International Science Index Vol:8, No:1, 2014 waset.org/Publication/9997434

World Academy of Science, Engineering and Technology
International Journal of Mathematical, Computational, Physical and Quantum Engineering Vol:8 No:1, 2014

Weak Convergence of Mann Iteration for a Hybrid
Pair of Mappings in a Banach Space

Alemayehu Geremew Negash

Abstract—We prove the weak convergence of Mann iteration for
a hybrid pair of maps to a common fixed point of a selfmap f and
a multivalued f nonexpansive mapping 7" in Banach space E.

Keywords—Common fixed point, Mann iteration, Multivalued
mapping, weak convergence.

I. INTRODUCTION

ET E be a Banach space and K, a nonempty subset of

E. We denote by 2E  the family of all subsets of E;
CB(E), the family of nonempty closed and bounded subsets
of E and C(F), the family of nonempty compact subsets of
E.Let f: K — K be a selfmap. Let H be a Hausdorff metric
on CB(E). That is, for A, B € CB(E),

H(A, B) = max{sup d(z, B), sup d(z, A)},
T€EA rEB

where

d(z, B) = inf{||]z — y| : y € B}.

A multivalued mapping T : K — 2% is called
f nonexpansive if

for all z,y € K.

If f = Ik, the identity mapping on K ,
a multivalued nonexpansive mapping.

A point x is a fixed point of T if x € Tx. A point z is
called a common fixed point of f and T if fr = x € Tux.
F(T)={z € K : ¢ € Tz} stands for the fixed point set of a
mapping T and F = F(T)NF(f)={z € K : fox =z € Tz}
stands for the common fixed point set of maps f and 7.

Recently, Song and Wang [5] introduced the following
Mann iterates of a Multivalued mapping 1"

Let K be a nonempty convex subset of E, a, € [0, 1] and
n € (0, 00) such that hm Y =0.LetT: K — CB(K) be

a multivalued mappmg Let zo € K, and

then we call T is

Tn41 = (1 - an)xn + anYn, (1
where y,, € T'x,, such that

||y’n+1 - ynH S H(Txn—ﬁ-la Txn) + Tn,N = 07 17 27 e

Song and Wang [5] established the following theorem on
the convergence of Mann iteration.

Theorem 1. [5] Let E be a Banach space satisfying Opial’s
condition and K be a nonempty, weakly compact and convex
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subset of E. Suppose that T': K’ — C'B(K) is a multivalued
nonexpansive mappings for which F'(T) # () and for which
T(y) = {y} for each y € F(T). For xy € K, let {x,,} be the
Mann iteration defined by (1). Assume that
0 < liminf o, < limsup a,, < 1.
n—oo n—00

Then the sequence {x,,} weakly converges to a fixed point of
T.

The aim of this paper is to prove the weak convergence
of Mann iteration for a hybrid pair of maps to a common
fixed point of a selfmap f and a multivalued f nonexpansive
mapping 7" in Banach space E. Our results extend the results
of Song and Wang [5] to a hybrid pair of maps.

II. PRELIMINARIES

Throughout this paper E denotes real Banach space. We
denote the weak convergence of {z,} to x in E by x,, — =z,
and that of strong convergence by x,, — .

A Banach space E is said to satisfy Opial’s condition [3]
if for any sequence {z,} in E, z, — = (n — oo) implies

limsup ||z, — z|| < limsup ||z, — yl|,
n—oo n—oo

for each y € E with x # .

Every Hilbert space and [? (1 < p < oo) space satisfy
Opial’s condition [3].

A multivalued mapping T : K — CB(K) is said to
satisfy Condition I [4] if there is a nondecreasing function
@ :[0,00) = [0,00) with p(0) =0, ¢(r) > 0 for r € (0,00)
such that

d(z,Tx) > p(d(z, F(T)) for all z € K.

A selfmap f : E — FE is said to be weakly continuous if
fr, — fx whenever x,, — z. Amap f: K — F is said be
demiclosed at 0 if for each sequence {z,} in K converging
weakly to = and {fz,} converging strongly to 0, we have
fr=0.

Lemma 1. [2] Let (E, d) be a complete metric space, and
A,B € CB(FE) and a € A. Then for each positive number ¢,
there exists b € B such that

d(a,b) < H(A,B) +¢
Lemma 2. [6] Let {z,,} and {y,} be two bounded
sequences in a Banach space E and 3, € [0,1] with

0< hm mf Brn < limsup 8, < 1.

n— o0
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Suppose Tp+1 = Bnxn + (1 — Bn)yn for all integers n > 1
and
—xz,|) <O0.

limsup(||yn+1 — Ynll — [|[Tn+1
n—oo

Then lim ||:I:7L - yﬂ“ =0.
n—o0

We will construct the following iteration.
Let K be a nonempty subset of a metric space X. Let f : K —
K,T:K — CB(K) with f(K) is convex and Tz C f(K)
for all z € K. Let o, € [0,1], and ~,, € (0,00) such that
lim v, = 0. Choose zo € K and yg € Txg. Let 29 = fzo

n—oo
and

2= fr1 =
= (1 — ap)20 + aoYo-

(1 — o) fzo + aoyo

From Lemma 1, there exists y; € T'xy such that
ly1 = yoll < H(Tz1, Txo) + Yo

Let
2o = fxo =

Inductively, we have

(1—oa1)z1 + a1y

Zp41 = f$n+1 = (1 - an)zn + anYn, ()

where y,, € T'z,, such that

||yn+1 - ynH < H(T.’En+1,TI7L) + M, n=0,1,2,---

III. MAIN RESULTS

Proposition 1. [1] Let K be a nonempty subset of a Banach
space E. Let f: K — K be a selfmap with f(K) is convex.
Suppose T': K — CB(K) is a multivalued f nonexpansive
mapping and Tz C f(K) for all x € K. For zy € K, let
{zn} be the Mann iteration associated with the maps 7" and
f, defined by (2) and assume also that

0 < liminf o, < limsup a,, < 1.

n— o0 n—o0o

Then lim ||z, — yn|| =0 and lim d(z,,Tz,)=0.
n—00 n—oo
Proof. From the definition of the Mann iteration {z, } given
by (2), it follows that z,+1 = (1 — an)2zn + Qnyn, Where
Yyn € T'x, such that

ynt1 — ynH < H(Twpy1, Txn) + Y

S ||Zn+1 *ZnJrlH +’an n= 071723‘” .

Therefore,

limsup([[gn+1 = ynll = [lzn1 — znll) < limsupy, = 0.
n—00 n—0o0

Hence, all conditions of Lemma 2 are satisfied. Hence, by
Lemma 2, we obtain lim ||z, — y,| = 0.
. n— o0
Since y, € 7Tz, for al n = 0,1,2,---,
Hence, lim d(z,,Tz,) = 0.
n— o0

Definition 1. A multivalued mapping 7" : K — CB(K) is
said to satisfy Condition I associated with a selfmap f : K —
K if there is a nondecreasing function

we have

¢ :[0,00) =
such that

[0, 00) with ¢(0) =0, ¢(r) > 0 for r € (0, 00)

d(fz,Tx) > p(d(fz,F), for all z € K.

where F ={z € K : fo =x € Tx}.
If f = Ik, in Definition 1, then 7T is said to satisfy
‘Condition I’(Senter and Dotson [4]).

Theorem 2. Let K be a nonempty closed subset of a Banach
space E. Let f : K — K be a continuous selfmap with f(K)
is convex. Suppose T : K — CB(K) is a multivalued f
nonexpansive mapping for which Tz C f(K) for all z € K;
F = F(T)NF(f) # 0, and satisfies condition I associated
with f. For xg € K, let {2, } be the Mann iteration associated
with the maps 7" and f, defined by (2) and assume also that

0 < liminf oy, < limsup a,, < 1.

n—0o0 n—o00

If T(y) = {y} for each y € F(T), then the Mann iteration
{zn} strongly converges to a common fixed point of f and 7.

Proof. It follows that
hm d(zp, Txyn) = 0.
Now let peF=F(T)NF(f). Then,

=l < (1 —ay)lzn
< (1 —an)llzn

< (I—an)llzn=pll+anllzn—pl|

from  Proposition 1

_pH + anHyn _pH
—p|l| + anH(Tzp, Tp)

|2n+1

= Hzn_pH; n= 07 1727
which gives
d(znt1, F) <d(zpn,F), n=0,1,2,---

Then the sequence {d(z,,F)} is a non increasing sequence
of nonnegative reals and hence lim d(z,, F') exists.

Since T satisfies Condition [ na:scgciated with f, we have
lim p(d(z, F)) = lmn_o(d(frn, F))
< lim d(fwzy, fr,)
n—oo
= lim d(z, fz,) =0.
n—oo

Hence, lim o(d(zn, F)) = 0.

Since ¢ is non decreasmg function, we get lim d(z,, F) = 0.
Hence, for € > 0, there exist natural numbe? ng such that if
n > ng, d(z,, F) < . In particular, inf{||z,,, —y|| : y € F'} <
- So there must exist a z € F' such that ||z, — z|| < §.
Now for m,n > ng, we have,

lzntm — znll < ll2nem — 2l + |20 — 2|
< 2[[z, — 2|
€
2(=) =e.
(==

Hence, {z,} is a Cauchy sequence in a closed subset F of a
Banach space E, therefore it converges to a point, say p € K.
Hence, d(p, F) = 0. Since F is closed, p € F.

Hence, the conclusion of the theorem follows.
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Corollary 1. [5] Let K be a nonempty, closed and convex
subset of a Banach space E. Suppose that T : K — CB(K)
is a multi-valued nonexpansive mapping for which F(T) # ()
and for which T'(y) = {y} for each y € F(T) and satisfies
condition I. For zy € K, let {z,,} be the Mann iteration
defined by (1). Assume that

0 < liminf a,, < limsup a,, < 1.
n—oo n—00
Then the sequence {z,} strongly converges to a fixed point
of T.

Proof. Follows from Theorem 2 by taking f = Ix.

Theorem 3. Let £ be a Banach space satisfying Opial’s
condition and K be a nonempty weakly compact subset of E.
Let f : K — K be a weakly continuous selfmap with f(K)
is convex. Suppose T : K — CB(K) is a multivalued f
nonexpansive mapping for which Tz C f(K) for all z € K
F(TNFE(f) #0,and d(z, Tz) < d(fz,Tx) forall z,y € K.
For 29 € K, let {z,} be the Mann iteration associated with
the maps 7" and f, defined by (2) and assume also that

0 < liminf a,, < limsup a,, < 1.

n—oo n—oo
If T(y) = {y} for each y € F(T) and I — f is demiclosed

at 0, then the Mann iteration {z,} weakly converges to a
common fixed point of f and 7.

Proof. It follows from  Proposition 1  that
lim d(zpn, Tzy) = 0.

n—o0 .

Further, since d(zn,Tzy) < d(zn,Tz,) we get

lim d(zp,Tzy,) = 0.
n—oo
Now let p € F(T') N F(f). Then,

[2n1—=pll < (1=an)l|zn—pll+an|lyn—pl
< (L= an)llzn = pll + anH(Tz,, Tp)
< (1= an)llzn — pll + anllze — ol
=lzn —pl, n=0,1,2,---.

Then the sequence {||z, — pl|} is a decresing sequence of
nonnegative reals and hence nlingo Iz, — p|| exists for each
p € F(T)NF(f).

From the weak compactness of K, there exists a
subsequence {x; } of {x,} such that z,,, — g as j — oo, for
some ¢ € K. By the weak continuity of f, we have z,, —
fq =y (say) as j — oo. Suppose g ¢ T'q. By the compactness
of Tq, for any given T, there exists w; € T'q such that
|, —wjl| = d(z,,,Tq). Since T'q is compact, wy has a
convergent subsequence. For simplicity sake, we write that
subsequence as w; itself. So, w; — w € Tq. Then ¢ # w.
Now the Opial’s property of E implies that,

limsup [|z,,; — wl| < limsup[f|zy,; — w;l + [[w; — wl]
Jj—o0 Jj—o0

< limsup |2, — wyll
j—00

< limsup(d(zn,, Tan;) + H(Txn,, Tq))

j—o0

= limsup [|z,; — y||
Jj—00

< limsup |[zn; — wl,

J—0o0
a contradiction. Hence, ¢ = w, and so ¢q € T'q.
Since,

fon] - xnj || S d(znjlelnj) + d(Tl‘njv‘Tnj)a

we have (I — f)(z,,;) — 0 strongly as k — oo. By the
demiclosedness of I — f, we have (I — f)(¢) = 0 and hence
q=rfa=vy.

Hence, fy =y € Ty.

Hence, y is a common fixed point of f and 7'

Next we show that z,, — y as n — oo. Suppose not. There
exists another subsequence {z,,} of {z,} such that z,, —
z # y. Then, by similar argument as above, we have fz =
z€Tz.

From Opial’s property, we have

lim ||z, — z|| = limsup ||z, — 2|
n— oo k—00

< limsup ||z, — ¥l
k—oo

= lim sup ||an -yl
j—oo

< limsup ||zp; — 2|
j—o0

= lim ||z, — 2|,
n— oo

a contradiction. Hence, z, — y as n — oo.
Thus, the conclusion of the theorem follows.

Corollary 2. If f = I, then we get Theorem 1. Hence,
Theorem 3 extends Theorem 1 to a pair of maps.
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