

solutions of Caputo fractional order differential equations    .     

Krasnoselskii s'  fixed point method has been successfully employed to study the existence and 

uniqueness of solutions for nonlocal impulsive fractional integro differential equations in a 

Banach space,       

In   , Rothe s'  method is used to establish the existence and uniqueness of a strong solution for a 

semi-linear fractional differential equation. 

In       the existence and uniqueness of solutions for fractional differential equations by using 

Schauder s'  fixed point method is shown. 

In 2009, different conditions are used to prove the existence and uniqueness of solutions of 

impulsive fractional differential equations       

In       Burton-kirk fixed point method is used to prove the existence of solutions to partial 

functional differential equations with impulses and infinite delay, involving the Caputo fractional 

derivative. 

In       Banach contraction principle and Krasnoselskii s'  fixed point theorem are used as a main 

tool to establish the existence and uniqueness results of fractional order ordinary and delay 

differential equations and applications. 
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In 2013, by using Schaefer fixed point theorem, sufficient conditions are established for the 

existence and uniqueness of solutions for a class of impulsive integro-differential equations with 

nonlocal conditions involving Caputo fractional derivative    . 

In       theorems on existence and uniqueness of the solution are established under some 

sufficient conditions on nonlinear terms. 

In [4], Banach contraction principle and Leray-Schaudre s'  Alternative fixed point theorem are 

used to prove the existence and uniqueness solutions for impulsive fractional integro-differential 

equations in Banach spaces. 

In addition, Schaefer fixed point method has been successfully employed to discuss the existence 

and uniqueness of solutions of initial value problem for impulsive fractional mixed integro 

differential equations       

Therefore, the main purpose of this study is to investigate the existence and uniqueness of 

solutions for initial value problem of Caputo fractional order ordinary differential equations in 

Banach space by using Schaefer fixed point theorem. 
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CHAPTER THREE 

3.  METHODOLOGY 

3.1 Study area and period 

The study was conducted under Mathematics Department at Jimma University which is   

Ethiopia s' first innovative community oriented educational institution of higher learning from 

September, 2014 to September, 2015. 

3.2   Study Design 

The study was made analytically.  

3.3 Sources of data 

The relevant data has been collected from secondary sources such as, published research articles 

and reference books. 

3.4   Procedure of the study 

In order to achieve the objectives of the study, i.e. to prove the existence and uniqueness of 

solutions for initial value problems of Caputo fractional order ordinary differential equation 

using Schaefer fixed point theorem the study has been followed the following steps.  

Consider initial value problem of Caputo fractional order ordinary differential equation: 

 

 ))(,( txtf    TI ,0 ,                                                                            (1) 

= 0   ,            210 T  

Let the function   is defined as:         =  0 + .Then    

considering the following assumptions:  

H1 .The function           is continuous. 

H2. There exists a constant N1 > 0 such that < N1 for each t I and each x    

 H3 .There exists a constant N2 >0 such that  





dt

txd )(

)0(x

)(

1

 


t

dssxsfst
0

1 )(,()( 

),( xtf  
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   H4. There exist  >0 such that . Then the study has shown the following steps      

          Let { nx } be a sequence such that xxn   as n , then show that  

 

         Show that for any > 0, there exist a positive   such that for each  

                  Bx    RIPCx , : }, we have    

                (                                                      . 

          F maps bounded sets in to eqicontinuous sets of           

         Show that € = {   )(:, xFxRIPCx   } for some 0< <1 is bounded, where 

        denotes the Banach space defined as          = {   XICxRI , } 

               : 
PC

x  = sup Ittx :)(  and               

3.5 Ethical Issues 

Cooperation letter was received from Education Office of researcher work place to facilitate the 

collection of data from the sources mentioned. 
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CHAPTER FOUR  

4. RESULT AND DISCUSSION 

This work devoted to the study of the existence and uniqueness solutions for initial value 

problem                of Caputo fractional ordinary differential equation of order       

which is defined as:  

                             = f          I                          (1)                                                 

                                                      = 0x                                                                                             (2) 

in Banach space under suitable condition on   by using Schaefer fixed point theorem where   

    RR   is a given function, =  is the Caputo fractional order derivative of 

the function  (t),   0x  ,0= t0 < t1 <…< tm < tm+1 = T and  10 T  

 Equation (1) and (2) are equations of initial value problems of Caputo fractional order ordinary 

differential equation. 

In this work, the study is discussed the existence and uniqueness of solutions for equation (1) and 

(2)  

4.1 Preliminaries’ 

In this section, the researcher introduces notations, definitions and preliminary facts which are 

used throughout this research. The study presents some definitions from            as follows. 

                a. A normed vector space is a vector space   over a filed   together with a 

function (the norm   RX:.  satisfying  

 .   =0 if and only if x =0 

                                                         . =  ,  and an element of the filed. 

                                                           . . 

 





dt

txd )(





dt

txd )(
)(txDC 

 R

x

x  x Xx 

yxyx 
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b. A sequence { nx } in a normed space   is said to be converge to an element   of   if  

                                                          

c. A sequence nx  of elements of a normed vector space is called Cauchy sequence if given 0

, there exist     such that for every         we have <  

d. A mapping   from   to itself is said to be continuous if )()( xTxT n   for every convergent 

sequence   Axn   with Axxn   . 

e. A Banach space over a field of real or complex is a complete normed vector space. 

          4    : A mapping   of a normed space   in to itself is said to satisfy a lipschitzim 

condition with Lipschitz constant k if        ,  

              (Picard s'  Existence and Uniqueness theorem): Let f be continuous and 

bounded on the domain D. Suppose that f satisfies a lipshitz condition on D with respect to its 

second argument that is constant k such that for,     Dvtxt ,,,  , vxkvtfxtf  ),(),(  then 

the IVP   Dxtwherextxxtfx  0000 ,,),('  has a unique solution.   

          4    : A family    baC ,  is eqicontinuous if every 0 , there is a 0 such 

that if   )()(, yfxfthenyx  for any Ff  . 

            (Arzela-Ascoli theorem)    baC ,
 
is compact if and only if    is 

eqicontinuous and there is M >0 such that FfallforMf 


. 

Let           be the Banach space of all continuous function from   in to   with the norm:   

=sup { : t } for x         

Let us recall the following known definitions. 

                    The fractional order integral of a function h (t) of order > 0 is defined  

  :     =                                                                                        (3) 

0lim 


xxn
n

nm xx  

yxkyTxT  )()(


x )(tx  TI ,0 



)(0 thI


)(

1


  dsshst

t

)(

1

0
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  . The Riemann-Liouville fractional derivative of order 0< <1 of a function   

             is defined as: 

      =                                                                                       (4) 

c. The Caputo fractional order derivative of a function h (t) is defined as:     

   =                                                                                       (5)    

where denotes the gamma function which is defined as (t) = . 

4.2 RESULTS 

4.2.1   The relationship between the Riemann-Liouville fractional orders integral of a    

function       the Riemann-Liouville fractional order derivative of  a function      and the 

Caputo fractional order derivative of a function       

The study adopts the following from definitions of (3), (4) and (5). 

 . 
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                  Let      be the Riemann-Liouville fractional order integral of a 

function     ,      be the Riemann-Liouville fractional order derivative of a function      

and      be the Caputo fractional order derivative of a function h(t) , then 

       ) =      

2.       =       

3.        =      

 

Proof of 1:   From the definition: 

 =  we have

 

      = . 

Then        =  

= h(s) ds +  

= h(s) ds    because     = 0 

= h (t)     (Definition of 4.1.1.b) 

Therefore h (t) =        

Proof of 2:        Again from        =        , we have 

                 =       h(s) ds 


0I

D

DC



0D
dt

d 1

0I

DC 1

0I


D

dt

d DC

)(0 thI
  

 
dssh

st
t

)(

1

0
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0I 
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t

)(
1

1)1(

0











dt

d 1
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d
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1
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1
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d 1
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0



 



1

0I
)1(

1

 


t

st
0

)1)1(()( 



13 
 

                         =      h(s) ds. 

 So that   )(th       =    
)1(

1


h(s) ds 

=      dss)(   

=    h (t) 

Therefore h (t) = )(' th . 

Proof of 3:   From the definition:  

  =  ,we get 

      =     dssh )(  

              = dssh )('  

= h (t) 

Therefore        is equal to h (t). 

In general the above proof and its theorem shows the equivalence of      
 

      and  

      . 
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4.2.2      EXISTENCE AND UNIQUENESS OF SOLUTIONS 

The second result is the main result by using Schaefer s'  fixed point theorem.  

               (Schaefer s'  fixed point theorem). Let   be a Banach space and     XX   

be a completely continuous operator. If the set             )(xF           is 

bounded, then   has at least a fixed point in  ,      

                     A function              is said to be a solution of equation (1) and (2) in 

Banach space   with norm  if   satisfies the equation:  

 =        = 
  
            on   , and the initial condition:      = 0x  

                Let >0, then the differential equation
 C

h (t) =0 has solutions h(t) = 0c  

+c1t + c2t
2
 + …+cn-1t

n-1 
, ci R , i=1,2,…,n-1 ,n=   +1,(  is the integer part of , [30]. 

                Let >0, then h(t) = h(t)+c0 +c1t +c2t
2
+ …+cn-1t

n-1
,ci R, i=1,2,…,n-

1,n=   +1,[30]. 

                Let a function          :  be continuous. Then equations (1) and 

(2) are equivalent to the integral equation: 

                           

)(tx
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1
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            (6)                                              

if and only if       = ))(,( txtf  

                                0)0( xx   

                 satisfies the functional equation                     . In other words, any 

solution of (1) and (2) is also solution of (6). 

 

X
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Proof:  Suppose     ))(,()( txtftxDC   . 

If  1,0 tt , then by applying the Riemann-Liouville integral and                we get 

)(tx  0x + 


t

dsshst
0

1 )()(   

Therefore for each  1,0 tt  , )(tx 0x   


t

dsshst
0

1 )()(   . 

If  21,ttt , by applying the Riemann-Liouville integral and                we get  

)(tx  


t

t

dsshst

1

)()( 1

 

Therefore for each  2,0 tt  , )(tx 0x + 


1

0

1

1 )()(

t

dsshst 
+ 



t

t

dsshst

1

)()( 1  

If  32 ,ttt , by applying the Riemann-Liouville integral and                we get 

)(tx  


t

t

dsshst

2

)()( 1  

Thus for each  3,0 tt  , )(tx 0x + 


1

0

1

1 )()(

t

dsshst 
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2

1

)()( 1

2

t

t

dsshst   +  
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dsshst
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)()( 1  

If  1,  kk ttt , by the same procedures with the above, we get 

)(tx 0x + 
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.  If  1,0 tt , then 0)0( xx   

and using the fact that  IofinversetheisDC , we get  

))(,()( txtftxDC   ,           1,0 tt . If  1,  kk ttt            and using the fact that 

0CDC  where C is a constant, we get ))(,()( txtftxDC  . 
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Thus every solution of (1) and (2) is also a solution of the integral equation (6). 

To prove the existence of solutions for equation (1) and (2) the study stated the following 

theorems. 

                  Assume that: 

H1 .The function           is continuous. 

H2.There exists a constant N1 > 0 such that < N1 for each t I and each x R. 

H3 .There exists a constant N2 >0 such that  

,  TtRyx ,0,,   

H4.  There exists a constant N3 > 0 such that     

 . 

Then equations (1) and (2) have at least one solution under Schaefer fixed point theorem on

  RTC ,,0 .  

Before proving the theorem let transform problem (1) and (2) in to a fixed point problem.  

Applying Riemann-Liouville integral on both sides and using theorem 4.2.1.1 and fractional 

calculus, equations (1) and (2) can be represented by: 

      =   0x +  

Define the operator                           

                              = +  + ,  

             

Using Schaefer fixed point theorem the proof is divided in to four main steps in which the study 

has shown operator   has a fixed point under the assumptions of the theorem. 
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        Under the assumptions of the theorem show that   is continuous. 

Let { nx (t)} be a sequence such that nx x  in          as n  . 

Then for each t   [0, t1], we have:  

 ( nx (t)) -  ( x (t))    [ 0x + ]     [ 0x +  

   
)(

1


   , nx         -          ds 

 
)(

1


  [     nx       -             ] 

=
)(

1
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)(

1
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1
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1
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 1,, totforTherefore  , ))(()(( sxFtxF n  0   

  havewettteachFor kk ,, 1   
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=  ds 

 Thus = ds 

     , since f is continuous and as n     
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Therefore   maps bounded sets in to bounded sets. 

        F maps bounded sets in to eqicontinuous sets of             . 
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As a1a2, the right-hand side of the above inequality tends to zero. By steps 1 to 3 together with 

the Arzela-Ascoli theorem, we conclude that                          is completely 

continuous.   

          Under Schaefer fixed point theorem show that given set is bounded. To assure this, we 

need to show that the set: 

€ =                                            is bounded. 
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This shows that the set € is bounded. By steps     and 4, we conclude that: 

                         is completely continuous and the set € is bounded. Thus by Schaefer 

fixed point theorem, we conclude that F has a fixed point which is a solution of the problem (1) 

and (2). 

Therefore theorem 4.2.2.1 proves the existence of solutions for initial value problems of Caputo 

fractional order ordinary differential equation defined in equation (1) and (2) by using Schaefer’s 

fixed point theorem. 

Now we are in a position to prove the uniqueness of a solution for equation (1) and (2). 
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                 Assume H3 holds with lipschitz constant k . Then equation (1) and (2) has 

unique solution on              

Proof:   Define the map F by: 
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Thus F satisfies the lipschitz condition with k = .
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In theorem 4.2.2.1 the study has shown that   is continuous and bounded also in theorem 4.2.2.2 

  satisfies the lipschitz condition. Thus   satisfies the Picard s'  theorem. Therefore by theorem 

4.2.2.2 and step1, 2, and 3 of theorem 4.2.2.1 together with the picard s'  existence and 

uniqueness theorem, we conclude that the solution of equation (1) and (2) is unique. 

Finally, theorem 4.2.2.1 and theorem 4.2.2.2 shows the overall procedures to show the existence 

and uniqueness of solutions for initial value problems of Caputo fractional order ordinary 

differential equation expressed in equation     and     using Schaefer fixed point theorem. 
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EXAMPLES 

1. Consider the initial value problem of Caputo fractional order differential equation: 
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Set          =.
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 . Clearly the function   is continuous.  So that the     given above satisfy (H1). 

      For any  ),0[, yx   and                  

),(),( ytfxtf     =
y

y

tx

x

t 


 1)2(

1

1)2(

1
22

 

=  
y

y

x

x

t 


 11)2(

1
2

 

=  
)1)(1(

)1()1(

)2(

1
2

yx

xyyx

t 




 

=  
)1)(1()2(

1
2

yx

xyyyxx

t 




 

=
)1)(1()2(

1
2 yx

xyyyxx

t 




 

      yx
t


 2)2(

1
 

=

   

.0
4

1
 tifyx

 

     ),(),( ytfxtf      yxk          
4

1
k   

Hence, the condition H2 and H3 of Schaefer fixed point theorem is satisfied. Therefore by 

                                     the problem given above has a unique solution.
 

2. Consider the initial value problem of fractional order differential equation: 
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Hence, the condition H2 and H3   of Schaefer fixed point theorem is satisfied with 
10

1
k  

It follows from                                 the problem given has a unique solution. 
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5. CONCLUSION AND FUTURE SCOPE 
 

In this study, the researcher study initial value problems for Caputo fractional order ordinary 

differential equations in Banach space and establish the existence and uniqueness results of 

solutions by fixed point theorem via a given estimate conditions. The study s'  result is based on 

the well-known Schaefer s'  fixed point theorem to show the existence and uniqueness of 

solutions under certain conditions. The existence and uniqueness solutions of boundary value 

problems for Caputo fractional order ordinary differential equation is the open problems. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



27 
 

References 

[1]        A. A. Kilbass, H. M. Srivastva, and J.J. Trujillo, Theory and Applications of Fractional   

              Differential Equations, Amsterdam: Elsevier, 2006.  

[2]        Abdur Raheem and Dhirendra Bahuguna,”Existence and uniqueness of solutions of a   

              fractional Differential equation by Rot he’s method”, Journal of Nonlinear Evolution equations    

             and Applications.vol.2013, (2013):pp43-54 

[3]        A. ghiliand , A. Motahhari,”Integral transform method for solving nonhomogeneous time –   

              fractional partial differential equations”, electronic journal 4(2011). 

[4]        Agrawal R. P, BenchohraM, HamaniS.ASurvey on existence results for BVPS of nonlinear  

              fractional differential equations and inclusions. Acta App IMath ,  2010.       

[5]         C.Ravichandran,”Existence and Uniqueness Results for impulsive Fractional Integro differential  

              equation in Banack spaces”. International Journal of linear space vol.11 (2011) pp 427-439 

[6]        El- syed, Fractional order evolution equations, J. fract.calc.7 (1995):pp89-100. 

[7]        Erwin kreyszy, Introductory functional analysis with applications,Wiley,1989,1
st
 Edition. 

[8]        F.F.Bonsall,”Lectures on Some Fixed Point Theorem Of Functional Analysis.” 

[9]         F. Mainardi, Fractional Calculus: Some basic problems in continuum and statistical mechanics in  

              “Fractals and Fractional Calculus in Continuum Mechanics” (A. Carpinteri and F. Mainardi,  

              Eds)  Pp.291- 348, Springer-Verlag, Wein, 1997.           

[10]       F. Metzler, W. Schick, H. G. Killan and T. F. Nonnmacher, Relaxation in filled polymers, A 

              fractional calculus approach, J. Chem. Phys.103 (1995), 7180-7186.   

[11]      I. Podlubny , Fractional Differential equations Academic press, San Diego, (1999). 

[12]       J. X. Sun, ”Nonlinear Functional Analysis and its Applications, “Science Press, Beijing, 2008. 

[13]       K.  B.  Oldman, J.Spanier, the Fractional Calculus Academic Press, New York, London (1974). 

[14]       K.  M.  Fuarti and N.-e.Tatar, an existence result for a nonlocal fractional differential problem 

              J. Fract.Calc.26 (2004), 43-51.  

[15]       K .Malar P.Karhikeyn and R.Arull, The Existence of Solutions of Impulsive Fractional Integro- 

              Differential Equations,”International Journal of mathematics and scientific, (2012):64-   

              71                                                                                                                                                                                                                                                                                                                         

[16]      K. M. Fuarti and N.-e.Tatar, Behaviour of solutions for a weighted Cauchy type fractional 

              differential problem. J.Fract. Calc. 28(2005), 23-42.   

 

[17]       K. S. Miller and B. Ross, An Introduction to the Fractional Calculus and Differential Equations,  



28 
 

              New York: John Wiley, 1993. 

[18]       Lakshman Mahto and Syed Abbas, “Existence and uniqueness of solution of Caputo fractional 

              differential equations, (2012):896-899.   

[19]      M. benchohra, Z. Boutfal ,”Impulsive Differential Equations of fractional order with M 

              Infinite Delay, “Journal of Fractional calculus and Applications.vol.4 (2) (2013):209-223 

[20]      Mehadi Rahimy,”Appilications of Fractional Differential Equations”, Applied Mathematical  

              Sciences, vol.4 (50)(2010):2453-2461 

[21]       Mouffak Benchohra, Boualem Attou Slimani, Existence and uniqueness of solutions to impulsive  

                fractional differential equation, Electronic Journal of Differential Equation vol.2009 No.10:11 

[22]       M. Sohali and S.T. Mohyud-Din,”Reduced Differential Transform Method for Time-fractional  

              Heat Equations”, International Journal of modern theoretical physics (2012):13-22 

[23]      N. Heymans and I. Podlubny, “Physical interpretation of initial conditions for fractional 

              differential equations with Riemann-Liouville fractional derivatives”, Rheologica  

              Acta,,pp.765- 772, 2006. 

[24]      P.B.Kronheimer, for Math 114 

[25]      R. Hilfer: Applications of fractional calculus in physics, Singapore: world scientific, 2000. 

[26]       R. Murugesu , S. Suguna, Nonlocal Cauchy problem for Fractional Nonlinear Integro differential  

              equations, Journal of Indian Math.Soc.vol.76, 1-4, (2009):105-112. 

[27]      R. Murugesu, B.Gayathri and D. Amsaveni,”Existence of solutions of nonlocal impulsive  

               fractional integro differential equations”, International Mathematical Archive-2(10), (2011),  

               Pp1997- 2004. 

[28]      Smart, D.R.; Fixed point theorems, Cambridge uni.prss, Cambridge,1980. 

[29]      S. M. Momani, S. B. Hadid and Z. M. Alawenhh, Some analytical properties of solutions of 

              differential equations of non-integer order, Int. J. Math. Sci.2004 (2004), 697-701. 

[30]     Syed Abbas, ”Existence of Solutions to fractional order ordinary and delay  

                differential equations and applications, Electronic Journal of Differential Equation vol.2011  

              , pp1-11  

 [31]      S. Zhang, Positive solutions for boundary value problems of non-linear fractional differential  

              equations, Electron. J. Differential Equations vol. 2006(2006), No. 36, pp, 1-12  

 [32]      Yagub A. Sharifor,”Existence and uniqueness of solutions for nonlinear fractional differential  

              equations with nonlocal boundary conditions, 2012,vol.XLIV, pp125-134. 

 

[33]       Y. Mollaiqa R, R, M.S.M.Noorani, et al, “Varioational interaction method for fractional heat-and 

              wave- like equations “Nonlinear Analysis: Real world Applications 10(2009):1854-1869 



29 
 

[34]       Y. Zhou, Existence and uniqueness of solutions for a system of fractional differential equations,  

             Fractional calculus and Applied Analysis 12(2) (2009):195-204 

[35]     Zhenghui Gao , Liu Yang,Gang liu,” Existence and uniqueness of solutions to impulsive  

              fractional Integro-differential equations with nonlocal conditions, 2013, vol.4, pp859-863. 

 


