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Cv Bipartite Entanglement of Non-Degenerate
Three-Level Laser with Squeezed Modes
Pumped by Coherent Light

Getachew A. Gebru ® & Solomon Getahun °

Abstract-\We analyze the CV bipartite entanglement of the light
generated by a coherently pumped non degenerate three-level
laser with a two-mode subharmonic generator coupled to a
two-mode vacuum reservoir via a single-port mirror, whose
open cavity contains N non-degenerate three- level cascade
atoms. We carry out our analysis by putting the noise
operators associated with a vacuum reservoir in normal order.
It is found that the photon-state of the system is strongly
entangled at steady state where as the atom state of the
system is not entangled. We have also shown that as the
stimulated decay constant increases, the degree of
entanglement increases. In addition, we have established that
the photons in the laser cavity are highly correlated and the
photon correlation and entanglement increases as the
amplitude of the coherent light driving the pump mode
increases. Moreover, we have realized that the presence of the
subharmonic generator leads to an increase in the degree of
entanglement and correlations.

Keywords: continuous variables, bipartite, entanglement,
quadrature squeezing, correlations, two-mode
Ssubharmonic generator.

[. [NTRODUCTION

ne of the most fundamentally interesting and
Ointriguing phenomena associated with the

composite quantum system is entanglement. In
recent years, the topic of continuous-variable
entanglement has received a significant amount of
attention as it plays an important role in all branches of
guantum information processing [1]. The efficiency of
guantum information schemes highly depends on the
degree of entanglement. A two-mode subharmonic
generator at and above threshold has been theoretically
predicted to be a source of light in an entangled state
[2,3]. Recently, the experimental realization of the
entanglement in twemode subharmonic generator has
been demonstared by Zhang et al [4]. On the other
hand, Xiong et al [5] have recently proposed a scheme
for an entanglement based on a non-degenerate three
level laser when the three-level atoms are injected at the
lower level and the top and bottom levels are coupled
by a strong coherent light. They have found that a non-
degenerate three-level laser can generate light in an
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entangled state employing the entanglement criteria for
Bipartite continuous-variable state [5].

Moreover, Tan et al [6] extended the work of
xiong et al. and examined and the generation and
evolution of the entangled ligth in the Wigner
representation using the sufficient and necessary
inseparability criteria for a two-mode Gaussian state
proposed by Duan et al [5] and simon [7]. Tesfa [8]
have considered a similar system when the atomic
coherence is induced by superposition of atomic states
and analyzed the entanglement at steady state.
Furthermore, Ooi [9] has studied the steady-state
entanglement in a two-mode /A laser.

More recently, Eyob [10] has studied
continuous-variable entanglement in non-degenerate
three-level laser with a parametric amplifier. In this
model the injected atomic coherence introduced by
initially preparing the atoms in a coherent superposition
of the top and bottom levels. in addition, to exhibiting a
two-mode squeezed light, this combined system
produces light in an entangled state. In one model of
such a laser, three-level atoms initially in the upper level
are injected at a constant rate into the cavity and
removed after they have decayed due to
spontaneous emission. It appears to be quite difficult to
prepare the atoms in a coherent superpositions of the
top and bottom levels before they are injected into the
laser cavity. Beside, it should certainly be hard to find
out that the atoms have decayed spontaneously before
they are removed from the cavity.

In order to avoid the aforementioned problems,
Fesseha [11] have considered that N two-level atoms
available in a closed cavity are pumped to the top level
by means of electron bombardment. He has shown that
the light generated by this laser operating well above
threshold is coherent and the light generated by the
same laser operating below threshold is chaotic. In
addition, Fesseha [12,13] has studied the squeezing
and the statistical properties of the light produced by a
degenerate three- level laser with the atoms in a closed
cavity and pumped by electron bombardment. He has
shown that the maximum quadrature squeezing of the
light generated by the laser, operating far below
threshold, is 50% below the coherent-state level.
Alternatively, the three-level atoms available in a closed
cavity and pumped by coherent light also generated

© 2015 Global Journals Inc. (US)

Global Journal of Science Frontier Research (A ) Volume XV Issue IV Version I E Year



Global Journal of Science Frontier Research (A) Volume XV Issue IV Version | E Year 2015

squeezed light under certain conditions, with the
maximum quadrature squeezing being 43% below the
coherent-state level. In view of these results, better
squeezing is found from the laser, in which the atoms
are pumped by electron bombardment than by coherent
light.

In this paper, we seek to study CV bipartite
entanglement for the light generated by a coherently
pumped non-degenerate three-level laser with a two-
mode subharmonic generator coupled to a two-mode
vacuum reservoir via a single-port mirror whose open
cavity contains N non-degenerate three-level cascade
atoms. In order to carry out our analysis, we put the
noise operators associated with the vacuum reservoir in
the normal order and by considering the interaction of
the three-level atoms with a two-mode vacuum reservoir
outside the cavity. We then first drive the quantum
Langevin equations for the cavity mode operators. We
next determine the equations of evolution of the
expectation values of atomic operators employing the
pertinent master equation. Applying the steady-state
solutions of the equations of evolution of atomic and
cavity mode operators, we analyze the CV atomic and
photon state entanglement as well as atom and photon
state correlations.

[I. MODEL AND DYNAMICS OF ATOMIC AND
CAvITY MODE OPERATORS

We consider a coherently pumped non-
degenerate  three-level laser  with  two-mode
subharmonic generator coupled to a two-mode vacuum
reservoir whose cavity contains N non-degenerate three-
level atoms in cascade configuration as depicted in Fig
1. For the sake of convenience, we denote the top,
middle, and bottom levels of these atoms by |2);, |1);
and ]0>j respectively. We seek to represent the light
emitted from the top level by a2 and the light emitted
from the middle by a1 . In addition, in order to expedite
the cascading process, it is assumed that the parity of
energy levels |2);and|0) jis the same, where as that of

1 j, Is different. This entails that direct transition
between energy level |2); and |0); are electric dipole
forbidden but due to parity difference, the transition
between [2); — |1);,and [1); — |0); are allowed.

The interaction of one of the three-level atoms
with light modes a; and ag can be described at
resonance by the Hamiltonian

A~

() = ig |67 (D () - al (1)1
+a (Daa(t) - abad®)], )

where
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and

o3 = |1);(2] (3)
are lowering atomic operators, a;(t) and as(t) is the
annihilation operators for light modes a;and a9, and g is
the coupling constant between the atom and the cavity
modes.

On the other hand, a pump mode photon of
frequency (w;g) directly interacts with the nonlinear crystal
(NLC) to produce the signal-idler photon pairs having
different frequencies as the two cavity modes.
Furthermore, we consider the case for which the pump
mode emerging from the NLC (or two-mode
subharmonic) does not couple the top and bottom
levels. This could be realized by putting on the right-
hand side of the NLC a screen which absorbs the pump
mode. The top and bottom levels of the three-level
atoms are coupled by a strong driving coherent light
with the frequency (w4). The coupling of the top and
bottom levels of a three-level atom by coherent light can
be described at resonance by the Hamiltonian

() =3 (o8 -~ 3(0))

in which

&3 = 10),(2|

and

Here, 1o is the amplitude of the driving coherent
light and \q is the coupling constant between the driving
coherent light and the three-level atom. Moreover, in a
two-mode subharmonic generator, a pump photon of
frequency ws is down converted into highly correlated
signal and idler photons with frequencies W1 and w2 such
as w3 = wip + w2 [13]. This quantum optical process
leads to the generation of squeezed light. With the
pump mode treated classically represented by a real
and constant c-number p, the process of two-mode
subharmonic generation can be described by the
Hamiltonian

Hy(t) = ic (a{a; - &1a2> , (7)

in which € = 2nou , with 7o is the coupling constant
between the pump mode and nonlinear crystal and i is
proportional to the amplitude of the coherent light
driving the pump mode. Thus upon combining Egs. (1),
(4), and (7), the interaction of the three-level atoms with
the cavity modes and the driving coherent light, and the
parametric down-conversion can be described by the
Hamiltonian



19 s v
+5 (o0 - 510)). (8)
The master equation for a pair of cavity modes coupled to a two-mode vacuum reservoir has the form [14]
d . e .
Zp(t) = —i[H,(1), (1)
5 s YU i
+2 [ostost — ooty — ool
ﬁ Y e i T
+5 (200008 —ofiatp — poliad). )
where 7Vis the spontaneous emission decay constant. Now with the aid of Eqg. (8), one can put Eqg. (9) in the
form
d . fia A stajs o Atis A Afajs
%P(t) =g |07 a1p — a101p + 0y A2 — A303p
P PO PP TS BN RIS v PPN, BN |
g [Pfﬁ ayp — pa 0y + poy Gz — Paz0;
Afatsa A s s antaf | oan o
+E |10 — A1a2p — Pa10y + PA102
9 i i . ]
+5 0 — atp+ ot — pol
B i C o .
+5 [2otoo? — abats - palied
ﬁ s . s Y
+5 26806 — 6615 — pali ] (10)
We recall that the laser cavity is coupled to a d ,
two-mode vacuum reservoir via a single-port mirror. In E}(t) = ——ao(t) 4 eal(t) — g5l (14)

addition, we carry out our analysis by putting the noise
operators associated with the vacuum reservoir in
normal order. Thus the noise operators will not have any
effect on the dynamics of the cavity mode operators
[13]. In view of this, we can drop the noise operators
and write the quantum Langevin equation for the
operators ajand Q2 as

%@1@) — _gal(t) — z[al(t), Pfs(t)] (11)
and
%@(t) = —S&Q(t) - i[&z(t)7 f{s(t)]’ (12)

where k is the cavity damping constant for the light
modes a1 and ag. Then with the aid of Egs. (8), (11), and
(12), we easily

d k
—ia(t) = — 5 an(t) + edb

dt 2 (13)

Making use of the pertinent master equation
and the fact that %<A> = Ty <d,;(tt)A where

( A isan operator), it is not difficult to verify that

d , . i i
- (o1) = o (W) = (#lan)

~(atap] ~ Siod)
e )
d i .
E <‘A7%> = g[<n1a2> - <n2a2
Halod] + ol
. )
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_g (63, (17)

< (i) = g (o) + (alo])

(¥ 2) — (al6d)]
-] g

< (03) = gtoYan) + (alo)]

0 .

5|6+ @] -8y, )

< (a3) = —g (o) + (alo)]

Q)

~5 [t + (o)

@)+ @), o)
where

it = 10,50, (21)
g = [1);(1], (22)
Ay = [2),;(2l- (23)

We see that Egs. (15)-(20) are nonlinear and
coupled differential equations. Therefore, it is not
possible to obtain the exact time-dependent solutions.
We intend to overcome this problem by applying the
large-time  approximation [13]. Then using this
approximation scheme, we get from Egs. (13) and (14)
the approximately valid relations

2¢ . 29 .
ay ?ag — ?O{ (24)
and
. 2e 29 . ;
a9 = ?(ZJ{ — ?Ué (25)
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Evidently, these turn out to be exact relations at
steady state. Solving these equation simultaneously,
one easily verify that

. deg 4y 29k .

a, = _(k;2 — 482)0—2’ - 7 = 4€2>a{ (26)
and

R deg 1) 2gk L

g = — - 4€2>alj — (7 4€2>o§. (27)

Now introducing (26) and (27), into Egs. (15)-
(20), we get

G =3[+ Tl e
—%«r%, (28)
76D =3[+ gz (oh
_% [k22fy_084i2 - Q} (61), (29)
Loty =3[0+ 5] (o)
g ()~ )]
2 -], 6o
%WO =-lo+ k?vik4g2]
<[ () — () ]
kf]fiﬁ [<&$j> * <6]>}’ (31)
() = =[5+ i gm] ()
_% [k?ff;z - Q}
<[ + @] e



" K1, in which
% <n0> [ﬂ_'_ k27—4 2} <n1> e
0 . .
-5 [@0)y + o]+ s6d,  (33)
where
44*

is the stimulated emission decay constant.
We next sum Egs. (29)-(33) over the N three-
level atoms, so that

with the operators NQ, ]\71, and NO representing
the number of atoms in the top, middle, and bottom
levels. In addition, employing the completeness relation

d,o, 1 vek? «
700 =3[0 g )
Q .
-5, ()
d B 1 P)/Ckz ~
7 = =3[0+ g )
11 2v.ck .
Sl &) ©e)
d 1 vek? o
i) = 3|0+ | )

+o [0 — (%), (37

2
) =[5+ 2]
x| (R0) = ()]
k27i5i5€2 [@D @0)} (38) we have

<[(Eh+ 0], (39)

—2 (S + (S)] + B, (20)

N
j=1
N .
=36, (42)
j=1
N .
So=>Y 69, (43)
j=1
N .
No = #d, (44)
j=1
N .
Ny=> (45)
j=1
N .
j=1

)+l +ad =1, (47)
we easily arrive at
<N0> + <N1> + <N2> = N. (48)

Furthermore, applying the definition given by
Eqg. (2) and setting for any j

a1 = 0)(1], (49)

3, = N|0)(1]. (50)

Following the same procedure, one can easily find

¥ = N|[1)(2], (51)
o = N[0)(2, (52)
No = N[0){0], (53)
Ny = N|1) (1], (54)
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Ny = N|2)(2]. (55) (1. CORRELATIONS

In this section we seek to analyze the degree of

Moreover, using the definition photon number and atomic-number correlation. In
N A A addition, we wish to study the entanglement of photon-
Y=+ (56)  state and atomic states in the laser cavity. In the

cascading transition from energy level |2); to |0); via
and taking into account Egs. (50)-(55), it can be readily |1>], a correlation between the two emitted photons a4

established that and ag can readily be established. Hence the photon
number correlation for the cavity modes can be defined
X% = N(Ny + Ny), (57) as
L (@l (t)a ()ay(t)as(t)
3 \ \ g (M1, fa), = ———= " (66)
ZET= N(No + M), (58) P al(Ba ) (@l b)az(t)
2 _ Nﬁo. (59) On the other hand, using Egs. (13) and (14)

together with (26) and (27), the equation of evolution of
We next seek to calculate the expectation value ~ Cavity mode operators a; and dy can be rewritten as
of the atomic operators EO 21 and 22 To this

end, applying the large time approximation scheme to id (t) _ 1 [k? — 4e? a (t)
Egs. (36) and (37), we easily get dt ! 2 k !
. 2g¢
o 1 ~j 29 A5
o) = O [k — 4¢2 —g01 — =03, (67)
< 0> (70k2+ﬂk2_4652) { |: 5} k
x [N () — 2(1%)] d 1[k? — 4e2]
a0 =3 |55 a0
“k [ ()~ 2] o)
i 20 4
—g03 — 701 . (68)
. 1 [Qk2 — 402 — 2v.ck Applying the steady state solution of Egs. (67)
(3p) = = [ 5 5 - 5 } and (68), one readily established the commutation
2 [ Yek? + BR* —4fe relation of thecavity mode operator @; and aT as well as

x (1) (61)  dy and ab.

and in view of the adjoint of (61), Eq. (35) takes the form Hence, we notice that

Global Journal of Science Frontier Research (A) Volume XV Issue IV Version | E Year 2015

k . .
d 1 - [A T] _L[l{:? ~j o~
SE0) = —gnEam), (62) i) = e F (= )
) +4e® (R — 7f)
where
k2 +2¢k <0'Tj + 0“) } (69)
=0t e
O [Qk? — 4062 — 2y.ck [a dT] _ ek [k2 ai
2 | 7ok? + B2 — 4322 (63) n = G g [ ()
2 (] _ »J
We notice that the steady-state solution of Eq. 4” (g — )
(62) for 1) different from zero is — 9%k (&(T)J' + &gj) } . (70)
| (31(t)) = 0. (64)
and summing over all atoms, we obtain
Now on account of (64), one can write (61) in the form
(3a(t)) = 0. (65)

© 2015 Global Journals Inc. (US)



where

stands forthe commutators of <d1’di> and
as, &; when the cavity light modes o, and oz

is interacting with all the N three-level atoms.
In the presence of N three-level atoms, we
rewrite Egs. (67) and (68) as

X3+ NS

, (74)
T, + AT

, (75)

in which A7, A, A, and A are a constant whose
values remains to be fixed. The steady-state solution
of Egs. (74) and (75) is

RS 7 P SV
= > by
W=t iy (10
Wk . 2Nk
iy = 2 s

Y
(k2 —4¢2) 77 * (k? — 4£2)

On account of Eqg. (76) and (77), the
commutation relation for the cavity mode operators is

. A]L:| . 4Nk2
=24y

g (3 - )
+g%m_mg

SV (23 + 20) ] (79)

On comparing Egs. (71) and (78) together with
(72) and (79), shows that

M:&:j% (80)
and
)\/l — A” — 295 . (8].)
1 2 ]{Z\/N
Then Egs. (76) and (77) can be written as
R 2kg -
a; = by
VN (k? — 4¢e2) '
4ge o
82
VN (a2 (82)
and
. 2kg o
a
P VUN (k2 —4e2)
4 ~
el (3)

+ >
VN (k2 —4¢2) "

Furthermore,

the expectation value of the

solution of Egs. (74) and (75) together with (80) and (81)
is expressible as

P — (5 — 370t Le—%not
(an(6)) = (@ O)e™>™ + —=

2ge

+—
kv/N

t
< [enisiw)

t
emamt [ e (Sh(#) (34)

o
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and
o (1)) = (a5(0 e*§not+i€*%7lot
t
| i)
29¢ —3m0t ' snot’ /T (4!
+k‘\/ﬁe 2 ez <El(t)>7 (85)
where
k? — 4¢?
o = ———— (36)

Now in view of Egs. (64) and (65) with the
assumption that the cavity light is initially in a vacuum
state, EQs. (84) and (85) goes over into

(a1(t)) = (a(t)) = 0. (87)

On account of this result as well as Egs. (74)
and (75) that ¢,(¢) and as(t) are Gaussian
variables with zero mean. Then Eq. (66) can be rewritten

A (@] ()@ (0) (@ (D) (1)
n1,No 1
90 Ry = 1 e Ol 0a0)
@ WaONa0an®)
A OaO)aono)

Thus employing Egs. (82) and (83) together with
(50) and (51) along with (88), the photon-number
correlation turns out to be

Global Journal of Science Frontier Research (A) Volume XV Issue IV Version | E Year 2015

g (i ig), =1+ % (89)
where
W, = 45k[ (K2 4 4¢?) ()
42k ((1\72> + <N0>> ] (90)
W, [18 + 452} [k2<N2> +4*(Np)
O Haek(So)],  (O1)

in which <f]0> is given by Eq. (60). Moreover, the atom-
number correlation is defined by

© 2015 Global Journals Inc. (US)

g (N1, Mg), = o —ara S (92)

We recall that the atomic operators 21 and
22 are Gaussian variables with zero mean. Hence Eq.
(92) can be rewritten as

y 2)

g (rﬁ/l),ﬁﬂ)a =1 +

L2 M2
(™
N —| =

P

>
O

o~ |~

SISy
SEyEs)

Thus in view of Egs. (50) and (51), we obtain

+

I
DN —+ DO —+
9| 19>

| 02

1

g(ﬁl,’flg)a = 1. (94)

We immediately see that the maximum degree
of photon number correlation observed when more
atoms in the lower energy level than on the upper level.
This occurs when the three-level laser is operating below
threshold. On the other hand, we note that Eqg. (94) that
unlike the photon-number correlation, the atoms in the
laser cavity are not correlated. Moreover, we point out
that in the absence of subharmonic generator, one can
never realize correlated photons in the laser cavity.

[V.  ENTANGLEMENT QUANTIFICATION

Here, we seek to analyze the entanglement of
photon-states and atomic states in the laser cavity.
Quantum entanglement is a physical phenomenon that
occurs when pairs or groups of particles cannot be
described independently instead, a quantum state may
be given for the system as a whole. Measurements of
physical properties such as position, momentum, spin
polariza- tion, etc performed on entangled particles are
found to be appropriately correlated.

A pair of particles is taken to be entangled in
guantum theory, if its states cannot be expressed as a
product of the states of its individual constituents. The
preparation and manipulation of these entangled states
that have non-classical and non-local properties lead to
better understanding of the basic quantum principles. It
is in this spirit that this section is devoted to the analysis
of the entanglement of the two modes (photon-states).
In other words, it is a well-known fact that a quantum
system is said to be entangled, if it is not separable.
That is, if the density operator for the combined state
cannot be described as a combination of the product
density operators of the constituents,

P> PpY @, (95)
k



in which P, >0 and Y, P, =1 to verfy the
normalization of the combined density states. On the
other hand, on entangled continuous variable (CV) state
can be expressed as a common eigenstate of a pair of
EPR-type operators [14] such as T2 —Z; and D2
+ p1. The total variance of these two operators
reduces to zero for maximally entangled CV states.
According to the inseparable criteria given by Duan et al
[5], cavity photon-states of a system are entangled, if
the sum of the variance of a pair of EPR-like operators,

5=y — & (96)
and
t = pa + P1, (97)
where
. 1 /. At
T = 7 <a1 + al) , (98)
. 1 /. !
Ty = 7 (ag + a2> ) (99)
. v/ .
b1 = E (aj{ - CL1> s (100)
. v/ .
b= (ag _ ag) : (101)

are quadrature operators for modes o, and a.,, satisfy
(As)® + (At)* < 2N

and recalling the cavity mode operators a1 and as
are Gaussian variables with zero mean, we readily get

(102)

(As)” + (At)* = [mal) + (ayal)

)} . (103)

Thus with the aid of Egs. (82) and (83) along
with (50) and (51), we arrive at

(As)? + (A1) = — K

(2 — 422)?
x [k2 44e? — 4ek]

x[2N = (No) — (Vo) — 250} (104)

Upon setting € = (0, we see that

(85)° + (A)" = 2 2 — (V)

~(Na) = 2(Soho],  (105)

where
(Saho = —— [N — (¥) - 2(%)] (106)
o= Y T AN

On the other hand, cavity atomic-states of a
system are entangled, if the sum of the variance of a
pair of EPR-like operators,

0= — &, (107)
and
0 = Py + P, (108)
where
RS G
W= (21 n 21) , (109)
L1 e
W= <22 n 22) , (110)
A’:L'(ﬁ—i) 111
1 \/5 1 1/, ( )
N Z St -
=5 (Zz - 22) 7 (112)

are quadrature operators for the cavity atoms, satisfy
(Au)® + (Av)?* < 2N2. (113)

Since X; and Y, are Gaussian variables with zero
mean, so one can easily verify that

(Au)® + (Av)? =

Now with the aid of (50) and (51), Eq. (114)
takes the form

(Au)’ + (Av)” = N[2N = (V)

—(N) —2(S)|. (115)
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V. (CONCLUSION

In this paper we have studied a coherently
driven non-degenerate three-level laser with, two-mode
subharmonic generator, coupled to a two-mode vacuum
reservoir via a single-port mirror whose open cavity
contains N non-degenerate three-level atoms. We
carried out our analysis by putting the noise operators
associated with the vacuum reservoir in normal order
and by considering the interaction of the three-level
atoms with the vacuum reservoir outside the cauvity.
Results show that the presence of parametric ampli_er
is to increase the squeezing and the mean photon
number of the two-mode cavity light significantly. It is
found that the photon-states of the system is strongly
entangled at steady state where as the atomic state of
the system is not entangled. We have also shown that
as the stimulated decay constant increases, the degree
of entanglement decreases. In addition, we have
established that the photons in the laser cavity are
highly correlated and the degree of photon number
correlation and entanglement increases as the
amplitude of the coherent light driving the pump mode
increases. Moreover, we have shown that the presence
of the subharmonic generator leads to an increase in the
degree of entanglement and correlation. Moreover, we
point out that in the absence of subharmonic generator,
one can never realize correlated photons.
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