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Abstract
We prove the strong convergence of Mann iteration for a hybrid pair
of maps to a common fixed point of a selfmap f and a multi-valued
f-nonexpansive mapping 71" in Banach space E. Our result extend
Theorem 2.3 of Song and Wang [Y. Song, H. Wang, Convergence of iter-
ative algorithms for multi-valued mappings in Banach spaces, Nonlinear
Analysis, 70 (2009), 1547-1556] to a hybrid pair of maps.
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1 Introduction

Let E be a Banach space and K, a nonempty subset of £. We denote by
2E the family of all subsets of E; CB(FE), the family of nonempty closed and
bounded subsets of £ and C(F), the family of nonempty compact subsets of
E. Let f: K — K be a selfmap. Let H be a Hausdorff metric on CB(E).
That is, for A, B € CB(F),

H(A, B) = max{supd(z, B),supd(z,A)},

€A z€B
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where
d(x, B) = inf{[lx —y|| - y € B}.
A multi-valued mapping 7 : K — 2% is called f-nonezpansive if
H(Tz,Ty) < ||fz — fyl|,

for all z,y € K.

If f = Ik, the identity mapping on K , then we call T" is a multi-valued
nonexrpansive mapping.

A point z is a fized point of T'if x € T'x. A point z is called a common fized
point of f and T if fx =x € Tx. F(T) ={x € K : x € Tz} stands for the
fixed point set of a mapping T'and F' = F(T)NF(f)={z € K: fr =x € Tx}
stands for the common fixed point set of maps f and 7.

Recently, Song and Wang [2] introduced the following Mann iterates of a
Multi-valued mapping 7*:

Let K be a nonempty convex subset of E, «,, € [0,1] and 7, € (0,00)
such that lim 7, = 0. Let T": K — CB (K) be a multi-valued mapping. Let

o € K, and
Tp41 = (1 - an)xn + AnYn, (1)

where y,, € Tz, such that ||y,11 — ynl| < H(Txpi1, Tn) + Ynyn =0,1,2,---.
Song and Wang [2] established the following theorems on the convergence
of Mann iteration.

Theorem 1.1 (Theorem 2.3, Song and Wang [2]). Let K be a nonempty,
compact and convex subset of a Banach space E. Suppose that
T : K — CB(K) is a multi-valued nonexpansive mappings for which F(T) # ()
and for which T(y) = {y} for each y € F(T). For zy € K, let {x,} be the
Mann iteration defined by (1). Assume that

0 < liminf o, < limsupa, < 1.
n—00 n—00

Then the sequence {x,} strongly converges to a fixed point of T.

The aim of this paper is to prove the strong and weak convergence of Mann
iteration for a hybrid pair of maps to a common fixed point of a selfmap f and
a multi-valued f-nonexpansive mapping 7" in Banach space E. Our results
extend the results of Song and Wang [2] to a hybrid pair of maps.
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2 Preliminary Notes

Throughout this paper F denotes real Banach space. We denote the strong
convergence of {z,} to z in F by x, — =.

Lemma 2.1 (Nadler [1]). Let (E,d) be a complete metric space, and
A,B € CB(FE) and a € A. Then for each positive number e, there ezists b € B
such that

d(a,b) < H(A,B) +¢.

Lemma 2.2 (Suzuki [3]). Let {x,} and {y,} be two bounded sequences in
a Banach space E and 3, € [0, 1] with

0< ligriglfﬁn <limsup f, < 1.

n—oo

Suppose Tpy1 = Bty + (1 — Bn)yn for all integers n > 1 and
liin_igp(Hyn+l = Ynll = | Zns1 — z0ll) <0.
Then lim ||z — ynl| = 0.

We will construct the following iteration.
Let K be a nonempty subset of a metric space X. Let f: K — K,
T: K — CB(K) with f(K) is convex and Tz C f(K) for all z € K. Let
a, € [0,1], and 7, € (0,00) such that nh_)nolo% = 0. Choose 7y € K and
Yo € Txy. Let zg = frxy and

z1 = frr = (1 — ap) fro + aoyo
= (1 — a0)z0 + @Yo
From Lemma 2.1, there exists y; € Tx; such that
ly1 — woll < H(Tx1,Tx0) + 0.

Let
2= fro = (1 —aq)z +oqyn.

Inductively, we have
Zn+1 = fxn+1 == (1 - an>zn + ApYn, (2>
where y, € Tz, such that

||yn+l - yn” < H(Tzn+1>Txn) + Vn, M= Oa 1> 2a T
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3 Main Results

These are the main results of the paper.

Proposition 3.1 Let K be a nonempty subset of a Banach space E. Let
[+ K — K be a selfmap with f(K) is convex. Suppose T : K — CB(K) is
a multi-valued f-nonexpansive mapping and Tx C f(K) for all x € K. For
xg € K, let {z,} be the Mann iteration associated with the maps T and f,
defined by (2) and assume also that

0 < liminf o, <limsup ay,, < 1.
n—oo n—oo

Then lim ||z, — yn|| =0 and lim d(z,,Tz,) = 0.
n—oo n—oo

Proof. From the definition of the Mann iteration {z,} given by (2), it
follows that z,.1 = (1 — ay)zn + @uYn, where y,, € Tx,, such that

Hyn+1 - ynH < H(Txn-l—lu Txn) + Tn

< ||Zn+1 - Zn+1|| +7m n = 071727""

Therefore,
m sup(||yn41 — Unl| = 2041 — 2a||) < limsupry, = 0.
n—o0 n—oo

Hence, all conditions of Lemma 2.2 are satisfied. Hence, by Lemma 2.2, we
obtain lim ||z, —yn[| = 0.
Since y,, € Tz, for all n =0,1,2,- -, we have d(z,, Tx,) < ||z — Ynl|-
Hence, lim d(z,, T'z,) = 0.

Theorem 3.2 Let K be a nonempty compact subset of a Banach space E.
Let f : K — K be a continuous selfmap with f(K) is convex. Suppose
T: K — CB(K) is a multi-valued f-nonexpansive mapping for which Tx C
f(K) forallz € K; F(TYNF(f) # 0, and d(x,Tz) < d(fz,Tx) for all
x,y € K. Forzg € K, let {z,} be the Mann iteration associated with the maps
T and f, defined by (2) and assume also that

0 < liminf o, <limsupay,, < 1.

n—o0 n—oo

If T(y) = {y} for each y € F(T), then the Mann iteration {z,} strongly
converges to a common fized point of f and T.
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Proof. It follows from Proposition 3.1 that lim d(z,, Tx,) = 0.
Further, since d(z,, Tx,) < d(z,, Tx,) we get dim d(xp, Tx,) = 0.
Now let p € F(T) N F(f). Then,

[2n+1 = pll < (1 —an)llzn — pll + anlly. — pll
< (1 — )|z — pl| + anH (T, Tp)
< (1= )|z — pll + anllzn — pll
= ||Zn_p||a n:O>1’2>""

Then the sequence {||z, —p||} is a decresing sequence of nonnegative reals and
hence lim ||z, — p|| exists for each p € F(T) N F(f).

From the compactness of K, there exists a subsequence {z,,} of {z,}
such that kh_)rgo Zn, = u for some v € K. By the continuity of f, we have

kh_}rgo Zn, = fu = q (say). Now

d(q7 TU) < ||q — Zny H + d(an, Tx”k) + H(T:L’nk, TU)
< llg = 2, |l + d(2ny T2ny ) + || fu = fn, |l

=2|lq — zn, || + d(2n,, Txp,) = 0 as k — oo.

Hence, fu=q € Tu.
Also,

d(u, Tu) < ||lu— x| + d(zp,, Txy,) + H(Tx),, Tu)

< lu =z, | + d(@n,, Tn,) + [ fu = fon, |
Hence, u € Tu so that Tu = {u}.
Hence, fq=q € Tq.

Thus, q is a common fixed point of f and 7.
Now replacing ¢ in place of p, we get that nh_)rrolo |z — q|| exists and hence

Tim ||z, — qfl = 0.
Hence the conclusion follows.

Corollary 3.3 If f = Ik, the identity mapping on K, we get Theorem 1.1.
Hence, Theorem 3.2 extends Theorem 1.1 to a hybrid pair of maps.

The following is an example in support of Theorem 3.2.
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Example 3.4 Let E = R, the set of all real numbers, with the usual norm
and K = [%,1]. We define mappings f : K — K by fox = 1 — %I and

T:K— CB(K) by Tz =2, 3z +1].

Here f(K) =[1,2], Tx C f(K) for all z € K, and F(f) N F(T) = {2} #0.
Now we consider the following two cases.

Case (i): z € [3,2].
Then, fx—l——xz ,
Thus we have d(x,Tx) =

Case (ii): z € [2, 1].

Then, fr =1—3z <32 TI—[?), ST+ 3.
Thus we have d(a: T:c) s(x—2) =d(fz,Tx).

3
Hence, from case (i) and case (ii), it follows that

d(z,Tz) =d(fx,Tx) forall z € K.
Also, T is f-nonexpansive on K, for, proceeding as in the above, we get

H(Tz,Ty) = max{sup d(T'z,a), sup d(a,Ty)}

a€Ty a€Tx

=|fx— fy| forall z,y € K;

and Ty = {y} for each y € F(T) = {2}.

Next we show that for any z, € K, the Mann iteration defined by (2)
converges to the unique common fixed point of f and T, which is the conclusion
of Theorem 3.2.

Let zyg € K be arbitrary. Let a,, € [0, 1] be such that

0< hm 1nf a, <limsupa, < 1.

n—oo

Iflzvo € 1[%,%] Then fzy = 1 — %1’0 and Txg = [2550 + 3, 3] Choose
Yo = 30 + 3. Then yo € Ty, and fz; =2 + (5 — o) (3 — xg).

On continuing this process, inductively we get a sequence {z,} in K such that

n

—xo H —2a;), n=0,1,2,---. (3)

I [\

fIn+1 =

l\DlP—‘

If IO € [2,1]. Then fxg =1— jx0 and T2 = [ 2, 120+ 3]. Again, choose
Yo = 30 + 5. Then yo € Tz, and for=2—(3—ao) (z0—2).

On contmumg this process, inductively we get a sequence {x,} in K such that

n

1 2
fl"n+1=§ 5(550—— 11 —-20), n=0,1,2,- (4)
7=0

[\)
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Since 0 < lirg inf o, < limsupa,, < 1, there exist real numbers 0 < v,n < 1
n—00 n—00

such that 0 < v < liminf o, < limsup ,, < 7 < 1, and hence there exists a
n—00 n—o0

positive integer N such that v < a,, <17 foralln > N.
Hence, 8 = sup [2¢0; — 1| < max{|2y — 1], |2n—1]} < 1.
>N

Now, by using (3) and (4) for zy € K, we get

2 1,2 N1 n
frpi ==+ =(5 —x) (1-2q;) J](1-2q;), n>N. (5)
3 23 g TN
j= j=
Hence,
2 1 2 N-1 n
\f$n+1—§\§§|§—$o\ IT 11 =205 T 11— 20y (6)
§=0 j=N
1.2 = n—N+1
§§|§—5€0\ [T 11 =204 8 , n=N. (7)
§=0

Hence, fx, — % strongly as n — oo, and % is a common fixed point of f and
T.
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