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Abstracts

This research dealt with some fixed point results of almost (¢b, ) contractions involving rational
expressions in the framework of metric spaces endowed with a partial order by extending the
works of S. Chandok et.al. [8]. Our results extend and improves the results of S. Chandok et.al.
[8]. The researcher followed analytical design in this research work. Secondary source of data
such as journal articles and books which are found in different libraries and internet were used
for the study. The procedures employed for the analysis of this study were techniques used by
S.Chandok et.al. [8] We provided examples in support of our main findings. This study was
conducted from October 2014 to June 2015.

Keywords: Partially ordered metric space, fixed point, Rational type contraction, Altering

distance function, Almost (¢, ) contraction, partially ordered set.



Unit one
1. Introduction

1.1 Background of the study

Let X be a nonempty set. A map T:X — X is said to a self-map of X. An element x in X is called a
fixed point of T if Tx = x. Let X be the set of all real numbers then the fixed points of T: X — X
defined by Tx = x? — 3x + 3 are | and 3.
Let (X, d) be a metric space. A self-map T: X — X is said to be a contraction if there is a real number
k in [0,1) such that:

d(Tx,Ty) < kd(x,y) forall x,y in X. (1)
In this case k is called a contraction constant.

A theory of fixed point is one of the most powerful and popular tools of modern mathematics. Its
use is not only confined to pure and applied mathematics but also it serves as a bridge between
analysis and topology besides facilitating a very fruit full area of interaction between analysis
and topology and also to examine the quantitative problems involving certain mappings and
space structures required in various areas such as: economics, chemistry, biology, computer
science, engineering, and others. For more details one can refer [5, 6,8, 15].
The first most significant result of metric fixed point theory was given by the Polish
mathematician Stefan Banach, in 1922, which is known as Banach contraction principle. The
famous Banach contraction principle [5] states that if (X,d) is a complete metric space and a
self map T: X — X is a contraction, then T has a unique fixed point x in X. Banach contraction

principle is one of the cornerstones in the development of nonlinear analysis. [1,5].

There are a number of extensions and generalizations of Banach contraction principle by many
researchers who have obtained fixed point and common fixed point results in metric spaces,

cone-metric spaces, partially ordered metric spaces and others spaces. [1 — 18].

In 1968, Kannan [19] introduced a different contraction condition where the map T: X — X
considered need not be continuous.
Theorem 1.1(Kannan, 1968) [19] Let(X, d) be a complete metric space and T be a self- map of

on X. .Suppose there exists a € [0, %) such that

d(Tx,Ty) < ald(x,Tx) + d(y,Ty)] forall x,y in X, ()



then T has a unique fixed point.
In 1972, Chatterj ¢B2] gave the dual of Kannan fixed point theorem as follows:
Theorem 1.2 (Chatterjea, 1972) [12] Let (X, d) be a complete metric space and T be a self-

map on X. Suppose there exists a € [O,%) such that

d(Tx,Ty) < ald(x,Ty) + d(y,Tx)] for all x,y € X. 3)
Then T has a unique fixed point.
In 1977, Rhoades [28] showed that Banach contraction principle, Kannan.R mapping and
Chateerijea are independent.
In 1972, Zamfirescu [33] proved the following fixed point theorem by combining (1), (2) and
(3) as follows.
Theorem 1.3 (Zamfirescu, 1972)[33] Let (X, d) be a complete metric space and T be a self -

map of X for which there exist real numbers a, b and c satisfying 0 <a < 1,0 < b,c < % such

that for each pair x,y € X at least one of the following holds:
(Z1) d(Tx,Ty) < ad(x,y) ,
(Z,) d(Tx,Ty) < b[d(x,Tx) + d(y,Ty)] , 4)
Z3) d(Tx,Ty) < cld(x,Ty) + d(y, Tx)]
then T has a unique fixed point. Therefore Zamfirescu’s theorem [33] is a unification of
(Z,) Banach’s theorem, (Z,) Kannan’s theorem [19] and (Z3) Chatterjea’s theorem [12].
Notation: Throughout this paper we denote R* = [0, o) (The set of non- negative real
numbers)
In [1] weakly contraction mapping is defined as follows:
Definition 1.4 [1] Let (X,d) be a metric space. A mapping T: X — X is said to be weakly
contraction if d(Tx,Ty) < d(x,y) — ¢ (d(x,y)), for allx,y € X, where ¢p:R* > R,* is a
continuous and non-decreasing function with ¢ (t) = 0ifand onlyif t = 0. (5)
In 1997, Alber and Guerre-Delbariere [1] introduced the concept of weakly contractive maps in a
complete Hilbert spaces as a generalization of contractive maps and proved that any weakly
contractive mapping defined on complete Hilbert spaces has a unique fixed point. Rhoades [29]
extended this concept to the Banach spaces and proved the existence of fixed points of weakly

contractive maps in the setting of metric space.



One of the generalizations of Banach contraction principle is through the method of altering
distances between the points with the help of a continuous control function. In 1977 Delbosco
[14] and Skof [31] initiated the technique of altering distances between the points to establish
the existence of fixed points simultaneously. The method of altering distances became famous by
khan, Swaleh and Sessa[20]. Some works in this line of research can be referred in [14,20] and

reference there in.

In 2004, Berinde [7] introduced weak contraction maps which are named as almost contractions

as a generalization of contraction maps and proved fixed point results in complete metric spaces.

Definition 1.5: Beri nde2004 [7] Let (X, d) be a metric space then a map T: X — X is called
almost contraction or (§, L) contraction if there exist a constant § € (0,1) and a constant L > 0
such that:

d(Tx,Ty) < éd(x,y) + Ld(y,Tx) forallx,y € X. (6)

So almost contraction form is a class of generalized contractions that includes several contractive
mappings like usual contraction, kanan mappings, Zamfirescu mappings etc. For more works on
almost contraction refer [4,7,22,23].

Since the early days of metric fixed point theory, numerous authors attempted to vary the
contraction conditions by improving the existing contraction conditions and replacing with
various types of the general conditions.

For example in 1975, B.K. Dass & S. Gupta [13] extended Banach’s contraction principle
through rational expression as follows:

Theorem 1.6: (Dass and Gupta [13]) Let(X,d) be a complete metric space and T: X — X a

mapping such that there exist &, f = 0 with ¢ + § < 1 satisfying the contraction condition:

)+ Bd(x,y) (7)

for all x,y € X, Then T has a unique fixed point.

d(y,Ty)[1+d(x,Tx)]
1+d(x,y)

d(Tx,Ty) < a(

Since the notion of metric spaces was introduced in 1906 by Maurice Frechet several authors

worked in metric spaces endowed with partial order.



Ran and Reurings [27] extended the Banach contraction principle in partially ordered sets with
some applications to linear and nonlinear matrix equations. While Nieto and Rodriguez-Lopez
[25] extended the result of Ran and Reurings [27] and applied their main theorems to obtain a
unique solution for a first order ordinary differential equation with periodic boundary conditions,
Hence the Banach’s contraction mapping principle is the most versatile elementary results of
mathematical analysis which is widely applied in different branches of mathematics and it is

regarded as the source of metric fixed point theory [1 — 18].

In 2012, Chandok S. and Kim J.K. [9] proved the following fixed point theorem.

Theorem 1.7: (Chandok S. and Kim J.K. [9] ) Let (X, <) be a partially ordered set and suppose
that there exist a metric d on X such that (X, d) is a complete metric space. Suppose that T is a
continuous self- mapping on X, T is monotone non-decreasing mapping and

d(x,Tx)d(y,Ty)
d(x,y)+d(x,Ty)+d(y,Tx)

d(Tx,Ty) < a( )+ﬂd (x,y) forall x,y € X, (8)

with x >y and for some a,f € [0,1) witha + f < 1, if there exists x, € X with x, < Tx,

then T has a fixed point.

In 2013 M.Arshad et al. [3] proved some unique fixed point theorems for rational type
contractions in partially ordered metric spaces and in the year 2013 S. Chandok et al. [10]
proved some common fixed point results in partially ordered metric paces for generalized
rational type contraction mappings using auxiliary functions. So the rational type contractions

have been improved by many researchers in various ways.

In 2015 S. Chandok et.al [8] proved fixed point result in partially ordered metric spaces with
rational type contraction using some auxiliary functions. So the researcher motivated to extend

and improves this work.

The purpose of this study was to prove the existence of fixed point results of almost(¢, )
contractions involving rational expressions in partially ordered metric spaces by extending the
work's of S. Chandok et al. [8]. We provided illustrative examples which support the results of
the study.



1.2 Statements of the Problems

In this study the researcher concentrated on fixed point results of almost (¢,y) contractions
involving rational expressions in partially ordered metric spaces.

This study answered the following questions:

1. How can we prove the existence of fixed points of almost (¢,y) contractions
involving rational expressions in partially ordered metric spaces?

2. What additional conditions are required to obtain a unique fixed point for almost
(¢, ¥) Contractions involving rational expressions in partially ordered metric spaces?

3. How can the researcher support the results by providing applicable example?

1.3 Objectives of the study
1.3.1General Objective of the study
The main objectives of this study was to establish some fixed point results of almost (¢, )

contractions involving rational expressions in partially ordered metric spaces by extending the

work's of S. chandok et.al. [8].

1.3.2 Specific objectives
The specific objectives of this study are:
1. To prove the existence of fixed point results of almost (¢, 1) contractions involving
rational expressions in partially ordered metric spaces.
2. To discuss additional conditions required to obtain a unique fixed point for almost
(¢, ) Contractions involving rational expression in partially ordered metric spaces.

3. To provide examples in the support of the result of the study.

1.4 Significance of the study
The study would have the following importance:
1. The results obtained in this study may contribute to research activities in this area.

2. It may help the researcher to develop scientific research writing skills and scientific

communication in Mathematics.



1.5 Delimitation of the study
This study was delimited to prove the existence of fixed point results of almost (¢,y)

contractions involving rational expressions in partially ordered metric spaces.



Unit 2

2. Literature Review

Fixed point theory is one of the famous and traditional theories in mathematics and has a broad
set of applications. The applications of fixed point theory are very important in diverse
disciplines of mathematics .It can be applied for solving various problems, for instance,
equilibrium problems, variation problems, and optimization problems. In 1922, Stefan Banach
[5] stated his celebrated theorem on the existence and uniqueness of fixed point of contraction of
selfmaps defined on complete metric spaces for the first time, which is known as the Banach
contraction mapping principle.

The Banach’s contraction mapping principle is one of the cornerstones in the development of
fixed point theory. In particular, this principle is used to demonstrate the existence and
uniqueness of a solution of differential equations, integral equations, functional equations, partial
differential equations and others. Due to the importance, generalizations of Banach’s contraction
mapping principle have been investigated heavily by many authors. Consequently, a number of
generalizations of this celebrated principle have appeared in the literature (see[5,6, 25]).

Since then many researchers have obtained fixed point and common fixed point results in metric

spaces, cone metric spaces, partially ordered metric spaces and other spaces.

In the theory of fixed point, contraction is one of the main tools to prove the existence and
uniqueness of a fixed point. Banach’s contraction principle, which gives an answer on the
existence and uniqueness of a solution of an operator equation,7x = x is the most widely used
fixed point theorem in all of analysis. This principle is constructive in nature and is one of the
most useful tools in the study of nonlinear equations. There have been a number of
generalizations of metric spaces such as, cone metric spaces, cone b metric spaces, partially

ordered metric spaces and other spaces[8, 24 — 33].

Alber and Guerre-Delbariere [1] introduce the concept of weakly contractive maps in a complete
Hilbert spaces as a generalization of contraction maps. Rhoades [29] extended this concept to the
Banach spaces and proved the existence of fixed points of weakly contractive maps in the setting

of metric space.



One of the generalizations of Banach contraction principle is through the method of altering
distances between the points with the help of a continuous control function. In 1977, Delbosco
[14] and Skof [31] initiated the technique of altering distances between the points to establish
the existence of fixed points simultaneously and the method of altering distances become famous
by khan, Swaleh and Sessa [20], some works in this line of research can be referred in [14,20].
In 2004, Berinde [7] introduced weak contraction maps which are named as almost contractions
as a generalization of contraction maps and proved fixed point results in complete metric spaces
and almost contractions are defined as follows:

Let (X, d) be a metric space. Then a self map T: X — X is called almost contraction or (8, L) —
contraction (weak contraction) if there exists a constant § € (0, 1) and a constant L > 0 such

that: d(Tx,Ty) < éd(x,y) + Ld(y,Tx) forallx,y € X. ©)

So almost contraction form is a class of generalized contractions that includes several contractive
mappings like the usual contraction, kanan mappings etc. For more works on almost contraction
refer [4,7,22,23]. Since the early days of metric fixed point theory, numerous authors attempted
to vary the contraction conditions by improving the existing contraction conditions and replacing

with various types of the general conditions.

For example in 1975, Dass & Gupta [13] extend Banach’s contraction principle through rational
expression as follows.

Let (X, d) be a complete metric space and T:X — X a mapping such that there exist a, § = 0
with @ + f < 1 satisfying;

d(y,Ty)[1+d(x,Tx)]
1+d(x,y)

d(Tx,Ty) < a )8 (x,y) forall x,y € X (10)

then T has a unique fixed point.

Hence the Banach’s contraction mapping principle is the most versatile elementary results of
mathematical analysis which is widely applied in different branches of mathematics and is
regarded as the source of metric fixed point theory [1 — 17].

In recent times, fixed point theory has developed rapidly in partially ordered metric spaces, that
is, metric spaces endowed with a partial ordering. The triple (X, d, <) is called partially ordered

metric spaces if(X, <) is a partially ordered set and (X, d) is a metric space. [6, 4]



Application of fixed point results in partially ordered metric spaces was made subsequently, for
example, by Ran and Reurings [27] in solving matrix equations and by Nieto and Rodriguez-
Lopez [25] to obtain solutions of certain partial differential equations with periodic boundary

conditions.

In 2012 Chandok and Kim [9] proved the following fixed point theorem.
Let (X,<) be a partially ordered set and suppose that there exist a metric d on X such that
(X,d) is a complete metric space. Suppose that T is a continuous self mapping on X, T is

monotone non decreasing mapping and

d(x,Tx)d(y,Ty)
d(x,y)+d(x,Ty)+d(y,Tx)

d(Tx, Ty) < a( )+ﬁd (x,y) for all x,y € X such that (11)

x # y and for some a, f € [0,1) with @ + f < 1, if there exists x, € X with x, < Tx, ,then T
has a fixed point.

Recently, many researchers have obtained fixed point and common fixed point results in partially
ordered metric spaces. In 2013 M.Arshad et al. [3] proved some unique fixed point theorems for
rational type contractions in partially ordered metric spaces and in the year 2013 S.chandok et
al.[11] proved some common fixed point results in partially ordered metric paces for
generalized rational type contraction mappings. In 2015, Sumit chandok [8] proved fixed point
results in partially ordered metric spaces involving rational type expressions using some

auxiliary functions.



Unit 3
3. Methodology

3.1 Study site and period
This study was conducted from October 2014 G.C to June 2015 G.C. in Jimma University under
Mathematics Department.

3.2 Study Design

In order to achieve the objectives of the study, Analytical design method was used.

3.3 Source of information
This study mostly depended on document materials, so the available source of information for
the study were Books, Journals, different study related to the topic and internet services. So, the
researcher collected different documents that were listed which support the study and discussed

about the collected materials and other activities with advisor.

3.4 Procedure of the study
The procedure the researcher followed for analysis were the standard technique used by S.

Chandok et al. [8]

3.5 Ethical issue
The researcher has taken a cooperation request letter from Mathematics Department of Jimma
University to get consent from the institute(s) where Books, Journals, internet and other related
materials were available for this study to collect related information. Moreover; kept rules and

regulations of the institute(s) from where the researcher got these materials.
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Unit 4
4. Discussion and Result

4.1 Preliminaries
Definition.4.1.1 Let X be a non-empty set and d: X X X — R* be a mapping satisfying the

following conditions for all x,y,z € X:
i. d(x,y)=0and d(x,y) =0ifandnl yx = y;
ii.  d(x,y) =d(y,x), (symmetry);
. d(x,z) <d(x,y) +d(y, z) (Triangular inequality),

then d is called a metric on X. Then the pair (X, d) is called a metric space.

Example.1 Let X = R (the set of real numbers) define d: X X X — R* by d(x,y) = |x — y|,
for all x, y € Xthen clearly the pair (X, d) is a metric space.

0ifx=y

1ifx#y" Then the pair

Example.2. For any set X, Define d: X x X — R* by (x,y) = {

(X, d) is a metric space and we call this metric discrete metric.
Definition.4.1.2 A partially ordered set (poset) is a system (X, <) where X is non-empty set and
< is a binary relation of X satisfying for all x,y,z € X:
1. x < x (reflexivity);
ii. ifx<yandy < x thenx =y (anti symmetry);
iii. ifx<yandy < z thenx < z (transitivity).

Example
(1) If X is any set (P (X), ©) is a partially ordered set. Where P(X)= the power set of X.

(2) On the set on natural numbers N, define m < n if m divides n then (N, <) is a
Partially ordered set.
Definition 4.1.3 Let X is a non-empty set. Then (X, d, <) is called partially ordered metric
spaces if:
1. (X,d) is a metric space and
ii. (X,<)is apartially ordered set.
Definition 4.1.4 [8, 4] Let (X, <) be a partially ordered set and T: X — X is a self- mapping, we

say T is monotone non-decreasing with respect to < iffor x,y € X, x <y => Tx < Ty.

11



Definition: 4.1.5 [6] Let (X, <) be a partially ordered set and x,y € X then x and y are said to

be comparable elements of X'if x < yory < x.

Definition 4.1.6 [8]: A function @: Rt — R™ is called an altering distance function if :

1. ¢ is non-decreasing, continuous and

1. @(t) = 0ifand only ift = 0.
Notation:
We denote: @ = {¢: Rt - R,* such that ¢ is continuous, non-decreasing and

¢(t) = O if and only if t=0}.
Y = {i:R* - R*, such that for any sequence {x,,} in R* with
x, =t ({t>0) ,li_ml//(x”)>0}.
Theorem 4.1.7 [8] Let (X, <) be a partially ordered set and suppose that there exists a metric d
on X such that (X,d) is a complete metric space. Let T: X — X be a continuous and non
decreasing mapping. Suppose that there exist ¢ € @,1p € ¥ such that
¢(d(Tx,Ty)) < p(M(x,y)) — p(N(x,y))

for all x,y € X with x < y where

_ d(y,Ty)[1+d(x,Tx)] d(y,Tx)[1+d(x,Ty)]
M(x' y) = nax { 1+d(x,y) ! 1+d(x,y) 'd(x' y)} and
d(y,Ty)[1+d(x,Tx)]

If there exists x. € X with xo < Tx. thenT has a fixed point in X.
Theorem 4.1.8 [8] Let (X, <) be a partially ordered set and suppose that there exists a metric
d on X such that(X,d) is a complete metric space. Assume that if {x,} a non-decreasing
sequence in X such that x,, — x, then x,, < x, foralln € N. Let T: X — X be a nondecreasing
mapping suppose that there exist ¢ € ®,y € W such that

¢(d(Tx, Ty)) < p(M(x,y)) — (N (x,¥))

for all x,y € X with x < y where

_ dy,Ty)[1+d(x,Tx)] d(y,Tx)[1+d(x,Ty)]
M(x' y) = mx { 1+d(x,y) ’ 1+d(x,y) ’ d(x’ y)} and
d(y,Ty)[1+d(x,Tx)]
N(x,y) = max { TrdCey) ,d(x, y)} )

If there exists x. € X with xo < Tx., then T has a fixed point X.

12



Theorem 4.1.9 [8] In addition to the hypotheses of Theorem 4.1.7 or Theorem 4.1.8 suppose that
for every x,y € X, there exists u € X such that u < x and u < y. Then T has a unique fixed
point in X.

Definition 4.1.10 Let (X, <) be a partially ordered set. Suppose that there exist a metric d on X
such that (X,d) is a metric space. Let T: X = X be a self-map of X. If there exist functions
¢ € d,¢ € ¥ and a constant L = 0 such that

¢(d(Tx, Ty)) < p(M(x,y)) = p(N(x, ) + Lm(x, )
forallx,y € X with x <y

Where:  M(x,y) = nax {d(y.Ty)[1+d(x.Tx)] d(y.Tx)[1+d(x.Ty)], d(x, y)}

)

1+d(x,y) 1+d(x,y)
d(y, Ty)[1+d(x,Tx)]
N(x,y) = max { Trdtey) ,d(x, y)} and
. d(x,Ty)d(y,Tx) d(x,Tx)d(y,Ty)
m(x,y) = min { 1+d(xy) °  1+d(xy) }

Then we say that T satisfies almost (¢, 1)) contraction condition involving rational expression.
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4.2 Main Result
Theorem: 4.2.1 Let (X, <) be a partially ordered set. Suppose that there exist a metric d on X

such that (X,d) is a complete metric space. Let T: X — X be a continuous and non decreasing
mapping. Assume that there exist functions ¢p € @, € ¥ and a constant L= 0 such that
d(d(Tx, Ty)) < p(M(x,y)) —p(N(x,y)) + Lm(x,y) (4.2.1.1)
forall x,y € X with x <y

d(y,Ty)[1+d(x,Tx)] d(y,Tx)[1+d(x,Ty)]
where: M(x,y) = max { Trdtey) , TrdCiy) ,d(x, y)}
d(y,Ty)[1+d(x,Tx)]
N(x,y) = nax { raCy) ,d(x, y)} and
. d(x,Ty)d(y,Tx) d(x,Tx)d(y,Ty)
m(x,y) = min { 1+d(xy) ’ 1+d(xy) }

If there exists xo € X with xo < Tx. then T has a fixed point.

Proof. Let xo € X. If Txo = xo_then x- is a fixed point of T.
Suppose that xo < Tx., constructing a sequence {x,} in X, such that

Xp41 = Tx, foreveryn = 0. (4.2.1.2)
Since T is non-decreasing mapping and x. < Tx. we have:
Xo STxo =x1 S Txy =%, STxp;=x3...Txp_1 =%, <Txp, =%xp4q < -
Hence x, <x,,1 foreachn =0, 1, 2,...., then we have
Xo S Xp SXy S X3S S Xpog SXp S Xpyq N0 (4.2.1.3)
Now, if there exists n. = 1 such that x,,,=x,,,,then from (4.2.1.2)
We have x,. = x,.41 = Txy., hence x,, is a fixed point of T.
We now suppose x,, # X441 f oreachn = 0,1,2 .... Then d(x,41, X,) # 0 foral h > 0 and
LetR, = d(x,41, %), Y = 0.

Sincex,_1 < x,,Vn = 1, from (4.2.1.1) and (4.2.1.3) we have:

¢(d(xn: xn+1)) = ¢(d(Txn—1: T xn)) < ¢(M(x: y)) - l/)(N(x, y)) + Lm(x,y) (4.2.1.4)
(X, Txp)[14d(Xn—1,Txn-1)] d(n, TXn—1)[1+d(xn—1,Txn)]
< ¢ (max {F2TEL —— , v —— G, %,)})

d(xy, Txn)[l + d(xn_l,Txn_l)]
—y (rmx { L+ d(r o x) :d(xn—lrxn)}>

. d (21, Txp)d (6, Totp_1) d(xn—l'Txn—l)d(xn'Txn)}
+ L(mn { 1+d(xp_1,%) ! 1+d(xp_1,%) )
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= <mlx {d(xn, xn+1)[1 + d(xn—l,xn)] d(xn,xn)[l + d(xn—l,xn+1)] d( )}>
i Xn—1,Xn

N 1+ d(x,_q1,x,) ’ 1+ d(x,_q1,x,)

P (me {d(xnfxn+1)[1+d(xn—1,xn)] ’ d(xn—pxn)})

1+d(xp_1,%,)

+ L(mn {d(xn—lix‘n+1)d(xn'xn) ) d(xn—lix‘n)d(xnrxn+l)})
1+d(xn_1,xn) 1+d(xn—1rxn)

= ¢ (max {d(xp, X41),0, d(x,_1, xn)})—zp(mlx {d(xnxns1),d0n—1.%0)

. d(xp—1,%0)d(Xn,Xn41)
+ L(mn {0' 1+d(xp_1,%0) })

= ¢(max {d(xy, Xp+1), 0, d (-1, 2,)}) — P (max {d(xn, Xn4+1), dCep-1, x,)3) + L(0)
= ¢(max {d(xp, xp41), d(xn—1, %) }) — Y (max {d(xn, Xp41), d(xp-1, X, }
This gives: $(Ry) = ¢(d(xn+1,Xn)) < P(max {Ry, Rp—1}) — Y (max Ry, Ru-1}) (42,15
Where R,,_; = d(x,_1, x,).
Now, if max {R,,R,_1} = R, then from (4.2.1.5 we have
d(Rn) < ¢(Ry) —Y(Ry).
It follows that ¥ (R,,) < 0, which is a contradiction to the definition of 1. So the
maximum, max {R,, R,_1} is R,_1. Thus R, < R,,_, foreachn=1,2, 3, and hence {R,}isa
non-increasing sequence of positive real numbers. Thus from the inequality (4.2.1.5) we have
$(Rp) < ¢(Rn—1) = P(Rp—1). (4.2.1.6)
Now, since {R,,} is a non-increasing sequence of positive real numbers which is bounded below,
there exist & = 0 such that,
R, =d(xp41,Xp) = @ asn— oo, (4.2.1.7)
We want to show that (i) a = 0.
Suppose @ > 0, and then taking the limit supremum in both sides of (4.2.1.6) and using the
continuity of ¢ and the property of 1 we have:

fim ($(R) < fim (@(Rn-1)) + lim (~P(Rp-1))
which gives ¢ (@) < ¢p(a) — lim (Y(R,—1)), (Where lim (—p(R,_,)) = —lim (W(R,_1)).
This implies that lim (¥ (R,_1)) < 0, a contradiction to the property of 1) unless @ = 0.
So R, =d(xp41,%,) 20 as n - o

Therefore, we have

1i e d(Xpyq, x) = 0. (4.2.1.8)
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(ii) Now we need to show that {x,} is a Cauchy sequence in X.
Suppose {x,,} is not a Cauchy sequence in X. Then there exists an € > 0, such that for which we
can find two sequences of positive integers {xm(k)} and {xn(k)} such that for all positive

integers k with

n(k) >mk) >k, dXmu), Xnw)) = €. (4.2.1.9)
Assuming n(k) is the smallest integer we get
n(k) > m(k) > k, d(xm@), Xny) = € and (4.2.1.10)
d(Xm(y Xngo-1) < & (4.2.1.11)

Now by the triangle inequality and using (4.2.1.9) and (4.2.1.11) we have
€ < d(Xmm)r Xnk)) < dXme) Xno-1) + d(Xn@)—1, Xn(k)))

< e+ dn-1 Xn)))-
Using (4.2.1.8) and letting k — oo, we have

1m0 d(Xme)s X)) = & (4.2.1.12)
From the triangular inequality, the method we have
d(Xmey Xnte) < dEmey Xmao-1) + A(Xmae)-1, Xn@e)-1) + dXngiy-1 X)) and
d(xm(k)_l,xn(k)_l) <d (xm(k)_l,xm(k) + d(xm(k),xn(k)) + d(xn(k),xn(k)_l)). (4.2.1.13)
Using (4.2.1.8), (4.2.1.12) and letting k—o0 in (4.2.1.13) we get
i oo d(Xm) -1 Xn)-1) = € (4.2.1.14)
Similarly: 11 B0 d(Xmk), Xnge)—1) = €
and 11 d(Xm@)—1, Xn@y) = €. (4.2.1.15)
Now, we have,
¢ (d(xm(k)'xn(k))) = $(d(Txm(k)-1, TXn(a)-1))
< $(M X -1, Xnw)-1)) = (N Comi) -1, Xn(o-1))
+L m(Xmao -1, Xn(o)-1) (4.2.1.16)

Where My, = M (Xmi)-1) Xn(i)-1)

= x {d(xn(k)—lvTxn(k)—l)[1+d(xm(k)—1rTxm(k)—1)] A(xn()-1.T*m 00 -1) [1+d (Xm0 -1 T*n (o -1)]

, ,d(x 1 X (1) — }
1+d (Xm(k)—1-%n(k)-1) 1+d (Xm (k) -1-%n(k)-1) ( mi)-1 n(k) )

S {d(xn(k)—l'xn(k))[1+d(xm(k)—1vxm(k))] (i) -1%m(0) 144 (om@iy 1 %10
14d (X (1)1 (1) -1) ' 14d (1)1 (1) -1)

’d(xm(k)—l'xn(k)—l)} (42.1.17)
Letting K = oo in (4.2.1.17) and using (4.2.1.8),( 4.2.1.14), (4.2.1.15), we have:
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linLe M, =max {0,¢¢} = e (4.2.1.18)
Similarly: N, = N(xm(k)_l,xn(k)_l)

d(xn(k)—l'Txn(k)—l)[1+d(xm(k)—1'Txm(k)—1)]

1+d (X (k) - 1%n (k) -1)

= nuax { ’ d(xm(k)—1' xn(k)—l)}

— nax {d(xn(k)—l'xn(k))[1+d(xm(k)—1'xm(k))]’d(xm(k)_l’xn(k)_l)} . (4.2.1.19)

14+d (o () —1%n (k) 1)
Letting k — o0 in (4.2.1.19) and using (4.2.1.8) and (4.2.1.15) ,we get
1inpLe Ny =max {0,&} =« (4.2.1.20)

And let m; = m(xm(k)—llxn(k)—l)

= min {d(xm(k)—1,Txn(k)—1)d(xn(k)—erxm(k)—l) d(xm(k)—l,Txm(k)—1)d(rxn(k)—1'Txn(k)—1)}
14+d (X (k) -1 %n (0 -1) ' 1+d (X (k) -1 %n (0 -1)

(om0 -1,%000) A0 -1 Xmi) - A Xm0 —1,Xm () A Xn ) -1 Xn k)
= mn , ) (4.2.1.21)
14+d(Xm(k)—1%n(k)-1) 1+d(Xm (k) —1%n(k)-1)

Letting K—o0 in (4.2.1.21) and using (4.2.1.8), (4.2.1.12),(4.2.1.14) and (4.2.1.15) we have:

1+¢&

1i 1 (-1, X 1) = i (=0} =0. (42.1.22)
Using (4.2.1.18), (4.2.1.20) and (4.2.1.22) in (4.2.1.16) we have
¢ (om0 %n)) = $(ATXmao-1 Thno-1))
< ¢p(My) — Y(Ny) + Lni n(my,). (4.2.1.23)
Now by taking the limit supremum of both sides of (4.2.1.23) and using (4.2.1.12), (4.2.1.18),
(4.2.1.20) and (4.2.1.22) and by the continuity of ¢ and property of y, we get
¢(e) < (&) + lim (= Y(NY)).
This implies that
¢(e) < ¢(e) — lim P(Ny ).
Thati slim y(N;) < 0.
But this is a contradiction to the property of y. Hence {x,} is a Cauchy sequence in a complete
metric space X. So, there exists u € X such that
ligLex, =u (4.2.1.24)
And by the continuity of T, © =11 00 Xpy1 =11 96 T, = T(L1 36 (X)) = T

Thus, u is a fixed point of T.
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Remark 1. By choosing L=0 in Theorem 4.2.1 we get Theorem 4.1.7 as a corollary to Theorem
4.2.1.

The following is an example in support of Theorem 4.2.1.

Example 4.2.1.1 Let X = {1, 2, 3,4, 5} with the usual metric d(x,y) = |x — y| forall x,y € X.
We define a partial order on X by <: ={(1,1),(2,2), (3,3), (4,4), (5,5), (3,4), (3,5), (4,5)}.
Then (X, <) is a partially ordered set.

12 345

We define T: X —» X by T:(ll 2 22

). T is clearly continuous.

We show that T is non-decreasing.
Since 1<1=1=T1)=<1=T(1);

2<2=>1=TQR)<1=T(2);
3x3=2=TQR) <
44=2=TH)<
55=2=T() <
34
35
4

< 2
2
2
=2=TQ) <2=T4);
2
2

<

<
<K5=2=TQ) <

Thus 7 is a non-decreasing mapping.
Now we verify the inequality (4.2.1.1) with L = 1, ¢,: R* - R* defi nedy

o(t) = % , Y(t) =§ then clearly ¢ € @,¢ € V..
We note that the case x = y follows trivially, so let x,y € X such that x < y and x # y.
We consider the following three cases:
Casel: Letustake x =3andy =5 thenwehave T(3) =2,T(5) =2

1. d(Tx,Ty) =d(T(3),T(5))=d(22)=0

dy,TY)[1+d(x,Tx] d(y,Tx)[1+d(x,Ty]
! 1+d(x,y) dCx, y)}

2. M(x,y) =nux {

1+d(x,y)
_ d(57(5)[1+d3,T7(3)] d(5T(3))[1+d(3,T(5)]
= nmx { 1+d(3,5) ’ 1+d(3,5) ’d(3’5)}
_ d(5,2)[1+d(3,2)] d(5,2)[1+d(3,2)]
= mx { 1+d(3,5) '  1+d(3,5) ,d(B,S)}
_ {|5—2|[1+|3—2|] I5—2|[1+|3-2]] 13— 5|}
- 1+|3-5] ' 1+|3-5] '’

_ @@ @ ) _ _
= max {—3 22 ,2} = max {2,2,2)} = 2.
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d(y,Ty)[1+d(x,Tx]

3.N(x,y) = { i) ,d(x, y)}.
)
= mux {TC2EED) 4 (3,5))
- (252,05

= nux {(3)3(2),2} =max {2,2} = 2.

{d(x.Ty)d(y,Tx) d(x,Tx)d(y,Ty)}

4.m(x,y) = mn 1+d(xy) ~ 1+d(xy)

I
2

in {d(3,T(5))d(5,T(3)) d(3,T(3))d(5,T(5))}
1+d(3,5) ! 1+d(3,5)

- min {d(3,2)d(5,2)) d(3,2))d(5,2))}

1+d(3,5) ' 1+d(3,5)

. (13-2]I5-2] |3-2||5-2]|
-mn { 1+|3-5] ’ 1+|3-5| }
n (LD DO = pin (1,1} = 1.

So ¢(d(Tx, Ty)) < qb(M(x, y)) — lp(N(x, y)) + Lm(x,y) becomes
ZM=<=@-;@+1(1)

6

0<——-+1
10

0<2+1
30
14

0< =

Casell.Let x =3 andy =4then T(3) =2and T(4) = 2.
1. d(Tx,Ty) =d(T(3),T(4)) =d(2,2) = 0.

dy,Ty)[1+d(x,Tx] d(y,Tx)[1+d(x,Ty]
{ 1+d(x,y) ! 1+d(x,y) d(x y)}

2. M(x,y) =m

I {d(4,r(4))[1+d<3f<3>1 AeTE)1+ABTH] d(34)]
1+d(3,4) 1+d(3,4)

d(4,2)[1+d(3,2)] d(4,2)[1+d(3,2)]
{ 1+d(3,4) ! 1+d(3,4) ‘d(3’4)}
=y () i) gy

B @@ @@ ) _ _
= max {—2 22 ,1} = max {2,2,1} = 2.

d(y,Ty)[1+d(x,Tx]
1+d(x,y)

3. N(x,y) =nmx { ,d(x,y)}
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d(4,T(4))[1+d(3,T(3)]
1+d(3,4) d(3’4)}

{
X {d(4 2)[1+d(3,2)]
mx (SR

|
g

X

I
g

1+d(3,4) d(3 4)}

[4—2|[1+]3-2]]
|3 — 4]
1+]3—4]

- e 22,3
=max {2,1} =2.

_ . fdTy)d(y,Tx) d(xTx)d(yTy)
4'm(x’y)_mn{ 1+d(xy) ~ 1+d(xy) }

3

m {d(3,T(4))d(4,T(3)) d(3,T(3))d(4,T(4))}
1+d(3,4) ’ 1+d(3,4)

_ d(3,2)d(4,2)) d(3,2))d(4,2))
—mn{ 1+d(3,4) ’ 1+d(34) }
_ [3-2||4—2] |3-2[]4-2]
—mn{ 1+]3-4] ’ 1+|3-4] }

n (R0 Oy

2 7 2 n{1,1}=1

So gb(d(Tx, Ty)) < qb(M(x, y)) — 1/J(N(x, y)) + Lm(x,y) becomes
0<=(2)—5(2) +1(1)
0<-=+1
This gives 0 < %.
CaseIll: Let x =4andy = 5then T(4) =2and T(5) =2
d(Tx,Ty) = d(T(4),T(5)) = d(2,2) = 0.

_ dy,TY)[1+d(x,Tx] d(y,Tx)[1+d(x,Ty]
2. M(x,y) =nux { aGy) ' LidGy) ,d(x, }’)}

AETE)+d@T@®] ASTW)NHAATE)] 5y 5}
1+d(#5) O 14d@s) N

d(5,2)[1+d(4,2)] d(5,2)[1+d(4,2)]
1+d(4,5) 1+d(4,5) 'd(4’5)}

ma |
{
{IS 2[[1+]4-2]] |5-2|[1+]4—-2]]
5

= nux

= nux

1+]4-5] '’ 1+]|4-5| |4'5|}
(3 (3) (3)(3) 1}

2
9 9

=max {—,—,1}2
2’2

N1 o
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d(y,Ty)[1+d(x,Tx]
1+d(x,y) yd(x, y)}

,d(4,5)}

3. N(x,y) =mlx{

d(5,7(5)[1+d(4,T(4)]

{ 1+d(4,5)
s

nax

d(5,2)[1+d(4,2)]
1+d(4,5) d(4 5)}

{lS 2[[1+]4-2]] |45|}

1+[4-5|
{(3)(3) 1} -2

{d(x,Ty)d(y.Tx) d(x,Tx)d(y.Ty)}
1+d(xy) ~ 1+d(xy)

nax

4m(x,y) = mn

3

in {d(4,T(5))d(5,T(4-)) d(4,T(4))d(5,T(5))}
1+d(4,5) ! 1+d(4,5)

s

n d(4,2)d(5,2) d(4,2)d(5,2)}

1+d(4,5) ’ 1+d(4,5)

= min {I4—2II5—2| |4—2II5—2I}
1+|4-5| ’ 1+|4-5]|

So qb(d(Tx, Ty)) < ¢(M(x, y)) — 1/)(N(x, y)) + Lm(x,y)
becomes: % 0) < iG) —g(g) +1(3)

From the Cases (I) - (IIT) considered above T satisfies the inequality (4.2.1.1) and hence T
satisfies all the hypotheses of the Theorem 4.2.1 for the ¢p and Y chosen in example 4.2.1.1
and T has a fixed point x, = 1.If we choose L=0 in the inequality (4.2.1.1), from examples
4.2.1.1 in Cases (I-III) we observe that the inequality (4.2.1.1) fails to hold. This indicates
the importance of L in Theorem 4.2.1.
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The following is also an example in support of Theorem 4.2.1.
Example 4.2.1.2 Let X = {2, 3,4, 5, 6} be endowed with the usual metric d(x,y) = |x — y| for
all x, y € X, and we define the partial order as follows

<:={(2,2),(3,3),(4,4),(5,5),(6,6),(4,5), (4,6),(5,6)} then (X, <) is a partially ordered set..

Now we define the mapping T: X — X by T:(; 3 tg g clearly T is continuous.
Since 2<2=2=TQR2)<2=TQ);

3x3=2=TQR)=<2=T(03);

4<4=3=TMA)<3=T4);

55=3=T() <3=T(5);

6<6=3=T(6) <3=T(6);

4<5=3=T(#4)<3=T();

4<6=3=TH4)<3=T(6);

56=3=T()=<3=T(6);

Thus T is non-decreasing mapping.

Now we verify the inequality (4.2.1.1) with L = %, ¢, Y: Rt > Rt definedy

o(t) = i P () = %, then clearly ¢ € @,¢ € ¥.
We note that the case x = y follows trivially, so let x,y € X such that x < y and x # y.
We also consider the following three cases:

Case I: Letustake x =4andy =75 then
1.d(Tx,Ty) = d(T(4),T(5)) =d(33) =0

_ dy,TY)[1+d(x,Tx] d(y,Tx)[1+d(x,Ty]
2. M(x, y) = nmx { 1+d(x,y) ! 1+d(x,y) yd(x, y)}
_ d(57(5)[1+d(4T(4)] d(5T(4))[1+d(4,T(5)]
= nmx { 1+d(4,5) ’ 1+d(4,5) ’d(4‘5)}
d(5,3)[1+d(4,3)] d(53)[1+d(4,3)]
{ 1+d(4,5) ' 14d(4,5) 'd(4’5)}
— nax {|5—3|[1+|4—3|] |5-3|[1+]4-3]] |4 . 5|}
1+|4-5] ’  14]4-5 '’
— mux {(2)(2) (2)(2) 1}
2 7 2
=mix {2,2,1} = 2.
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_ d(y,Ty)[1+d(x,Tx]
3.N(x,y) = { i) ,d(x, y)}

|
g

d(s5,7(5)[1+d(4,T(4)]
x { 1+d(4,5) ’d(4’5)}

d(5,3)[1+d(4,3)]
x { 1+d(4,5) d(4 5)}

|5-3[1+]4-3[] J4— 5|}
1+|4-5|

{(2)(2)

|
g

1} max (2,1} = 2.

_ . (dxTy)d(y,Tx) d(xTx)d(y.Ty)
4_m(x,y)_mn{ 1+d(xy) ~ 1+d(xy) }

s

n {d(4.T(5))d(5,T(4)) d(4,T(4))d(5,T(5))}
1+d(4,5) ! 1+d(4,5)

=mn

d(4,3)d(5,3)) d(4,3))d(5,3))}
1+d(4,5) ’ 1+d(4,5)

= min {I4—3II5—3| |4—3II5—3I}
1+|4-5| ’ 1+|4-5]|

W@ WeEN _ .. _
n {—2 = } =mn {1,1} = 1.

So qb(d(Tx, Ty)) < ¢(M(x, y)) — 1/)(N(x, y)) + Lm(x,y) becomes
HOESIOEEIGAREIEY

0<i—-1+4-
2 2
0<0.

CasellLet x =4 andy = 6 then
d(Tx,Ty) = d(T(4),T(6)) = d(3,3) = 0.

_ dy,TY)[1+d(x,Tx] d(y,Tx)[1+d(x,Ty]
2. M(x,y) = mx { 1+d(x,y) ’ 1+d(x,y) dCx, y)}

= max {d(6.T(6>)[1+d<4.T<4>J A6TW)+AGTE 6)}
= 1+d(4,6) ' 1+d(46) o
d(6,3)[1+d(4,3)] d(6,3)[1+d(4,3)]
{ 1+d(46) ' 1+d(46) ’d(4’6)}

— {|6—3|[1+|4—3|] |6-3|[1+]4-3]] 14 — 6|}
= 1+l4—6] ’  1+]4-6| '
— ax {(3)3(2)’(3)(2), 2}

=max {2,2,2} = 2.
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d(y,Ty)[1+d(x,Tx]
3. N(x,y) = nux { & fﬁd(xygx = ,d(x,y)}

d(6,T(6))[1+d(4,T(4)]
1+d(4,6) d(4‘6)}

d(6,3)[1+d(4,3)]

{
mx { 1+d(4,6) d(4 6)}
mx (e

|6—3|[1+]4—3](] J4— 6|}

1+]4—6|
= nux {(3)3(2),2} =max {2,2} = 2.

_ . (dxTy)d(y,Tx) dxTx)d(y.Ty)
4_m(x'y)_mn{ 1+d(xy) ~ 1+d(xy) }

= nux

{ (4,7(6))d(6,T(4)) d(4,T(4))d(6,T(6))}
1+d(4,6) ’ 1+d(4,6)

a(4 3)d(6,3)) d(4,3))d(6, 3))}
1+d(4,6) ’ 1+d(4,6)

. (l4-3||6=3] |4-3||6-3]|
=mn ,
1+[4-6] ' 1+|4—6]

n (08, WO} iy 1,1y = 1,

3 7 3
So qb(d(Tx, Ty)) < ¢(M(x, y)) — 1/)(N(x, y)) + Lm(x,y) becomes
HOESIOEEIGAREIEY
=0<-—1+4-
2 2
=0<0.
Case III: Let x = 5andy = 6 then
d(Tx,Ty) = d(T(5),T(6)) =d(3,3) =0

_ dy,TY)[1+d(x,Tx] d(y,Tx)[1+d(x,Ty]
2. M(x,y) =nux { aGy) ' 1idGy) ,d(x, }’)}

A6TO1+GTE] dOTE)NIHAGTO] ;g 6)}
1+d(5,6) ’ 1+d(5,6) T

nuax

d(6,3)[1+d(5,3)] d(6,3)[1+d(5,3)]
1+d(s,6) ' 14d(5,6) ’d(5'6)}

{
{

— nax {|6 3|[1+]5-3]] |6—3][1+]5-3]]
5

nax

1+|5-6] ' 1+|5-6| ’|5_6|}
(3) (3) (3)(3) 1}

2
9 9 9
=nux {—,—,1}=—.
2°2 2
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d(y,Ty)[1+d(x,T
3. N(x,y) = mx { . fﬁd(;ygx Z d(x,y)}

d(6,1(6))[1+d(5,T(5)]

mx { 1+d(5,6) d(5’6)}
e

d(6,3)[1+d(5,3)]
1+d(5,6) d(5 6)}

16-3|[1+]5-3]]
{ 1+|5—6| |5_6|}

_ 3B 4 _ 2q1=2
_mzx{ 2 ,1}_mzx{2,1}—2.

_ . fdTy)d(y,Tx) d(xTx)d(yTy)

4'm(x' y) =m { 1+d(xy) ~ 1+d(xy) }

nax

{d(S.T(6))d(6,T(5)) d(5,T(5))d(6,T(6))}
1+d(5,6) ! 1+d(5,6)

- min {d(5,3)d(6,3)) d(5,3))d(6,3))}

1+d(5,6) ’ 1+d(5,6)

. (I5-3]16=3| |5-3||6-3]
=mn

1+|5-6] ’ 1+|5-6|

n (28, QO iy 3,3y = 3,

So qb(d(Tx, Ty)) < ¢(M(x, y)) — 1/)(N(x, y)) + Lm(x,y) becomes
1 @=1()-:0)+;®

0<—-+

(o=} I\e]
N W

0<:

8
From the Cases (I) - (II) considered above T satisfies the inequality (4.2.1.1) and hence T
satisfies all the hypotheses of the Theorem 4.2.1 for the ¢ and 1) chosen in example 4.2.1.2 and

T has a fixed point x, = 2. If we choose L=0 in the inequality (4.2.1.1), from examples 4.2.1.1 in

Cases (I-I1I) we observe that the inequality (4.2.1.1) fails to hold. This indicates the importance
of L in Theorem 4.2.1.

25



In the following, we prove fixed point results by relaxing the continuity assumption of T in

Theorem 4 .2.1.
Theorem 4.2.2: Let (X, <) be a partially ordered set. Suppose that there exists a metric d on X

such that (X, d) is a complete metric space. Assume that if {x,} is a non-decreasing sequence in
X such that x,, — x, then x,, < x foralln €N. Let T: X — X be a non- decreasing mapping.
Assume that there exist functions ¢ € @,y € ¥ and a constant L = 0 such that

d(d(Tx, Ty)) < p(M(x,y)) —p(N(x,y)) + Lm(x,y) (4.2.2.1)

forallx,y € X with x <y

d(y,Ty)[1+d(x,Tx)] d(y,Tx)[1+d(x,Ty)] d(x y)}

where:  M(x,y) = max { 1+d(x,y) ’ 1+d(x,y)

— d(y,Ty)[1+d(x,Tx)]
N(x,y) = nax { Tratey) ,d(x, y)} and

L (dTy)d(y,Tx) d(xTx)d(y,Ty)
m(x,y)—mn{ 1+d(xy) ' 1+d(xy) }

If there exists xo € X with xo < Tx. then T has a fixed point.
Prooﬁ Let {x,,} be a sequence in X. As in the proof of Theorem 4.2.1 we have for some xo € X
with xo < Tx. and
Xo STy =21 STx; =% STy =63 <STxp1 =%, < Txp, =%xp4q < o
= Xo S X S Xp SX3 S Xpog SXp S Xpyq N0 (4.2.2.2)

Thus, {x,,} is a non-decreasing sequence and converges to u, then x, < u,forallneN.

Now we show that u = Tu. (4.2.2.3)
Suppose that u # Tu. Then d(u,Tu) > 0.
Now consider
b (d(xnrs, T)) = b(d(Tx, Tw)) < G(M,) = W(N,) + Lin(x, y)
where
(D) My = M(xp, u)

)

= mux {d(”'Tul)E;iS‘;gx”“)] , d(””‘"i()i[&:i;;‘”ju)] ,d(w)} (4.2.2.4)
Letting n — o in (4.2.2.4) and using the fact that x,, > u as n — oo, we have

1im,e M, =mx {du,Tu),0,0} =dw,Tu) >0 (4.2.2.5)

d(u,Tw)[1+d(x,,Txy)] d (x u)}
) n»

(ii) Np =N(xpu) =nux { 1+d(xp0)
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— dw,Tw[1+d(xnxn+1)]
- X { T+d (e ,d(xn, u)} (4.2.2.6)

Letting n — oo in (4.2.2.6) and using the fact that x,, = u we have,

lig,e N, =mx {d(u,Tu),0} =du,Tu) >0 (4.2.2.7)
. (dGTwdmTxy) dGeTx)dwT
(i) m(x,y) = m(x,,u) = mn { (XHZ)(XS’;)JC ), (XHZ(S%(Z) u)}
— dGpTwdWxnt1) d@nxnt)dwTuw)
= mn { 1+d(xpw) °  1+d(xuw) } (4.2.2.8)

and letting n—oo in (4.2.2.8) we have

=mn {0,0} = 0. (4.2.2.9)
Since x;,, < u for all n, then by using (4.2.2.5) ,(4.2.2.7) and (4.2.2.9) in (4.2.2.1)
We have ¢(d({xp41, Tu}) = ¢(d(Txn, Tw)) < $p(My) — W(Ny) + Lm(x, y)

. (dep,Twd(u,xy d(xp,xp4+1)dW,T
]

Thus ¢ (d(xn+1,Tu)) = ¢(d(Txy, Tw)) < $(My) — P (Ny) + Lmin {0,0}
Hence,  ¢(d(xp4+1,Tw)) = ¢(d(Txy, Tu)) < ¢(My) — P (Ny) (4.2.2.10)
By taking the limit supremum of (4.2.2.10), using (4.2.2.5) and (4.2.2.7) and the property of 1 and the

continuity of ¢ we have

P(d(u, Tw) < p(d(u, Tw) + lim (—p(N,)),
Thatis, ¢p(d(u, Tw) < ¢(d(w, Tw) — Lim (Y(N,))

This gives lim (W(N,) < 0.

But this is a contradiction by (4.2.2.7) and the definition of 1.

Hence u = Tu and u is the fixed point of T.

Remark 2. By choosing L=0 in Theorem 4.2.2 we get Theorem 4.1.8 as a corollary to Theorem
4.2.2.
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We now illustrate an example in the support of theorem 4.2.2
Example 4.2.2.1: Let X = [0, 2] with the usual metric.
We define the partial order "< ” on X by

= {(y):xy € [01),x =y} U {(x,y):xy € [12]x <y}.
Then (X, X) is a partially ordered set..

§ ifo<x<1
WedefineT:X — X by Tx =1,
- ifl<x<2
3
2
Also, we define ¢, :R* = R* by ¢(t) == , p(t) = t?, thenclearly ¢ € D, 1) € ¥,

and let L = 10.
Now we verify the inequality 4.2.2.1
Casel: Letx,y € [0,1),then x =yso Tx = g = Ty

Then we have

1. d(Tx,Ty) =d ( ) | ——|—0 Sincex =y € [0,1)
_ dy,TY)[1+d(x,Tx] d(y,Tx)[1+d(x,Ty]
2.M(x, y) = mux { 1+d(x,y) ’ 1+d(x,y) a(x, Y)}

= doD|1+d@y)| a@[iraEd)]
—rmx{ 1+d(xy) ~ 1+d(xy) ,d(x,y)

- ] el

1+lx-y| ~  1+|x-y|

=mm{lz[ ] EE _xl}

1+lx—x| ’ 1+|x—x]

=mx {5(1+5).5(1+5).0}
=mx {Z(1+5).0)
~2(1+2),

d.TY)[1+d(xTx]
3.N(x,y) = mux {%,d(x,y)}

,lx = yl} Since x =y € [0,1)we have

B dyP)|1+ax3)]
=m {W (%)

e [}

{| [ | ] xl} Since x =y € [0,1)we have

1+|x—x|
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=mx (5(1+3).0}=3(1+5)

_ d(x,Ty)d(y,Tx) d(x,Tx)d(y,Ty)
4.m(x, Y) =m { 1+d(xy) ’ 1+d(x,y) }

~ d(x2)dyd) d(x3)dr)

=mn +d(x y) ’ 1+d(xy)

e [ ——Ily—zl}

=mn
{ 1+|x-y|  1+|x—y|

Ix—— |

=mn

}} sincex =y € [0,1)

1+|x x| 7 1+|x—x|

. 4x? 4x? 4x?
=MmMmniy—,—(=—.
9 9

Then we have the following

d(d(Tx,Ty)) < ¢(M(x,y)) — p(N(x,y)) + Lm(x,y)

4x

2 4x | 4x?
T(1+?+T) 4x? 4x  4x? 4x2
0s 2 (E(1+Z+2) )+ L2

- 2 9 3

2 2
)
0<———+ L —

- 2 9

4x? 4x | 4x? 4x?
Zr+Z+E )<z (1)
Here if x = 0, (1) holds clearly.
Ifx # 0 , we have 1+ +—<2L )
Since the left hand side of (2) is less than or equal to 2975 foranyx € [0,1) we observe that (2) holds for

L=10.
Case II: Letx,y € [1,2] such that x < y, then we have the following

2 2
Tx = 3 , Ty ==
1.d(Tx,Ty) =d ( )— |———| = 0.
. dy,TY)[1+d(x,Tx] d(y,Tx)[1+d(x,Ty]
2.M(x,y) = nax { rdtiy) ' 1rdy) ,d(x, J’)}
B dyH|1+d@d)| dwd|1+d@l)]
= nmx { 13+d(x,y) =, 13+d(x,y) ; 'd(x’ Y)
o (el b
T+lx-y| " 1+lx-y| Y
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askd]

—mx{ e yl}
o

“)[1+(x-2) }
y—X
1+y—x

e o (2
= {5 )
=mx {5 )

= max { __1£1y+ x__ x} Sincey = x

_ d(x,Ty)d(y,Tx) d(x,Tx)d(y,Ty)
4.m(x,y) —mn{ 1+d(xy) ~ 1+d(xy) }

d(yé)}

:mn{ 1+d(xy) ’ 1+d(x,y)

o (i )0

=m
1+|x—y| ’ 1+|x—y| 1+y—x

(@).If M(x,y)=y—x

N(x' y) =y—Xx
meey) = Cl )

Now consider the following:
¢(d(Tx, Ty)) < ¢(M(x,¥)) = (N (x,y)) + Lm(x,y) (3)
z)(y—%))

G-x? x) ) (x
0< —(y—x) +L(—1+y "

o< -ty (t203)

- 2 1+y—x

0-0° _ <(x-§)(y-§)> @)

2 - 1+y—x

<2.L(x-3)(y-3).

Since the left hand side of (4) is at most > L for any x,y € [1,2] with x < y itis clear that (4) holds

for L= 10.
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(b) If M(x,y) = o3+

1+y—x

Neeyy < G-l

1+y—x
2 2
x—Z)y—=
m(x,y) = (=)0 11)3/(_)6 )
We have the following

$(d(Tx,Ty)) < p(M(x,y)) — Y(N(x,)) + Lm(x,y)
0< (M) _ ((y—§>[1+(x—§)1>2 L <w>

2(1+y—x)2 1+y—x 1+y—x
o=-(Stcdl) i)
(i) < ()

oot

2(1+y—x) (6)
Here also, (6) holds with L= 10.
From the Cases (I) - (II) considered above T satisfies the inequality (4.2.2.1) for the ¢ and
chosen in example 4.2.2.1 and hence T satisfies all the hypotheses of the Theorem 4.2.2 and T
has a fixed point x, = 0. If we choose L=0 in the inequality (4.2.2.1), from examples 4.2.2.1 in
Cases (I-1T) we observe that the inequality (4.2.2.1) fails to hold. This indicates the importance of
L in Theorem 4.2.2.

The following is also an example in support of Theorem 4.2.2.

Example 4.2.2.2:LetX = [0, 2] with the usual metric.

We define the partial order "< " on X by

<= {(xy):xy € [0D),x=y} U {(x,y):xy € [L2], X <y}
then (X, <) is a partially ordered set.

0 if0s<x<1
1ifl<x<2

¢, P: RT - Rtbedefinedby: ¢(t) = 2t, P(t) = 2t,
thenclearlg € d, Y e W.and Let L =1,

LetT: X — X be defined by Tx = {

Now we verify the inequality 4.2.2.1

31



Casel: Letx,y € [0,1)then Tx =0

Ty =0 then we have
1. d(Tx,Ty) =d(0,0) =]0—-0]| =0.
_ dy,Ty)[1+d(x,Tx] d(y,Tx)[1+d(xTy]
.2.M(x,y) = mux { 1+d(xy)  ° 1+d(xy) yd(x, y)}

_ d(y,0)[1+d(x,0)] d(y,0)[1+d(x,0)]
=m { 1+d(x,y) ! 1+d(x,y) ! d(x’ y)}

_ [yI[1+|x]] |yI[1+]x]] _ ) B
- mx {1+|x—y| "ty |x yl} sincex =y € [0.1)

=max {x(1 + x),x(1 + x),0}

=max {x%? + x, x> + x,0}

=x% 4 x.

d(,0)[1+d(x0)]
3. N(x,y) = nmax {deT,d(x: )’)}

— {d(y,o)[1+d(x,0)]

1+d(x,y) 'd(x' y)}

lyI[1+]x]] .
= nax {ﬁ, [x —yl} sincex =y € [0.1)

=max {x(1 + x),0}
=max {x* + x,0}
=x? + x.

. (d(eTy)d(y,Tx) d(x,Tx)d(y,Ty)
4.m(x,y) _mn{ 1+d(xy) ~ 1+d(xy) }

. d(x,0)d(y,0) d(x,0)d(y,0)
mn{ 1+d(xy) ’* 1+d(xy) }

. X X
mn{ x|yl ’ x|yl }
1+|x=y|" 1+[|x-y|

. lxllxl x|l . _
=mn {{1+|x_x| ,—1+|x_x|}} sincex =y € [0,1)

= min {x?,x?}

=x2.

1. Suppose:  M(x,y) =x% +«x
N(x,y) =x*+x
m(x,y) = x*

Then we have the following.

¢(d(Tx,Ty)) < ¢p(M(x,y)) — (N (x,¥)) + Lm(x, )
¢(0) <2(x? +x) — 2(x% + x) + x?

0< x.?
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This is true for all x € X = [0,1)
Case II: Let x,y € [1,2] then we have the following
Tx=1Ty=1
1. d(Tx, Ty)=d(1,1) =|1—-1| = 0.

_ dy,TY)[1+d(x,Tx] d(y,Tx)[1+d(x,Ty]
2.M(x,y) = nux { Gy LidGy) ,d(x,y)}

_ diy,D[1+d(x,1] d(y,D[1+d(x,1]

= mx { 1+d(xy)  1+d(xy) yd(x y)}
_ ly—1l[1+|x—1]] |y—1|[1+|x-1]] _

= nmx { 1+|x=y| ' 1+|x-y| | yl}

_ d(y,Ty)[1+d(x,Tx]
3.N(xy) = mux TR, d(x, )

d(y,D)[1+d(x,1]

x{ 1+d(x,y) d( Y)}
{Iy 1)[1+]x—-1][] _:Y|}-

)

g

= nmux
1+|x—y|

. (A Ty)d(y,Tx) d(x,Tx)d(y,Ty)
4. m(X,_'V) =m { 1+d(xy) ’  1+d(xy) }

. {d(x,l)d(y,l) d(x,l)d(y,l)}
- 1+d(xy) ' 1+d(xy)

lx—=1|ly-1| |x-1|ly- 1|
—min { }
1+|x—y| 1+|x—y|

Now consider the following:

ly—1|[1+|x—1]]
1. Suppose: M(x,y) = ﬁ
ly—1[[1+]x-1]]
NGx,y) = 14|x—y|
_ lx—1lly-1]
m(x‘ y) T 14|x-yl

Then we have the following

¢(d(Tx,Ty)) < p(M(x,y)) — p(N(x,¥)) + Lm(x,y) (1)
y-1A+—=101Y (ly-11+x—10 ,  (lx=1lly—1]
(1)(0) = (2) (y 11+|1x -y : ) 2(y 11+|1x—y| - )+1( 1+1|xiy|1)

02 (5.
This holds for any x < y such that x,y € [1,2].
2. Suppose: M(x,y) = |x — y|
N(x,y)= |x =yl
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|x—1]ly—1]

m(x,y) = T

So, consider the following
¢(d(Tx, Ty)) < ¢(M(x,¥)) = (N (x,y)) + Lm(x,y)
|x—1[ly—1]
0 <2(x - yD - 2(x - yD + L (5525H)
|x—1[ly—1]
o<1 (5.
This holds for any x,y € [1,2] such that x < y.

From the Cases (I) - (I) considered above T satisfies the inequality (4.2.2.1) and hence T
satisfies all the hypotheses of the Theorem 4.2.2 and T has two fixed points x, = 0 and x, = 1.

The following is a theorem to demonstrate the uniqueness of fixed point for the mapping T.
Theorem 4.2.3 In addition to the hypotheses of Theorem 4.2.1 or Theorem 4.2.2 suppose that for
every x,y € X, there exists u € X such that u < x and u < y. Then T has a unique fixed point.
Proof: Following from theorem 4.2.1 the sets of fixed points of T is non- empty. Now we shall
show that if x and y are two distinct fixed points of 7, that is,
ifx =Tx andy =Ty ,then x =y. (4.2.3.1)

Assume that there exist uo € X such that u. < x and u. < y, then as in the proof of Theorem
4.2.1, we define the sequence {u,} such that:

Upsr = Tu, =T, n=1,2,... (4.2.3.2)
Monotoncity of T implies T"u. = u,, < x =T"x andT"u- =u,, < y=T"y
If there exist a positive integer m such thatx =u,,, then x =Tx =Tu, = u,,, for all
n > m, thenu, - x asn - .
Now suppose that x # u, for all n >0, so u, < x for all n > 0, then d(uy,x) # 0 for all
n=0.
Let p,, = d(uy, x) for all n > 0. As u,, < x for all n > 0, by applying the inequality (4.2.1.1)
we have

¢(d(un+11x) ) = ¢(d(Tunl Tx) )

d(x,Tx)[1+d (un,Tuy)] d(x,Tuy)[1+d(up,Tx)]
= ¢(’mx { 1+d (i) ) TS , d(Up, x) }) (4.2.3.3)
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— ( (rmx {d(x,Tx)[1+d(un,Tun)]' d(u,, x) })) 4 Lnin {d(un,Tx)d(x,Tun)'d(un,Tun)d(x,Tx)}

1+d(up,x) 1+d(up,x) 1+d(up,x)
_ d(x,x)[1+d(ununt1)] dluns1)[1+d(un,x)]
= ¢ <(mx { 1+d(up,x) ! 1+d(up,x) ,d(up, ) })>
_ d(x:x)[1+d(un:un+1)] . d(u‘nrx)d(x'u‘n+1) d(un»un+1)d(x:x)
¥ ((me { 1+d(up,x) , d(Un, X) })> + Lmin { 1+d(upx) = 1+d(upx) }

= ¢((mmax {0, d (¥, up 1), d(ttn, ) D)-P((max {0, d(uy, x) D) + Lmin {FtCine) o

1+d(up,x)

= ¢((max {d(x, un41), d(un, %) D)~ p{d (un, %) }

Let  d(x,upt1) = Pry1 and d(uy, x) = py
Then ¢ (Pn+1) < POmax {Pp+1,Pn}) — P(pn) (4.2.3.4)

If ppy1 > pp then from (4.2.3.4) we have
OPns1) < d(Pns1) — W (pr) that is Y(p,,) < 0, which is a contradiction to the definition of .
So pp > Pns1 and {p,} is a decreasing sequence, then from (4.2.3.4)
We have ¢(pn+1) < ¢(prn) — Y(pn) (4.2.3.5)
Since {p,} is a decreasing sequence of positive real numbers which is bounded below, there
exist r = 0 such that p, = d(u,,x) > rasn — oo. (4.2.3.6)
Similarly as shown in the proof of theorem 4.2.1 we can show that r = 0, then we have

Pn=d(u,,x)—>0as - . (4.2.3.7)
Then u, = xas n — oo, (4.2.3.8)
Similarly: u,, = yasn — oo,
Finally, the uniqueness of the limit implies x = y.
Thus T has a unique fixed point.

Remark 3. By choosing L=0 in Theorem 4.2.3 we get Theorem 4.1.9 as a corollary to Theorem
4.2.3.
The following is an example in the support of Theorem 4.2.3.

Example 4.2.3.1 Let X = {3,4,5,6,7} be endowed with the usual metric d(x,y) = |x —y| for
all x,y € X, and We define a partial order on X as follows.
<:={(3,3),(4,4),(5,5),(6,6),(7,7),(5,6),(5,7),(6,7)} then (X, <) is a partially ordered set.

3 4567
T=

3 3 44 4), Clearly T 1s continuous.

Now we define the mapping T: X = X by
Since 3<x3=3=T(03)=<3=T@Q);
44=3=TH)<3=TH4);
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55=4=T0)=<4=T();
6<6=4=T(6)=<4=T(~6);
7<7=4=T(7)<4=T(7);
56=4=T(5)<4=T(6);
57=4=T0G)<4=T();
6<7=4=T(6)<4=T(7);
Thus 7 is non-decreasing mapping.
By defining the functions ¢, : Rt - R* by: ¢(t) = %, Y(t) = é ,and Let L=1.
then clearly ¢ € @,y € V.
We note that the case x = y follows trivially, so let x,y € X such that x < y and x # y.
We also consider the following three cases to verify the inequality (4.2.3.1)
Case I: Let us take x = 5 and y = 6 then
1.d(Tx,Ty) = d(T(5),T(6)) = d(4,4) = 0.

_ dy,TY)[1+d(x,Tx] d(y,Tx)[1+d(x,Ty]
2. M(x,y) =nmx { rdly)  1+dony) ,d(x, }’)}
_ d(6,1(6))[1+d(5T(5)] d(6T(5))[1+d(5,T(6)]
= mx { 1+d(5,6) ’ 1+d(5,6) ’d(5‘6)}
d(6,4)[1+d(5,4)] d(6,4)[1+d(5,4)]
= mx { 1+d(5,6) '  1+d(56) ’d(5'6)}
— nax {|6 4|[1+]5—4|] |6—4|[1+]|5—4]] |5—6|}
1+|5-6] '  14|5-6] '’

=mx {2,2,1} = 2.

d(y,Ty)[1+d(xT.
3.N(x,y) =mzx{(y f:r)d(;y()x d d(x,y)}.

d(6,1(6))[1+d(5,T(5)]

= nux { 1+d(5,6) d(5'6)}
e {fetne) s )
e (0 )
— {(2)2(2) , 1}
—rax (21} = 2.
4.m(x,y) e e

36



3

n {d(S,T(6))d(6,T(5)) d(5,T(5))d(6,T(6))}
1+d(5,6) ! 1+d(5,6)
d(5,4)d(6,4)) d(5,4))d(6,4))
mn{ 1+d(5,6) ' 1+d(5,6) }

|5—4||6—4| |5—4||6—4|}

=mn ,
1+|5-6] ’ 1+|5-6|

=mn{1,1} = 1.
So ¢(d(Tx, Ty)) < qb(M(x, y)) — lp(N(x, y)) + Lm(x,y) becomes
HOEHOEEOEETEY
0<—-+1

0<

UJIN

CasellLet x =5andy = 7 then
d(Tx,Ty) = d(T(5),T(7)) = d(4,4) = 0.

_ d(y,Ty)[1+d(x,Tx] d(y,Tx)[1+d(x,Ty]
2. M(x, y) = nax { 1+d(x,y) ! 1+d(x,y) yd(x, y)}

d(7,T(M)[1+d(5,T(5)] d(7,7(5))[1+d(5,T(7)] d(5 7)}
1+d(5,7) ’ 1+a(5,7) Y
B d(7,8)[1+d(5,4)] d(7,4)[1+d(5,4)]
=y {QODLAEH) AOOLAGH) o 7))
{|7—4|[1+|5—4I] 7-4litis—4l (o 7|}
1+]5-7] ’  1+|5-7] '

=mx{

= nmax {2,2,2} = 2.

d(y,Ty)[1+d(x,Tx]
1+d(x,y) yd(x, y)}

{d(7 T(7))[1+d(5,T(5)] d(5,7)}
o

3. N(x,y) = nax {

1+d(5,7)

d(7,4)[1+d(5,4)]
1+d(5,7) d(s 7)}

- {|7 L LSl T 7|}
5

nax

1+(5-7|
(3)@
2

=max {2,2} = 2.

{d(x,Ty)d(y.Tx) d(x,Tx)d(y.Ty)}
1+d(xy) ~ 1+d(xy)

4m(x,y) = mn
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{d(S,T(7)d(7,T(5)) d(5,T(5))d(7,T(7))}
1+d(5,7) ! 1+d(5,7)

d(5,4)d(7,4)) d(5,4))d(7,4))}
1+d(5,7) ' 1+d(5,7)

=min {

. (I5=4|17-4] |5-4||7-4]
=mn

1+|5-7| ’ 1+|5-7|
=mn{1,1} = 1.
So ¢(d(Tx, Ty)) < qb(M(x, y)) — lp(N(x, y)) + Lm(x,y) becomes
HOEHOEEOEETEY
0<—-+1

0<

UJIN

Case III: Let x = 6 andy = 7 then
d(Tx,Ty) = d(T(6),T(7)) = d(4,4) = 0.

_ dy,Ty)[1+d(x,Tx] d(y,Tx)[1+d(x,Ty]
2. Z.M(x,y) = mx { 1+d(x,y) ’ 1+d(x,y) d(x, Y)}

{d(7.r<7>)[1+d<6.T(6>l GlO) QIS 7)}
1+d67) 1+den

d(7,4)[1+d(6,4)] d(7,4)[1+d(6,4)]
1+d(6,7) = 1+d(67) ' d(6’7)}

|7-4][1+]6—4]] |7—-4|[1+|6—4]]

max {

mx{ el e 16— 71}
i
&3

— mux (3)(3) (3)(3) 1}

= nux

=3

d(y,Ty)[1+d(x,T
3. N(x,y) =nmx { v fjd(x,y()x a ,d(x,y)}

_ d(7,7(7)[1+d(6,T(6)]
= nax { 1+d(6,7) ’ d(6‘7)}

d(7,4)[1+d(6,4)]
nmx { 1+d(6,7) d(6 7)}

O
X {(3)(3) 1}
2
2’

—mx {21} =2,
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4. m(x y) = mn 14+d(xy) ' 14+d(xy)

{d(x,Ty)d(y,Tx) d(x,TX)d(y,Ty)}
=mn {

d((6T(7))d(7,7(6)) d((6.T(6))d(7,T(7))}
1+d(6,7) ! 1+d(6,7)

— min d((6,4)d(7,4)) d(6,4)d(7, 4))}

1+d(6,7) ' 1+d(6,7)

=mn ,
1+|6-7| ’ 1+|6-7|

{
{I6 4117-4| [6—-4]17— 4I}
n

2)3) (2)(3)} min {3,3} = 3.
So d)(d(Tx, Ty)) < qb(M(x, y)) — z/}(N(x, y)) + Lm(x,y) becomes
:0=:()-30)+1®
0<-2+3

0=
From the Cases (I) - (III) considered above T satisfies the inequality (4.2.3.1) for the ¢p and ¢
chosen in example 4.2.3.1 and hence T satisfies all the hypotheses of the Theorem 4.2.3 and T
has a unique fixed point x, = 3. If we choose L=0 in the inequality (4.2.3.1), from examples
4.2.3.1 in Cases (I-1II) we observe that the inequality (4.2.3.1) fails to hold. This indicates the

importance of L in Theorem 4.2.3.
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Unit 5

5. Conclusion and future scope

5.1 Conclusion
In this Thesis, we proved two fixed point theorems namely Theorem 4.2.1 and Theorem 4.2.2 on

the existence of fixed points for almost (¢, ) contractions involving rational expressions in
partially ordered metric space. By imposing additional conditions we also proved uniqueness of
fixed points of almost (¢, )-contractions involving rational expressions in partially ordered
metric space.
1. By Remark 1 and Examples (4.2.1.1), we conclude that Theorem 4.2.1 is more
general than Theorem 4.1.7.
2. By Remark 2 and Examples (4.2.2.1), we conclude that Theorem 4.2.2 is more
general than Theorem 4.1.8.

Our result extends and improves the results of S.Chandok, B.S.Choudhury and N.Metiya [8].

5.2 Future scopes
The existence of fixed point of almost (¢, )-contractions involving rational expressions in

partially ordered metric space is new area of study. Recently there are a number of published
research papers related to this area of study. So the student researcher recommends the upcoming
post graduate students of the department and other researchers who are interested to do their

research work in this area of study.
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