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Abstract

In this thesis, we have analyzed the photon statistic and quadrature fluctua-
tions of the degenerate three level laser coupled to thermal reservoir. We have
found that the mean photon number of the system under consideration de-
creases with n but increases with . Moreover, the presence of the thermal light

indeed affects the squeezing of the degenerate three level laser.
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Introduction

Laser stands for light amplification by the stimulated emission of radiation. Most
people are familiar with the atoms which consists of protons, neutrons, and
electrons. The energies of the electrons are quantized that is the electrons can
only have certain energies. For an electron to move between energy levels it
must either gain or lose energy and there are three processes which are absorp-
tion, spontaneous emission, and stimulated emission [1]. When a three-level
atom in cascade configuration makes a transition from the top to the bottom
level via the intermediate level, two photons are generated. If the two photons
have same frequency, the three-level atom is called degenerate [2]. We consider
a degenerate three-level laser in which three-level atoms in a cascade configu-
ration and initially prepared in a coherent superposition of the top and bottom
levels are injected at a constant rate and removed from the laser cavity after
some time [2]. The interaction of atoms with photons is one of the central prob-
lems in quantum optics. In recent years, a three-level cascade laser has drawn a
considerable attention in connection with its potential as a source of squeezed
light [5-12]. The squeezing feature of emitted photons is due to atomic coher-

ence that can be induced by preparing atoms in a coherent superposition of the



top and bottom levels [5-7]. It has been established that a three level laser un-
der certain conditions generates squeezed light [6-12]. In a cascade three level
laser, three level atoms in a cascade configuration were injected into a cavity
coupled to vacuum reservoir via a single port mirror. The injected atoms may
initially be prepared in a coherent super position of the top and bottom levels. A
three-level laser has been studied by some authors [5-7] and the cavity photons
are found to be in a squeezed state under certain conditions. In addition, the
mean and variance of the photon number for a degenerate three-level cascade
laser have been calculated [16]. It is found that the mean photon number of the
cavity photons increases with the linear gain coefficient and the cavity radiation
exhibits super-Poissonian photon statistics. Ansari [9] has predicted that such
a laser can generate under certain conditions squeezed light. A three level laser
in which the top and bottom levels of the atoms injected into the cavity are cou-
pled by a strong light has also been studied by different authors [7-9]. Anwar.
NA [11] has considered a degenerate three level laser with the atoms initially
in the upper level and with the top and bottom levels of the atoms coupled by
coherent light. Recently, a three-level laser whose cavity contains a paramet-
ric amplifier has been studied [17]. It is found that the parametric amplifier
enhances the degree of squeezing of the cavity radiation. Moreover, the cavity
light of a degenerate three-level cascade laser in which the top and bottom lev-

els are coupled by strong coherent light has been investigated [11-13].

In this thesis, we study the squeezing and the statistical properties of the

light produced by degenerate three level laser coupled to thermal reservoir. We



first derive the master equation, stochastic differential equations along with the
correlation properties of the noise forces. We then determine the solution of
c-number Langevin equation. We also obtain the anti-normally order charac-
teristics function with the aid of which the Q-function is established. The result-
ing Q-function along with density operator is then used to calculate the mean
photon number, the variance of the photon number, the photon number distri-

bution, power spectrum, and quadrature variance.



The Q Function

In the first three sections of this chapter we focus on developing the master
equation, the stochastic differential equations, and the solution of the c-number
Langevin equation. Then in the last two sections, we determine the Q function

and the density operator.

2.1 The master equation

We consider a degenerate three-level laser in which three-level atoms in a cas-
cade configuration and initially prepared in coherent superposition of the top
and bottom levels are injected at a constant rate and removed from the laser
cavity after some time.We denote the top, intermediate, and bottom levels of
a three-level atom by |a), |b), and |c). We assume the cavity mode to be at res-
onance with two tranisition |a) — |b) and |b) — |c), with direct transition be-
tween levels |a) and |c) to be dipole forbidden. We next drive the time evolution
of reduced density operator for a cavity mode coupled to thermal resevoir via a

single port-mirror. The Hamiltonian describing the interaction of a three-level
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Single-Mode Thermal
Reservoir

Figure 2.1: A schematic representation of a degenerate three level laser coupled

to thermal reservoir.

atom with the cavity mode is expressible as

ﬁfzzg(<|a><b| By (ea — at (1) (a] + |c><b|>), @.1)

where g is the coupling constant and a is the annihilation operator for the cavity

mode. We take the initial state of a single three-level atom to be
|¢A(O)> = Ca‘a> + Cc‘c> (22)

and hence the initial density operator of a single atom is

pa(0)=pa)(al + p2D]a)(c| + pQle)(al + piPe){cl, (2.3)

where
O —cc,, (2.4)
Pl =C,Cs, (2.5)

V=c.cr, (2.6)



2.1 The master equation 6

PO =CrC.. Q2.7

[

Suppose p4r(t,t;) is the density operator for a single atom plus the cavity mode
at time t, with the atom injected at time ¢;, such that (t — 7) < ¢; < t. The density
operator for all atoms in the cavity plus the cavity mode at time t can then be
written as p p = Zj N;par(t,t;). Then it follows

par(t)=ra Y par(t,t;)At;, (2.8)

J

where N = r,At; , represents the number of atoms injected into the cavity in a

time At; and r, is the rate at which atoms are injected into the cavity.

Now converting the summation into integration in the time At¢; — 0, we

have

t
par(t)=ra / par(t,t)dt 2.9)
t—r

and on differentiating with respect to t, there follows

d . . . o o
%pAR(t) =71[par(t) — par(t,t — 1) + ra/ apAR(tt )dt'. (2.10)
t—r

We observe that par(t,t') is the density operator for the cavity mode plus an

atom injected at time t. This operator can thus be expressed as
par(t)=pa(t)p(t), (2.11)

with 5(t) being the density operator for the cavity mode alone. We also note that
par(t,t — 7) represents the density operator for an atom plus the cavity mode at
time ¢, with the atom being removed from the cavity at this time. This operator

can also be put in the form

ﬁAR(t,t—T):ﬁA(t—T)ﬁ(t). (212)
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Now in view of Egs. (2.11) and (2.12), one can rewrite Eq. (2.10) as

d . . . o N
gpPAr() =ralpa(t) = palt = T)Ip(t) +7a | o har(t, t)dt. (2.13)
t—T1

In the absence of damping of the cavity mode by a vaccum reservoir, the density

operator pr(t,t') evolves in time according to
a ~ / - ~ /
@PARUJ )=—i[Hr, par(t,t)], (2.14)

so that using this relation and taking into account Eq. (2.9), one can put Eq.

(2.13) in the form

© pan(t) =ralpalt) — palt — 7pt) — LAl pand)] 215

Now tracing Eq. (2.15) over the atomic variables, we observe that

d R
aﬁ(t) =—iTra[Hy, par(t)]. (2.16)

Taking into account the damping of the cavity mode by a thermal reservoir, we

found

d'\ N . 2 ~ A
d—f =—1Tra[Hr, par(t)] — hRTrr(HZRR)p

—hpTrr(H2aR) + 2hTrr(HsppRHgg). (2.17)

The interaction of a cavity mode with a reservoir can be described by the Hamil-

tonian

Hsp=1\a'a;, —al a), (2.18)

in

where ) is the coupling constant, a is the annihilation operator for the cavity

mode and a;, is the annihilation operator for the thermal reservoir. Applying
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the fact [a;,, a] = 0, we observe that

Trr(H2aR) =)0 (a2 Vg — ata(amal Vg

in

—aa'(a} i) g + aat(al ain) gl (2.19)

We recall that density operator for a light in a chaotic state is given by

N

Employing this density operator, one can easily calculate the mean photon num-

ber of the thermal reservoir, we thus see that

AT

it - n ot
from which follows

(6} i) g ="n. (2.22)

Following the same proceder, we get

(@2 r=(al)r =0, (2.23)

m

(@mal, ) p="n+ 1, (2.24)

where the commutation relation [a;,, djn] =1.

In view of Eq. (2.22), (2.23), and (2.24) along with (2.19), we have

Trrp(H2R)=—)2 l —(n+1a'a— ﬁddq : (2.25)

Similarly, one can readily obtain

Trr(HsppRHgg)=—\? { —n(afpa) — (n+ 1)(&;}&)} . (2.26)
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Now combination of Egs. (2.25), (2.26), and (2.17) yields

% = —TralH(t), par(t)] + S(0+ 1) (2apa" — a'ap — pata)
+%/€n(2dT pa — aa'p — paat), (2.27)
in which
k=2h\?, (2.28)

is the cavity dampying constant.

Moreover, employing Eq. (2.1), the master equation for the degenerate three-
level atom in a cavity coupled to thermal reservoir, can be put in the form

dp N . . .
d—i = g(papa’ — @' pap + ppea’ — ' pye

+0ppa — Poall + Apeh — Pepit)

—l—%/in(QdTpa —aa'p — paat), (2.29)
in which the matrix element p, is defined by
Pas={c|par|B), (2.30)
with o, 8 = a, b, c.
On the other hand , we see from Eq. (2.15) that

o2 1 alpa(0)16) — ralalpatt ~ DI

—i[{c|H1parlB) — (@l parH1lB)] — VPas, (2.31)

where the last term is included to account for the decay of atoms due to spon-

taneous emission. Here 7, considerered to be the same for all the three-levels,
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is the atomic decay constant. We assume that the atoms are removed from the
cavity after they have decayed to a level other than the middle or bottom level.

We then see that

(alpalt = 7)) =0 (2.32)

and hence Eq. (2.31) reduces to

Dot alpa(@13)0(1) — il Hipal) — {olpantilB) —vpos. (233)

Applying this equation and taking into acount Egs. (2.1) and (2.3), we can read-

ily obtain
e _ (o031 + Y — p28) — 29 234
dﬁt’” =g(apl) — piy)a = a'p2)) = Vphe, (2.35)
dﬁ;‘“ =rap0p + g(py) " + apfe)) — Vo (2.36)
dg;b g(p,()c) T+ dpg:) - dTp((z(l))) - Pz()g)d) = 7 Pob; (2.37)
dﬁ,‘fc =raplp+ 9(apy = Py@) = VPac, (2.38)
dgf rapQp — g(atply) + p3a) = Ypec. (2.39)

Thus upon dropping the g-terms and applying the large-time approximation

scheme, we get from Egs. (2.36) - (2.39) that

Fap)
pua =" (b, (2.40)

pob =0, (2.41)
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Tll ac

Pac =L (1), (2.42)
i
rapty)

poe= ). (2.43)

Now combination of Egs. (2.34), (2.35), (2.40), (2.41), (2.42), and (2.43) leads to

dpay 9gTa . an
dt ¥
dppe Ta . At
L =T (o Wap — pal5) = ypue. (2.45)
14 84

Using once more the large -time approximation scheme, we easily find

gra ~n A
pab= 7(/)2?/)@* — ) pa), (2.46)
ra A A AT A
Pbe = 972 (0 ap — pla'p). (2.47)

Finally, on account of Egs. (2.44) and (2.45), the master equation for the cav-
ity mode produced by degenerate three-level laser coupled to thermal reservoir

takes the form

dp 1 ot ot n omnn
—’: = 5(14/0((1?1) + wn)(2a'pa — aa'p — paal)
+5 (AL + A(7 + 1)) (2apa — dlap — pa'a)
1
+§A,3§3) (a™p + pa® — 2a'pat)
1
+§Aﬁ£2)(d2ﬁ + pa* — 2apa), (2.48)
where
27.G°
A= ’;29 , (2.49)

is linear gain coefficient.
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2.2 Stochastic differential equations

In this section, we obtain the stochastic differential equations with the aid of
master equation described by Eq. (2.48). Then empolying the relation

d
4 ay=1v ($a> | (2.50)

one can write

d 1
{a)=>5 (Apgeg + m) Tr(2d' paa — aa'pa — paa’a)
1
+3 (A;sg? + k(R + 1))Tr(2a/3afa — pata® — a'apa)
1
+§Aﬁgg>Tr(ﬁaT2a + a'?pa — 2a'pata)

1
+§Aﬁ§2)Tr(ﬁd3 + a%pa — 2apa?). (2.51)
Applying the cyclic property of the trace operation and the commutation rela-

tion
[a,a]=1, (2.52)

we get

d

o1 .
G@=3 (42 - 42 - )@, 2.53)

Following the same procedure, it can also be verfied that

5100 = (A2 = A2 = ) @) + A2, @54
4 it ©) _ 4,0 it O 4
a(a ay=\ Apy. — Apsy — K |{a'ay + Apy) + kn. (2.55)

We note that the c-number equations corresponding to Egs. (2.53), (2.54), and
(2.55) in the normal order are

0= (402 = 20 - &) a). 2.56)
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(0 = (A2 = 4012 = ) (a?(0) + 4012 257)
%(a* (t)a(t))= (Apg?l) — Apﬁg) — K,) (o (t)a(t)) + Apg?l) + K. (2.58)

On the basis of Eq. (2.56), one can write

d 1

() =—5nalt) + falt), (2.59)

where ;1 = Apg(c)) — Ap((l%) + r and f,(t) is a noise force whose correlation property
remains to be determined. We now proceed to determine the correlation prop-
erties of the noise force. Taking the expectation value of Eq. (2.59), we observe
that

d 1

Za(t) =—spla() + (falt). (2.60)

We note that Egs. (2.56) and (2.60), will have the same form if

(fa(t))=0. (2.61)
Applying the relation
d, 5\ d d
Sl (@) =(a®)(Za®)))) + (Zalt)a(t)), (2.62)

along with Eq. (2.59), we obtain
— {0 ()) =—p(a® (1)) + (a(t) fa(t)) + (fa(H)a(t)). (2.63)
Comparison of Egs. (2.57) and (2.63) shows that

(a(8)falt)) = 5 AP, (2.64)
The formal solution of Eq. (2.59) can be written as

¢
a(t) :a(())e*%“t + / e’%#(t’t/)fa(t’)dt'. (2.65)
0
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Thus employing this formal solution, we can express Eq. (2.64) as

(@ (0)fa(t)e 3 + / B () )t = S AR, (2.66)
0

Taking into account Eq. (2.61) and the fact that a noise force at some time does

not affects the cavity mode variables at earlier time, we see that

((0) fa(t)) = ((0)){fa(t)) =0, (2.67)

in view of which Eq. (2.66) becomes

t

[ e ) o) = 5 402 268
0
Applying the relation
¢ 1 ’
| e 0 wg@yar -p. 269
0
we assert that

(f(t)g(t"))=2Ds(t —t). (2.70)

We therefore, see from Eq. (2.68) that
(Falt) falt)) = ApQ0(t — ). (2.71)

Futhermore, applying the relation

d, . B d . . d
21\@"Oa(t)) = ((a(t) o™ () + (" () al®), (2.72)

along with Eq. (2.59) and its complex conjugate, we have

5" (Ma(t))=—ula’(t)a(t))

+a™ () fa(t)) + (a(t) fa(t)- (2.73)
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Comparison of this equation with Eq. (2.58) indicates that
(@ (1) falt)) + (a(t) f* () = AplG) + k. (2.74)
Now applying Eq. (2.65) and its complex conjugate in Eq. (2.74), we get

ApS) + k= ((a"(0) fa(t)) + (a(0) f2(t)))e 211

i /ot e 2Ot falt)) + (Sa () fal0)]d (2.75)

In view the relation (a*(0) f.(t)) = (a(0)fX(t)) = 0, we can put Eq. (2.75) in the

«

form

/ e EOULLE Ja0) + (Fa L )]dt = Apl) + s (2.76)
0

and assuming that

(fat) fa@)=(fE) [ (1)), (2.77)
we have
[ OGO O = A + .78
It then follows that
((O1(0) = (A2 + w0 ot - 0 2.79)

In view of Eq. (2.77), we note that
(EaE)1200) = (A2 + s ot ). (2.80)

The results described by Egs. (2.61), (2.71), and (2.79) represents the corre-

lation properties of noise forces associated with normal ordering.
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We next proceed to determine the solution Eq. (2.59). We then define a new

variable
ax(t)=a(t) £ a(t) (2.81)

and using Eq. (2.59) along with its complex conjugate, we find

d 1
Eai = —E,uozi + f2(t) £ falt), (2.82)

where we have used
=AY — o) + . (2.83)
The solution Eq. (2.82) can be written in the form
1 t 1 ’
ax(t)=ax(0)e 2 + / e 2Py £ fo ()] dt, (2.84)
0

so that with the aid of Egs. (2.81) and (2.84), we readily find

a(t)=E.(t)a(0) + E_(t)a*(0) + F(t), (2.85)

where
E.(t)= %(e—%““—t’) + (e"2HE)), (2.86)
Fi)= [ B,050) + B0 (. .87

2.3 The Q function

We now proceed to obtain the Q function for the cavity mode coupled to ther-
mal reservoir. The Q function for a single-mode light can be expressed in terms

of the antinormally ordered characteristic function as

/e

1 d2 * *
Q(a*,a,t):—/—Zq)a(z*,z,t)ez e (2.88)
T
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where ¢,(z*%, 2, t) is defined in the Heisenberge picture by
D, (2*, 2, t) =Tr(p(0)e > 20 (1), (2.89)
Apply the relation
eAeB = eBeAe[A’B} , (2.90)
which holds for [A4, [A, B]] = [B, [A, B]] = 0, Eq. (2.89) can be rewritten as

O, (2% 2,t)= e_z*zTr(p(O)ezaT(t)e_z*d(t)). (2.91)

We note that Eq. (2.91) can be expressed in terms of c-number variables associ-

ated with the normal ordering as

Do (2*, 2, t) =e 2 # (2 Wem2" o)y, (2.92)

On the basis of Eq. (2.85) and assuming that the cavity mode is initially in
vaccum state thus we observe that «(¢) is a Gaussian variable with zero mean.

On account of this, Eq. (2.92) can be put in the form [2].

D, (2", 2, 1) :e_z*zexp%(zoz*(t) — 2*a(t))?). (2.93)
Then leads to
(2 2, 1) = e exp| — 2 2la* (a(t)) + %zQ(a*Q(t)) + %z*2<a2(t)) 2o

We now proceed to obtain the expectation value of c-number variables appear-
ing in Eq. (2.94). Taking into account the fact that a noise force at a given instant

does not affect the cavity mode variable at earlier time, we find

(@ (t)a(t)) = (F ) F(1)), (2.95)
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so that using Eq. (2.86), we have

(a"()a(t)) = /0 dt'dt” [(E+(t — ) EL(t = ") () ("))
+E_(t =t E_(t = t"){f*(t") f ()
+E+(t . t/)E_ (t o t//)<f*(t/)f*(t//)>

CE(t— O)Ey(t - t"><f<t'>f<t">>] .

With the aids of Egs. (2.71) and (2.79), we get

(a*(H)a(t)) = /0 dt’ {(Ei(t — 1)+ E2(t — t)[ApY + k7

FEL(t— ) E_(t— )[A(p® + p:;£°>>]

and employing Eq. (2.86), we have

1 [ )
(a*(t)a(t)) = Z/ dt’ {(A[pg? + 0r O 12901 - 240 )11

0

_(A[/)g?;) + ,0220) - Zpg?l)] — 2Rﬁ)e“+(tt')} _
It then follows that
* 1 (0) *(0) (0) _ ot
(o (t)a(t)) = 1 Alpad + Pae’ + 2054 + 260)(1 — €

Apiy

Following a similar proceeder, we easily find
1
(@(0) = (A + 70+ 2090+ 200 ) 1 = )
L

Apiy

(Y- o)
M+ g

1
i (A + 2~ 200 - 2em ) 1 = ) ),

1
+— (A([pff? + e = 2p0)] - 2%) (1- 6‘“”)

(2.96)

(2.97)

(2.98)

(2.99)

(2.100)
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and

1
f020) = g (A2 + 450+ 200+ 200 ) 1 = )

1
L (A([pg? o0 _9p0] m) (1- )

4y

A 0) _ +(0) ()t
S OB OR TR R (2.101)
Pt oy

In view of Eq. (2.94), we see that

O, (2", 2, 1) :exp[ —az'z+ %(b*z2 + bZ*2>:| : (2.102)
in which
a=1+ (a*(t)a(t)), (2.103)
b={a?(t)), (2.104)
b = (a*(t)). (2.105)

It proves to be more convenient to introduce a new parameter defined by

Pl = 1%77 (2.106)
so that in view of the fact that
P+ Pl =1 (2.107)
and
PP =l o, (2.108)
one easily finds
P (2.109)
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1 .
[l =5 (1 =n*)z, (2.110)

and
p — pl0 =y 2.111)

With the aid of Egs. (2.111) and (2.83), we see that

p=An+ kK. (2.112)
Upon setting
P =p21e”, (2.113)
we have
Pl + pl% =/T—n? cos 6. (2.114)

On account of Egs. (2.99), (2.100), and (2.101) along with Egs.(2.103), (2.104),

and (2.105), we observe that

<(A[1 —n+/1—n2cos ] + 2kn)(1 — e_(A”+“)t))

S 4(An + k)
((A[l — 1 — /1 —n2cosb] + 2kn)(1 — e—(Anﬂ)t))
T (A 1 5) : (2.115)
((A[l — 4 /T =12 cos ] + 2kn)(1 — e(An+n)t))
. it r)
((A[l —n—/1—n%cosl] + 2kn)(1 — e—(AnJrn)t))
- 4(An + k)
iAy/T—n?sin6 (1 —~ e—<An+n>t)
* (2.116)

2(An+ k) ’
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<(A[\/1—7772 cos 0 + (1 —n)] + 2kn)(1 - e-(AW)t))
4(An+ k)
<(A[MCOSQ — (1 —=n)] +2kn)(1 — e(AnJrn)t))
4(An + k)
iA\/1T —n%sind (1 - e(An+n>t)

2 An + ) . (2.117)

b* =

Hence applying Eq. (2.102) in Eq. (2.88) and upon carrying out the integration

with the aid of the relation

1
2 2
/ d Oéefaa*a+ba+ca*+Ba2+Ca*2 — |: 1 :|

s a? —4BC
abc + Bc? + Cb? >0
“rp a? —4BC -
(2.118)
the Q function is found to be
2 *, .\ L
_ 3 1
Qa™, a,t)= Mexp —ua*a+ 5('0*042 +va*?) |, (2.119)
T
where
a
b
and
* b*

This represents the Q function for the degenerate three level laser coupled to

thermal reservoir.
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2.4 The densty operator

We seek to determine the densty operator for the cavity mode. Suppose p(af, a)
is density operator for a certain lihgt beam. The normally-ordered density op-

erator can be expressed as
p(t)=>_ Cua™a'. (2.123)
kl

Now we recall the completeness relation for coherent state as [2]

1 /d2|a><a| =1 (2.124)

™

On the other hand, the expectation value of an operator function A(af, a,t) can

be put in the form
(Aat,a,t))y=Tr(p(at, a,t)A0)). (2.125)

To this end, using then completeness relation given by Eq. (2.123) twice; we

have

platsa.0= [ 2P ey alatat 019 (5] 2.126
This can be rewriten as in the form

pla o)== [ dadsQ(a. 5,003 ) 2.127)
in which

Q(a*, 5.1)={alpla ., 1)) (2.128)
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Therefore, in view of Eq. (2.125) and (2.127), the expectation value of a given

operator function A(a', a, t) is expressible as

(A a,0) = [ EadsQ(a’ B tjeap| — a’a = 75+ Fa - a5 | Aufa, ),

(2.129)

where A, (o*, 3) is c-number function corresponding to the A(a', @, ¢) in the nor-
mal order. Then the expectation value of a given operator function A(af,a, t)

can be rewritten as

N|=

(Aat, a,t)) =[u? — v*v) / dQ—OédZ—ﬁexp[ —ua*f

m™ T

+%(vo¢*2 +v*B%) —afa — BB+ Bra+ oz*ﬁ] Ao, 5%). (2.130)

This is the expectation value of operator A(a', é, t) for the degenerate three-level
coupled to thermal light in which A, (a, *) is c-number function corresponding

to the operator variables in the normal order.



Photon Statistics

It would be helpful to classify the photon statistics of light modes based on the
relation between the variance and mean of the photon number. Hence the pho-
ton statistics of a light mode for which An? = 7 is referred to as Poissonian and
the photon statistics of light mode for which An? > 7 is called super-Poissonian.
Otherwise, the photon statistics is said to be sup-Poissonian. Here we wish to
calculate the mean photon number, variance of photon number, power spec-

trum, and the photon number distribution.

3.1 The mean photon number

The mean photon number can be expressed as

(&T(t)&(t)):/dQQQ(a*,a,t)Aa(a*,a). (3.1
It then follows that
(a'(t)a(t)) = / d*aQ(a*, a,t)(a*a — 1), (3.2)
where
A, 0)=ara — 1, (3.3)
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is the c-number function corresponding to operator function a'(t)a(t) in the

antinormally order.
Taking in to account Eq. (2.119), the mean photon number can be written as
d*a

(@'(t)a(t)) = (u? — v*v)% Tea:p{ —uoa + %(v*az + va*2)] (*a—1), (3.4

this can be put in the form

D=

&2 [
~F ~ — 2 % - o *
@ ()at)) = ( Uv)dmﬁn/mﬂwm{ ua* o+ na
1

+ma* + 5(1}*042 + va*Q)} -1,

n=m=0

(3.5)

so that upon carrying out the integration using the relation described by Eq.

(2.118), and applying the condition n=m=o0, we get
(a'(t)a(t)) = - — L. (3.6)

Now in view of Egs. (2.120), (2.121), and (2.122) along with Eq. (2.115), we can

write
(@' (t)a(t))=a — 1, (3.7)

then follows that

<&T(t)&(t)> _ (A[l —n++/1—n%cos 9] + 2Hﬁ) (1 . 6_(A77+”)t)

4(An+ k)
4 ) -
e 4(11477 fl«jos L 250) (1 mtameony (3.8)
and this can be rewritten as
tipaon AL —nl+460) (0 e
(a'(t)a(t)) 1Ay £ 1) 1—e . (3.9)

This represents the mean photon number for the degenerate three-level laser
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an

The mean photan number

Fig. 3.1: plot of the mean photon number 7 versus 7 for A = 25, 7 = 20, and

k=0.8

coupled to themal reservoir. The result described by Eq. (3.9) at steady state can

be put in the form

(@' (t)a(t))ss = 2’?151177;% + A:i . (3.10)

We immediatly see that the mean photon number of the system under consider-
ation does not happens to be the sum of the mean photon number of the laser
and the thermal light. We clearly observe from fig. 3.1 that the mean photon
number decreases with 7.

Moreover, upon setting n = 0, we easily get

(@' (t)a(t))ss = %. (3.11)

This is the mean photon number of the the degenerate three level laser coupled

to vacuum reservoir.
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3.2 The variance of the photon number
The variance of the photon number can be expressed as
(An)? = (A% — (n)% (3.12)
The photon number variance for the cavity mode can be rewritten as
(An)*=(@*(t)a™(t)) — 3(a' (Ha(t)) — (@' (Ha(t))* -2, (3.13)

where (af(t)a(t)) is the meam photon number for the laser plus the thermal

light. Thus employing the Q function, we see that
(@*(t)a'(t)) = / d*aQ(a*, a, t)a*a’. (3.14)

This can be put in the form

(NI

d* d?
(@2(t)a™(t)) = (u* — v*v) / —ae:cp{ —uaa+ na + za*

dn?dz? T

1
+§(v*a2 + 1104*2)1

n=z=0
(3.15)
Upon carrying out the intgration using Eq. (2.118), we get
@200 = - eapluzy + Loz + Lot (3.16)
dn?dz? 2 2 pmz=0 ’

so that carrying out the differentiation and applying the condition z = n = 0, we

readily find

@) =

(3.17)
On account of Egs. (2.120), (2.121), and (2.122), we easily obtain

(a®(t)a™(t)) =2a* + b*D. (3.18)
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Now with the aid of Egs. (3.7) and (3.18), Eq. (3.13) can be put in the form

(An)*=a* +b*b — a. (3.19)

Finally, in view of Egs. (2.115), (2.116), and (2.117), the variance of the photon
number for the degenerate three level laser coupled to thermal reservoir has the

form

(o[ AL VL PO L8Ry ]
4(An + k)
" Al — ﬂcos 0] + ’m(l B e_(An+n)t) i
4(An + k)
A%(1 —n?)sin® 6
4(An + k)
- Al + MCOS 6] + inﬁ(l _ elAn+n))
4(An + k)
Al — /1 = n2cos ] + 2x7 1 o~ (Antrt (3.20)
4(An + k) (1=e ') |

(1 o ef(AnJm)t)Q

_l_

Then the variance of the photon number at steady state is expressible as

s oAl + /1 —n%cosb] + kn 2 All = /1= n2cosb) + ki’
s v e e e

. [A2<1 —1?) sinQG] B {A[l + /1 =12 cos ] + 2m]

4(An + k) 4(An + k)

N {A[l — /1 —n?cosf] + 2/{7‘1] ' (3.21)

4(An + k)

On comparing Eq. (3.10) and Eq. (3.21) that the photon statistics is super-
Poissonian.

For the case in which n=0

4(An + k) 4(An + k)
N {AQ(l — n?) sin? 9} B [A[l ++/1—n?cos 0]}
4(An + k) 4(An + k)

+{A[1—\/1—772<3080]} (3.22)

4(An + k)
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This is the variance of the photon number for the degenerate three-level laser

coupled to vacuum reservoir.

3.3 The power spectrum

It is now interesting to consider the power spectrum of the cavity light. The
power spectrum of a single-mode light with centeral frequency wy is expressible

as [2]

1 o .

P(w)=—Re / dre @) (N ) a(t + 7)) ss. (3.23)
T 0

We now proceed to calculate the two-time correlation function that appears in

Eq. (3.23) for the cavity light. To this end, we realize that the formal solution of

Eq. (2.65) can be written as

alt+m)=a®e 4 [ F T e 7 3.24)
0

Then multiplying both sides on the left by o*(¢) and taking the expectation value

of the resulting equation, we have

(@ (ta(t + )= (o (al(t))e > + /0 T N (1)1t + 7)), (3.25)
so that in view of the fact that
(@ () f(t+ 7)) =( () f(t+ 7)) =0, (3.26)
it then follows
(@* (D)t + 7)) = (@ ()a(t))sse ™ 7. (3.27)

Substitution of Eq. (3.27) into (3.23) and carryingout the integration employing

the relation

1 Re / dre~z=in—mo)lT — 2r , (3.28)
0
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we arive at

©

P(w) = (" (H)u(t))ss = wgg e (3.29)

Upon integrating both sides of Eq. (3.29) over w, we readily get

/ - P(w)dw=(a"(t)a(t))ss, (3.30)
in which
(@ (t)a(t))ss = Al = n) L (3.31)

C2A(n+ k) An+w’
is the steady-state mean photon number of the cavity light produced by degen-
erate three-level laser coupled to thermal reservoir. From this result, we observe
that P(w)dw is the steady-state mean photon number in the interval between w
and w + dw.
We next seek to calculate the mean photon number in a given frequency inter-
val. We thus realize that the steady-state mean photon number in the interval

between w’ = —)\ and «’ = ) can be written as

(@' (t)a(t))or= /_ T P(W)dw, (3.32)

wher w' = w — wy. Therefore, using Eq. (3.29) and the fact that

/_ j Wde:/a? - 2 tanl(g), (3.33)
we readily obtain
(@' (t)a(t)).ex= (@' (t)a(t))ssz(N), (3.34)
where
2(\) = 2 tan_l(g). (3.35)
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Fig. 3.2: Plot for z(\) versus A for n = x = 0.2 and A=2.

One can easily get from Fig. 3.2 that z(0.15)=0.295, z(0.61)=0.709, z(1.36)=0.822,

7(2.72)=0.93, (6.76)=0.97. The combonation of this results with Eq. (3.34) yields

(@’ (t)a(t))o15=0.295(a' (t)a(t)), (3.36)
(@’ (t)a(t)) o6 =0.709(a' (t)a(t)), (3.37)
(a"(t)a(t))+1.36=0.822(a' (t)a(t)), (3.38)
(a'(t)a(t))r272=0.93(a' (t)a(t)), (3.39)
(a"(t)a(t)) 6.6 =0.97(a’(t)a(t)). (3.40)

We immediatly see that a large part of the total mean photon number is con-

fined in a relatively small frequency interval.
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3.4 The photon number distribution

We wish here to obtain an explict expression of the photon number distribution
employing the Q function for single-mode light.

The photon number distribution for a single-mode light defined by
P(n,t)=(n|p(a',a,t)|n). (3.41)
Introducing Eq. (2.127) in (3.41), we see that
P()= = [ @=dnQ(" 0,0l o) 21 3.42)

Now using the Q function described by Eq. (2.119), Eq. (3.42), can be rewritten

as
Cu? - vz O™ d*z e U e
P(n)= T Badam | | T EE + 5% +a*z
d277 * U* 2 * * *
—exp| —nn+—=—n —uzn+an +z'n , (3.43)
Q 2 a*=a=0
where
(2ln) =™ 2 T4, (3.44)
—z*z 2"
(n|z)=e"2 Nk (3.45)
n.
and
(n|n) =5 \"/_' (3.46)
n!
Upon carry out the integration, we readily obtain
2 % 1 82n *
P(n)= (u nf v)? S e C2P (1 —uw)aa+ ga*Q + %(f (3.47)

a*=a=0
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Now expanding the exponential functions using of the power series, we have

(k+p) (1 _ u)lv*kvp
SR

Pia = 5 B

Lk,p

0 2 +2k  1+2p 3.48
% 806* 804” ( ) 0 ( )

Thus performing the differentiation, employing the relation

[e.9]

aam Z , (3.49)

we notice that

o ok 1o U+ k) o2k (1 4 op)laf+2e—n
a JR—

— = 3.50
damdan ((+2k—n)  (+2p—n)! (5-20)
Then the combination Eq. (3.47) and (3.50) leads to
2 ok % _ 1\(k+p) . 1%k, p | |
P(n,t):(u V) Z( 1k)Jr (1 —w)v™oP(l + 2k)!(1 + 2p)!
n! o 2k+p(lEIpl(1 4 2k — n)!(1 + 2p — n)!
% (a*(l+2k7n)oé(l+2pfn))a*:azo' (3.51)
Imposing the condition o* = a = 0,we see that
2 _ )z 1)E+p) (1 — w)lo**or (1 4 2k)1(1 + 2
Pty = 0= 00 = (SN i+ 2N+ 2p)
n! o 2k+r[1EIpI(1 4 2k — n)!({ + 2p — n)!
X5l+2k,n5l+2p,n' (352)

Finally, in view of the fact that p = k£ and [ = n — 2k, the photon number distri-

bution can put in form

) n| _ n 2k v k
P(n)=(u* — v*v az o n_(%),) : (3.53)

where [n] = % for even n and [n] = (n — 1) for odd. From this result, we note that

there is a finite probability to find number of photons inside the cavity.



Quadrature Fluctuations

In this chapter we seek to calculate the quadrature Fluctuations of the light pro-

duced by degenerate three-level laser coupled to thermal reservoir.

4.1 Quadrature variance

The quadratue variance of a single-mode light can be defined as
(Aas)?* =1 (: ax(t),ax(t) :),

where

and

with a, and a_ are the plus and minus quadratue operators and

normal ordering.

We note that the c-number equation corresponding to Eq. (4.1) is

(Aas)?*=1=% (: as(t),ax(t) ).

34

(4.1)

(4.2)

(4.3)

:: stands for

(4.4)



4.1 Quadrature variance 35

Then Eq. (4.4) can be rewritten as

(Aax)?*=1=+ (: ai(t)) F (ax(t) )% (4.5)

where o (t) = a*(t) + «(t). Using Eq. (2.84), one can write

(s () = (= (0))e ™2 + /0 e M2 [(f7(#) £ (f(#))]at'. (4.6)

Taking into account Eq. (2.61) and assumming the cavity mode to be initially a

vaccum state, we have
(ax(t))=0. 4.7)

Furthermore, employing Eq. (2.65) along with Eq. (2.61) and the fact that a noise
force at a certain instant does not affect the cavity mode variables at earlier time,

one can write

(o) =/dt'dt” [<f*(t’)f*(t”)> + (FW)FE) + () ()

| 48

Applying Eq. (2.71) and (2.80) and carrying out the integration, we obtain

Alpsd + pa” £ 2p4d) £ 267
<O{i> — [ (p + P P ) /in] (1 _ e—ut). (4.9)
7
Hence using Eq. (4.9), we finally obtain that
(0) *(0) (0) =

an(t). an(t) )= [A(pad + pac’ % 2pad ) £ 2k7) (1 et (4.10)

I

Now employing Egs. (2.106), (2.112), and (2.114), we put Eq. (4.10) in the form

(A[MCOSQ +(1—n)+ 2/m>

(: ax(t), ax(t) ) = An+ K (1— e @mtmhy - (4.11)
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1 2 3 4 5 g 7 g 9 10
The mean photon number of the thermal light

Figure 4.1: Plot for (Aa, )? versus 7 (Eq. 4.13) for x = 0.8, A=5,p = 0.5, and 6 = (°

Figure 4.2: Plot for (Aa_)? versus n and n (Eq. 4.14) for x = 0.8, A = 75, and

6 = 0°.
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Figure 4.3: Plot of the quadratue variance (Aa_)? versus 7 [Eq. 4.15] for k = 0.8,

A =175 and 6 = 0°.

so that Eq. (4.4) becomes

{A(MCOSQ + (1 - n)) + zm}

An+ kK

(Aay)?=1+ (1 — e~ (Amtmty, 4.12)

Then the plus and minus quadrature variance of the cavity mode at the steady
state can be put in the form

Al + /1 —n?cosb] + k(1 + 2n)

(Aay)?= e (4.13)
and
_ — 2 97
(Aa_)?= All — /1 ZMC(_)E i] + k(1 2n)‘ 4.14)

We clearly observe from fig. 4.1 and 4.2 that the quadrature squeezing of the
laser light indeed is affected by the thermal light and squeezing does not occur
in all values of . The quadratue variance of cavity mode coupled to a vaccum
reservoir can be written as

— 2
(Aay)?= All £+ zn :L) I:os 0] + ) (4.15)
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Fig. 4.3 clearly indicates that the cavity mode is in the squeezed state for all

values of  between zero and one.



Conclussion

In this thesis, we have studied the quadrature flactuations and photon statistics
of the light produced by degenerate three level laser coupled to thermal reser-
voir. We have obtained the master equation together with stochastic differential
equations. Applying the solutions of the resulting c-number Langevin equation,
we have determined the Q function and the density operator. Then with the aid
of the Q function along with the density operator, we have calculated the mean
photon number, the variance of the photon, the power spectrum, the photon
number distribution, and the quadrature variance. We have seen that the mean
photon number of the system under consideration does not happens to be the
sum of the mean photon number of the laser and the thermal light. We also
clearly indicated that the mean photon number decreases with n but increases
with 7. Furthermore, we have shown that a large part of the mean photon num-
ber is confined in a relatively small frequency interval. Moreover, the presence
of the thermal light indeed affects the squeezing of the degenerate three level

laser.
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