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Abstract

In this research we have studied the squeezing and statistical properties of the cav-
ity light produced by a coherently driven nondegenerate three-level laser with an
open cavity and coupled to a two-mode vacuum reservoir via a single-port mir-
ror. We have carried out our analysis by putting the noise operators associated with
the vacuum reservoir in normal order. Applying the steady state solutions of the
stochastic differential equations of the atomic operators along with the quantum
Langavin equations for the cavity mode operators, we have calculated the mean,
variance of the photon number, photon number correlations, intensity difference
fluctuations, the quadrature squeezing, and entanglement for the two-mode cav-
ity light. We have found that the mean photon number of two mode is the sum of
the mean photon number of mode « and b and the photon number variance of two
mode is the square of mean photon number of two-mode. We have seen that the
maximum quadrature squeezing is found to be 62.19%. Moreover, the presence of

parametric amplifier enhances the quadrature squeezing.
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INTRODUCTION

Quantum optics deals mainly with the quantum properties of light generated by
various optical system such laser with the effects of light on the dynamics of the
atoms [1—5]. There has been a considerable interest in the analysis of squeezing and
statistical properties of light generated by three-level lasers [6— 14]. Squeezing is one
of the interesting non classical features of light that has been attracting attention

and studied by many authors [15 — 22].

In recent years, the topic of entanglement has received a significant amount of
attention as it plays an important role in all branches of quantum information pro-
cessing [2]. The efficiency of quantum information schemes highly depends on de-
gree of entanglement. Moreover, Eyob [3] has studied continuous variable entan-
glement in a non degenerate three-level laser with a parametric amplifier. In this
model the injected atomic coherence introduced by initially preparing the atoms in
a coherent superposition of the top and bottom levels. This combined system ex-
hibits a two-mode squeezed light and produces light in an entangled state. In one
model of such a laser, three-level atoms initially in the upper level are injected at

a constant rate in to the cavity and removed after they have decayed due to spon-



taneous emission [8, 12, 21]. It appears to be quite difficult to prepare the atoms in
a coherent superposition of the top and bottom levels before they are injected into
the laser cavity. Besides, it should certainly be hard to find out that the atoms have

decayed spontaneously before they are removed from the cavity.

A parametric amplifier will consider as an important source of squeezed light
[19]. It is one of the most interesting and well characterized optical devices in quan-
tum optics. In this device a pump photon interacts with a nonlinear crystal inside
an open cavity. The three-level laser may be defined as a quantum optical system
in which three level atoms initially prepared in a coherent superposition of the two
levels, are injected into a cavity coupled to a vacuum reservoir via a single-port mir-
ror [7,14]. The cascade system has an excited state coupled to intermediate state,

and the intermediate state one coupled to the ground state.

The three-level atom in a cascade configuration makes a transition from the top
to the bottom level via the intermediate level, two photons are generated. If the
two photons have the same frequency, then the three-level atom is called degener-
ate three level atom otherwise it is called non degenerate. We consider the case in
which N non degenerate three level atoms in cascade configuration are available in
an open cavity. The emission of light when the atoms makes the transition from the
top level to intermediate level is light mode a, and the emission of light when the
atoms makes the transition from the intermediate level to the bottom level is light

mode b.

In this thesis first we derive the master equation and the quantum langevin



equations. Employing the master equation we obtain the stochastic differential
equations. Moreover, applying the large time approximation of the stochastic dif-
ferential equations,we get the steady state solutions of these equations. Finally, em-
ploying the solutions of the quantum langevin equations, we study the squeezing,

the entanglement and the photon statistics of the cavity light.



OPERATOR DYNAMICS

2.1 Master equation

In this chapter we consider a non degenerate three-level laser driven by coherent
light and with the cavity modes coupled to a two-mode vacuum reservoir via a
single-port mirror as shown in figure We first obtain the master equation for
a coherently driven non degenerate three-level atom with the cavity modes and the
quantum langevin equations for the cavity mode operators. Moreover, employing
the master equation and the large approximation scheme, we drive the stochastic
differential equations of the atomic operators. Finally, we determine the steady-
state solutions of the resulting equations. Here we carry out our calculation by
putting the noise operators associated with the vacuum reservoir in normal order.
We consider the the case in which N non degenerate three-level atoms in cascade
configuration are available in an open cavity. We denote the top,intermediate and
bottom levels of the three-level atom by |a), |b)x and |c), respectively. For non de-
generate three-level cascade configuration, when the atom makes a transition from

level |a) to |b), and |b), to |c), two photons with different frequencies are emitted.
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Figure 2.1: Schematic representation of a coherently driven non degenerate three-

level laser coupled to a two-mode vacuum reservoir.

The emission of light, when the atoms makes a transition from top level to the in-
termediate level is light mode a and the emission of light,when the atoms makes a
transition from intermediate level to the bottom level is light mode b. We assume
the cavity mode to be at resonance with the two transitions |a), — |b); and |b); —
|c)r are dipole allowed, and with direct transition between levels |a), — |c); to be
dipole forbidden. The coupling of the top and bottom levels of a non degenerate

three-level atom by coherent light can be described by the Hamiltonian
Hy = — 61" - 6%], (2.1)
where
o = e} klal, (2.2)
is lowering atomic operator and

Q = 26\ 2.3)
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Here [, considered to be real and constant, is the amplitude of the driving coher-
ent light and ) is the coupling constant between the driving coherent light and the
three-level atom. The interaction of a three level atom with the cavity modes can be

described by the Hamiltonian

H, =ig[eita — afeh + 6 — bf5f], (2.4)

where
G = [b)x i(al, (2.5)
67 = |c)r 1 (D] (2.6)

This ¢ is the coupling constant between the atom and the cavity mode a and b, and
the operators ¢ and b are the annihilation operators for light mode « and b. In ad-
dition, the interaction of Hamiltonian with parametric amplifier can be expressible

as

A~

Hy = ie[a'd" — ab], (2.7)

where ¢ is the amplitude of the driving coherent light that drives NLC. Thus, com-
bination of Eqgs.(2.1), (2.4), and (2.7), we see that
Hs = —[61F — 6%] +ig[oiFa — ale! + 6]b — bloF] +ic[a’d" — ab]. (2.8)

The quantum analysis of the interaction of a system such as a cavity mode or a
three-level atom with the external environment is a relatively complex problem.

The external environment, usually referred to as a reservoir, can be thermal light,
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ordinary or squeezed vacuum. We are interested in the dynamics of the system and
this is describable by the master equation or quantum Langevin equations. Here,
we obtain the above set of dynamical equations for a cavity mode coupled to a two-
mode vacuum reservoir via a single-port mirror. The resulting equations are easily
adaptable to the case when the external environment is either a thermal or a vac-
uum reservoir. We then focus our study when the cavity mode is coupled to a two-
mode vacuum reservoir. A system coupled with a two-mode vacuum reservoir can

be described by the Hamiltonian
H = Hs + Hsg, (2.9)

where Hy is the Hamiltonian of the system and Hgp, is the Hamiltonian of the Sys-
tem and the reservoir. Suppose X (¢) is the density operator for the system and the

reservoir. Then the equation of evolution of this density operator is given by

(1) = ~i[Hs + Hon, X(1)]. (2.10)

We are interested in the quantum dynamics of the system alone. Hence taking into
account (2.10), we see that the density operator for the system, also known as the

the reduced density operator,
p(t) = TrrX(t) (2.11)
evolves in time according to

—p(t) = —i[Hs, p(t)] — iTrr[Hsr, X (1)), (2.12)
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where T'rg indicates the trace over the reservoirs variables only. On the other hand,

a formal solution of Eq. (2.10) can be written as

~

X(t)=X(0)—i /0 t [Hs(t') + Hsp(t'), X ()] dt’. (2.13)

In order to obtain mathematically manageable that x(¢') by some approximately
valid expression. Then, in the first place, we would arrange the reservoir in such
a way that its density operator R remains constant in time. This can be achieved
by letting a beam of thermal light (or light in a vacuum state) of constant intensity
fall continuously on the system. Moreover, we decouple the system and reservoirs

density operators, so that
Xt = p(t")R. (2.14)

Therefore, with the aid of this, one can rewrite Eq. (2.13) as

~

X(t) = p(0) —i /O t [Hs(t)) + Hsr(t), p(t')R]dt . (2.15)

Now on substituting Eq.(2.15) into (2.12) there follows

d

%ﬁ(t) = —i[Hsr(t), p(t)] — i[(Hsr(t)) g, 5(0)]

- / [(psr(t)) . [Hs(t'), p(t")]]dt

t
- / Trr[Hsr(t), [Hsr(t), p(t')R]]dt, (2.16)
0

where the subscript R indicates that the expectation value is to be calculated using
the reservoirs density operator k. Furthermore, the master equation for a system

coupled to a reservoir takes the form

dp(t , . , Ao Al
WO il pan(t. )] — W) i)

+2hTrp(Hspp(t) RHgr) — hp(t)(H2,R) g, (2.17)
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A light mode confined in a cavity, usually formed by two mirrors, is called a cavity
mode. A commonly used cavity has a single-port mirror. One side of each cavityis a
mirror through which light can enter or leave the cavity. We now proceed to obtain
the equation of evolution of the reduced density operator, in short the master equa-
tion, for the cavity mode coupled to a thermal reservoir via a single port-mirror. We
consider the reservoirs to be composed of large number of submodes. Thus, the
interaction Hamiltonian for a two-mode cavity light coupled to thermal reservoir is

written as
Hsp(t) = iy gu(ofFape’om=n)t — algheilownt
+ &g:z}ke“wo—mf — bfgfemiwomwnty, (2.18)
where i = 1, a,, and b, are annihilation operators for the reservoir submode and
Wk

g = [=2]" 2 d o 2.19)
2€0U

is coupling constant. Furthermore, employing Eq. (2.18), we then see that
[(Hsr(t))r, p(t')] = [Hsr(t), [Hsr(t), p(t')R]] = 0. (2.20)

In view of this results, expression (2.16) reduces to

d X t . . .
Eﬁ(t) = —i[Hg, p(t)] —i / Trr[Hsr(t), [Hsr(t), p(t')R]]dt'. (2.21)
0
It then follows that
d . t L .
) = =ilfis )] = [ Tra(Rbsn(t) Hsn(t)o(0)dr
0

_ /0 SO Trm( R st Hsp(t))dt
+ /OtTrR(IQISR(t)ﬁ(t)RFISR(t’))dt’

t
+ / Trr(Hsp(t)p(t)RHgp(t))dt . (2.22)
0
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where j(t') = p(t). In addition, in view of Eq. (2.18), one can readily obtain

~ ~L _ !
HSR E gk’ aklez wo—wy )t CLL/O_s e i(wo—wyr )t

+ o el o)t — bl ol emilwo ity (2.23)

Using Egs.(2.18) and (2.23) and applying the cyclic property of the trace operation,

one can write
Tra(RHsp(t)Hsp(t)) = —T16/%61F + Ty61k6r — Tyetkal¥ 4 1yolk6l
+ Ts0%6iF 4 Tgarer — Tr6k6t™ 4+ Teshal
+ D676 + Tyo6] 6% + 676 — TppalF 6"

— Flga' 6 F145' 6 F150'b0' +F16650{f, (224)



2.1 Master equation 11
where

I'y = Zgkgk’<dkdk’>R€i(w0_wk)t+i(w0_wk/)t/; (2.25)
kk'

T2 =) guge (@i, ) e’ oot iomat, (2.26)
kk’

['s = Zgkgk/<dki7k/>R€i(w°7wk)t+i(w°w’“’)t/, (2.27)
kk’

Ty =Y gegr{anbl,) e’ o)t ileomeannt (2.28)
kk'

Ts =Y grgw (aap ) ge " Com)itiloment (2.29)
kk'

D =Y gugw {(afaf,) ge " (“omeni=itomant’ (2.30)
kk'

Pr = gegie(afby ) e (oo rhileomant, (2:31)
kk’

Dy = 3 gugue{afbl) e oo -iloma’ (232
kk'

Lo =Y grgi (bpiipy) ge'om ) Hiloment’ (2.33)
kk'

Fio = Y giger (bidly) et iito—ant (2.34)
kk’

T = Zgkgk’<Bk:l;k:’>R€i(wo_wk)t+i(w0_wk/)t,7 (2.35)
kk’

Iy = Z g (bl ) peileoment=itwo—win)t’ (2.36)
kK’

Tis =Y grgi (Db pe*(omerltrileomeant (2.37)
kK’

Tia =) grge (ba,) g (o ilomanlt, (2.38)
kK’

I's = Zgkgk'(Bitgk/>Refi(wofw’“)m(wo*w"")tl7 (2.39)
kK’

Tio = ) gugw (b, ge (0ol (2.40)

kk'
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For a vacuum reservoir
(apar)r = (bebp)r = 0
(ahaf)r = (0}b)r = 0,
(afaw)r = (bhbw)r =0,
(arbi)r = (arbl)r = 0,
(brép)r = (bral,)r = 0, (2.41)
and
(aral) g = ((afaw)r + 1) G,
(bl ) = ((OLbr) R + 1) Gppr. (2.42)
In view of Eq. for vacuum reservoir, we have
[ =T3=0,=05=0,
I'e=I7=Ts=T9g =1 =0,
'i=Ty3=Tu=I5=TI%=0. (2.43)
So that on account of these results, Eq. takes the form
Trr(RHsr(t)Hsp(t')) = ootk 6* 4 o6 6F . (2.44)
For the values & = ¥/, one can easily observe that
Ty = ((afar)r + 1 ZgQ Hwo—wi)t=iwo—wir)t, (2.45)
Furthermore, in view of Eq. , we see that
Z gRellwomwi)t=ilwo—w)t, (2.46)
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In order to evaluate the dot product involved in Eq. (2.19), we adopt spherical co-

ordinates in k£ space with the electrical dipole matrix element d,, taken to be along

z-axis. In addition, we take the unit vector u; to be in the plan formed by the vectors

d. and k. Since vy, is normal to k3, the angle between v, and d,, is (3 —0). Then, we

see that
s .
Aoy U, = dgp cos(§ —0) = dysinf.

Employing the transformation, we have

v v 2m ™ oo
— —— | &k = —/ dqﬁ/ sinﬁd(‘)/ K*dk.
; (2m)? / (2m)? Jo 0 0

It then follows that

dQ 27 T 0 ) ,
Iy = —ab/ dgb/ sin §(1 — cos® 6’))d0/ wieiwo—wr)(t=t) g,
0 0 0

2(27m)3epc?

where k = w/c and from trigonometry
sin?f =1 — cos? 6,

one can readily obtain

in which

2w
/ dp = 2m,
0

T 2
/ sinf(1 — cos?f) = =.
0 3

(2.47)

(2.48)

(2.49)

(2.50)

(2.51)

(2.52)

(2.53)
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Now, we replace w? by w3 and extending the lower limit of the integration toco.Then

after setting w’ = w — wy, we obtain

Ly =7o(t —1t), (2.54)

where
— D%ab 2.55
3megcd ( )

is v is the spontaneous emission decay rate. In a similar procedure, one can easily

verify that
Tre(RHsp(t)Hsg(t')) = voi* 6k + 1aiF 6k, (2.56)
It then follows that
t A A A
/ Trr(RHsr(t)Hsr(t))pdt' = v6Tk6% p + ~oiF 68 p (2.57)
0

Following a similar fashion, we see that

t
/ p)Trr(RHsr (1) Hsg(t))dt' = ypoikek + ~poltak, (2.58)
0
t
/ Trr(Hsr(t)p(t) RHsr(t))dt' = v&* p&tk + ~pokpol”, (2.59)
0
t
/ Tra(Bsp(t)p() REsn(t))dt = v6*poT + ok polt. (2.60)
0

Taking into account Eq. (2.57), (2.58), (2.59), and (2.60), the expression in Eq. (2.22)

takes the form

()] —yolfohp —voltorp — ypoltel — ypol oy

>
—~
~
SN—
I
|
~.
r
5
—~
~
3
b>

+ypotpoll + o pol’ + ok pelt + ok polt. (2.61)
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It then follows
iA — _ilh - T 96k stk th ak th Ak
dtp(t) - Z|: S(t)7p(t):| + 2[ aPOgq Oq OaP po, Ua:|
+ %[2&%&;’“ —&ifetp— poltel]. (2.62)

On the other hand, employing Eq. (2.8), one can readily establish that
—i[Hs, p(t)] = g(6tFap— potta —alo.p + palel + of'bp — poftd
taka | Alak Q stk s aatk aka | ank
+ b'oyp+ pboy) + 5(00 p—polt —okp+ poy)

~

+ e(a'dfp — paldt — abp + pab

~—

) (2.63)

Now the combination of Egs. (2.62) and (2.63) results in

~ A~

d it . T P
—p(t) = g [alkap — p6TFa —alG.p + palet + azkbp - pagkb + 0168 p+ pbaﬂ
(61 p — potk — 65p + pok) + e (atblp — pa'dt — abp + pab]

+ Z[26%p61F — &lkekp — potket] + %[2&{;/3&;’“ —6{"6Fp — polter](2.64)

where v is the spontaneous emission decay constant, which considered to be the
same for levels |a), and |b),. Therefore, Eq. (2.64) the master equation for a co-

herently driven nondegenerate three-level atom in an open cavity and coupled to a

two-mode vacuum reservoir.

2.2 Quantum Langevin equations

We recall that the laser cavity is coupled to a two-mode vacuum reservoir via a single
port mirror. In addition, we carry out our calculation by putting the noise operators
associated with the vacuum reservoir in normal order. Thus the noise operators will

not have any effect on the dynamics of the cavity mode operators. We can therefore
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drop the noise operators and write the quantum Langevin equations for the opera-

tors ¢ and b as

da K. .r. 7

=gl ila, Hs), (2.65)
and

d[; K~ A A

% = —§b — Z[b, Hsi| y (2-66)

where « is the cavity damping constant. In view of Eq.(2.8) the quantum Langevin

equations for cavity mode @ and b turns out to be

d& K ~ ~k AT

= _hH 2.

7 5 goy +¢eb', (2.67)
and

db K R R

E = —Ea — ga,’f +eal. (2.68)

2.3 Stochastic differential equations

Here we seek to derive the stochastic differential equations or the equations of evo-
lution of the expectation values of the atomic operators by applying the master
equation and the large-time approximation scheme. Moreover, we find the steady-
state solutions of the equations of evolution of the atomic operators. To this end,

employing the relation

R dp ~
(A) = Tr(d—iA), (2.69)
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along with the master equation described by Eq. (2.64), one can readily establish

that

in which

ira) — (ha) + (bT6%)] + §<5Zk> —y(oh), (2.70)
SKI\ sk Jatak _9 sty sk
ncb> <nb b> <CL Jc” 2 <Ua > 2 <Ub>7 (271)

o) = gl(o%a) — (oha) — @] + [0 — ] - 26, @72)
1) + (alo8) + S [(65) + (619] — (Al 2.73)

a1"b) + (blef) — (aiFa) — @le)] + [, —(f)]  (2.74)

k= la)e k{al, (2.75)
My = b)k 1 (b, (2.76)
My = |c)k k{cl. @2.77)

We see that Eqgs. (2.70)-(2.74) are nonlinear differential equations and hence it is

not possible to find the exact time dependant solutions of these equations. We in-

tend to overcome this problem by applying the large-time approximation. There-

fore, employing this approximation scheme, we get from Eqs. (2.67) and (2.68) the

approximately valid relations

-2 e~
i= gk it (2.78)
K K
_29 ~k 2€AT

b= —25F + —=al, (2.79)
K K
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and the corresponding conjugates are
9 % .
at = Itk 4 5 (2.80)
K
~ —2 2
s L r) 2.81)
KR K
so that applying Egs. (2.80) and (2.81) into (2.78) and (2.79) leads to
. —2gkok — 4g5&gk
o= L (2.82)
- —2gkot — 4geclF
p= 000 = 29T (2.83)

K2 — 4e2

These are the steady-state solutions of quantum Langevin equation.

Now introducing Eqgs. (2.82) and (2.83) into Egs. (2.70)-(2.74), the stochastic differ-

ential equations of the atomic operators takes the form

d, . m Yek? Tk 0 Yeke
E(%) —(r+ R2_4€2)<O_a>+(§+M)<U
d, g 1 Yek? e 2w

E( b> _5(’7+ 2 462)<0b> _§<0-a, >>

d, _ 1 %“2 ~k Qo k "
E( c> __5(7_{—H2_4€2)<UC>+§[<UC>_<7]a>]7

dt 3 w2 der
Lty = (0 D[ — )+
where
44
Yo = —,

(2.84)

(2.85)

(2.86)

(2.87)

(2.88)

(2.89)
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is the stimulating emission constant. We next sum Eqs .(2.84)-(2.88) over the N

three-level atoms, so that

d, . . Yek? R Q VeKE |, ot
E<m“> =—(v+ m)(mc& + (5 + m)<mb>’ (2.90)
d . 1 Yek? . Qi
2w = =5 (v + 5 5) (1) — 5 (g), (2.91)
d . 1 Yek? ) Q. - .
T ey = =5 (v + 5 =5) (e) + S [(Ne) = (Na)], (2.92)
A A 1 S L [ ) B )
A K2 — 4e2 a 2 K2 — 42 c el .
d, Vek? . - YehE ¢, . )
W) =+ + ) [(Na) — (No) + PR () + (ml)],  (2.94)
in which
N
Mo =Y 08, (2.95)
k=1
N
iy, =Y 6, (2.96)
k=1
N
Me =Y oF, (2.97)
k=1
N
Ny =) ik, (2.98)
k=1
) N
Ny =g, (2.99)
k=1
) N
Ne =Y ik, (2.100)
k=1

The operators N, ,N, N. represents the number of atoms in the top, intermediate
and the bottom levels respectively. In addition, employing the completeness rela-

tion

fla + a4 7o = 1, (2.101)
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we easily verified that

(N,) + (N) + (N,) = N.

(2.102)

Furthermore, using the definition given by Eqgs. (2.95)-(2.97) and setting for any &

we have

mq = N|b){al,
iy = Nle) (b,

me = N|c){(al.

Following a similar procedure, one can easily verify that

Na = N’a><a|7
N, = N|e){(c|.

Using the definition

m = mg + Ny,

(2.103)

(2.104)

(2.105)

(2.106)

(2.107)

(2.108)

(2.109)

(2.110)

(2.111)

(2.112)
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and taking into account Egs. (2.106)-(2.111), it can be readily established that

mim = N(N, + N,), (2.113)
mim’ = N(N, + N,), (2.114)
m? = N, (2.115)
mi? = Nl (2.116)

C

On the other hand, combination of Egs. (2.67) and (2.68) together with (2.78) and
(2.79), the cavity mode operators a and b can be

dd __1[52—482] ~k 2g8ATkJ

E = 5 o a(t) — g0, — 70’17 5 (2117)
db 1, Kx%—4e% . L 29

oY o R oAk 2T Atk

o 2[ p ]b(t) g0y, 0o (2.118)

Now applying the steady-state solutions of Egs. (2.117) and (2.118), we get

. Tk
—2gké” — 4ged)

o= (2.119)
. _2gkek — d4gestt
h— g/;b_ 45295% (2.120)

The commutation relation of the cavity mode operators ¢ and a' as well as b and b

can be

A A Vel . . A . A A
la, aT}k = iz [K°(F — 0F) + 4e*(af — %) — 2en(6% + 617)], (2.121)

and on summing over all atoms, we have

A A Vel 2 & ¢ ¢ A o
a,a'] = pE [£°(Ny — N,) + €2(Ny — Ne) — 2ek(rn. + )], (2.122)

where
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In the absence of parametric amplifier (when ¢ = 0), Eq. (2.122) takes the form

[a,a] = L[N, — K. (2.123)

Similarly for light mode b, we see that

77 ’70’f A~ A~ A~ A~ ~ N
[b,0], = 2 — 4272 [K2(F — 7iy) + 4<>(0y — ) + 2w (5% + 6lF)], (2.124)
from which follows
[h, 5] = ﬁ [K2(N. — N) + 46*(N, — N) + 2er(rme +ml)].  (2.125)

In the absence of parametric amplifier, for ¢ = 0, Eq. (2.125) reduces to

(6,51 = [N, — ;). (2.126)

K

The cavity light modes « and b are interacting with all N three-level atoms or in the

presence of N three-level atoms, we rewrite Egs. (2.117) and (2.118) as operators as

o = =S [l + At + Ao, (2.127)
db(t 1 k% —4e%, - . .
—d(t ) =3 [—} b(t) + By + ﬁzmlj (2.128)

in which \ and  are constants whose values remain to be fixed. We note that the

steady state solutions of Egs. (2.117) and (2.118) are,

2\ K 20k 4

a= K2 — 4e2? Ma K2 — 42 M (2.129)
o 2005 2016 4
b = mmb + mma. (2130)

Now taking in to account Eqgs. (2.129) and (2.130), the commutation relations for

the cavity mode operators are found to be

. ANK? S S o
a,a] = R [NT(Ny — N,) + A3 (N — Ne) — Mo (e + 1)), (2.131)
i ANE o sk -
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Thus on account of Egs. (2.122) with (2.131) and (2.125) with (2.132), we see that

g
)\ — — :I:—7
1= 6 VN
2ge
A pu— pu— :l': .
2 =P KV N

(2.133)

(2.134)

Hence in view of these two results, the equations of evolution of the light modes a

and b operators given by Egs. (2.127) and (2.128) can be written as

@:_1[/{2—452]&4_ 9 . 295 ot

dt 2 K \/_ m/_ M

b 1 /£2—4€2]B+ 9 - 2g€ il
JR T R

dt 2 [ K
Moreover, the steady-state solutions of Egs. (2.135) and (2.136) are

- 296 oo Age -
VN(s2 —422) " /N(k2 —4e2)

- 2 4

b= gr my + 9¢ 7 ‘Tl.

m
ING —122) T N (e — 42
Now adding Egs. (2.135) and (2.136) results in

deé(t) K2 —4e?, g . 29
o= —[T}c(t) + \/_m /@\/_ m,
in which
¢=a+b,
m = Mg + M.
The steady state solution of Eq. (2.139) is found to be
. 29K . 4ge ot
¢ = m'.

m +
IN(2 =422 N (R — 4e?)
The commutation for ¢ and ¢' can be expressible as

/YC/{?)(NC - Na) + 470/{52(]([(1 - Nc)

[é’ éT] = (k2 — 4¢2)? )

(2.135)

(2.136)

(2.137)

(2.138)

(2.139)

(2.140)

(2.141)

(2.142)

(2.143)
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Furthermore, in the absence of parametric amplifier (when ¢ = 0), we see that

&6 = L. - K,

Next we proceed to calculate the solution the stochastic differential equations of

the cavity operators. Now , the steady-state solutions of Egs. (2.90) - (2.94) are

. Q YeKE R
(rha) = (5 + m)(mb, (2.144)
Q
(i) = —WWLD, (2.145)
Vet 2 —A4e2
Q . .
(1) = —————[(Ne) — (Na)], (2.146)
’Yc + K2 —4¢e2
- Q YeKE . .
(Na) = (5 = 7= gz) [he) + ()], (2.147)
(Np) = (No) = ——=——[(rc) + (m])]. (2.148)
Ve + 3902
K2—4e

The conjugates of Egs. (2.144) - (2.146) are

. Q YeKE R
(l) = (5 + ) (). (2.149)
Q
(inf) = ——————(1lu), (2.150)
Ye + K2—4e?
Q . .
(mf) = - (VL) — (V)] (2.151)

(me) = (mf). (2.152)
It then follows that
() =2(2 = Ly ) 2.153)
af =AY T R g2/ Ve '
Yek?
(Np) = (No) — 2—2 (1), (2.154)
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Now substituting Eq. (2.150) into (2.90) and (2.149) into , we get

d Yek? 0 Yeke .
2 L I 2.1
dt (1) = = (7 + K2 — 4e? + 2 + K2 — 452)<ma>’ (2.155)
d 1 Yek? Q YekE )

—— —_—t = 2.156
dt< i) = 2(’Y+/-@2—462+ 2 +m2—452)<mb>’ ( )

The steady-state solution of Egs. (2.155) and (2.156) are

(ing) = 0, (2.157)
() = 0 (2.158)
Furthermore, the formal solution of Egs.(2.135) and are found to be
@) = (a(0))erot/2 4 I_o-mt/2 teﬂot/Q (e (t'))dt
VN 0 ’
+;j’5_ e Hol/? Ot et (i () dt, (2.159)
and
0) = B0y et [z
;jg_ e Hol/? Ot e 2 (il (1)) dt, (2.160)
where py = "’2‘—;“32.

In view of Egs. (2.157) and (2.158), and the assumption that the cavity mode light is

initially in vacuum state Egs. (2.159) and (2.160) reduces to

(a(t) =0, (2.161)
(b(t)) =0 (2.162)

In view of these results, we see that
(2.163)
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We observe on the basis of equations (2.159) and (2.160) along with Egs. (2.161),

(2.162), and (2.163), 4, b, and ¢ are a Gaussian variable with zero mean. We next

seek to calculate the steady-state solutions of the expectation values for the atomic

operators Na, Nb, ]\70, and m,, from Egs. li - ii , we get

20(2 — e )

(Nass = [(7 PR 49{%2%1?2;) gV (2.164)
~ QQ
(No)ss = | o a0 - G T QQ}N, (2.165)
(Nedss = | Shs :532;)2 i 22(% — ;:ff@” |N, (2.166)
(v + 252 + 400G — 25) T
(s = [ 20 + ) |N. (2.167)

(7 + 22502 + 402 — ) + 02

K2 —4g?

For the case in which when the parametric amplifier is absent ( when ¢ = 0), we

have

N 02

(Na)ss = [(7 T sl V- (2.168)
A 02

(Np)ss = CETAL TR (2.169)
s _ O 4 (v +70)?

(Ne)ss = [(v+%)2+392] , (2.170)

(1) = T + ) (2.171)

(7 + %)2 +302

These equations represent the steady-state solutions of the equations of evolu-
tion of the atomic operators. Furthermore, upon setting v = 0, for the case in

which spontaneous emission is absent, the steady-state solutions described by Egs.
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(2.168)-(2.171), has the form
N 02
alss — —N, 2.172
(Ne) 72 4 3022 ( )
N 02
Np)ss = ——=N, 2.173
(o) 2 + 302 (2.173)
Nogs = | ———=| N, 2.174
(Ne) [%2 307 (2.174)
Q7.
Ac ss:—N- 2.175
(Mhe) 21302 ( )
When Q >> ., these results take the form
- 1
(Najss = 3NV, (2.176)
- 1
<Nb>ss - gNa (2177)
- 1
(Ne)ss = §N7 (2.178)
(Me)ss = 0 (2.179)
Moreover, when €2 = 0 Egs. (2.172)- (2.175) turns out to be
(Na)ss =0, (2.180)
(Np)ss = 0, (2.181)
(Ne)os = N, (2.182)
(Me)ss = 0 (2.183)



PHOTON STATISTICS

In this chapter, we seek to study the statistical properties of the light produced by
the coherently driven non degenerate three-level laser with an open cavity and cou-
pled to a two-mode vacuum reservoir via a single-port mirror. Applying the solu-
tions of the equations of evolution of the expectation values of the atomic opera-
tors and the quantum Langevin equations for the cavity mode operators, we obtain
the photon statistics for light modes a and b. In addition, we determine the photon

statistics of the two-mode cavity light.
3.1 Single-mode photon statistics

3.1.1 The mean photon number

Here we seek to calculate the mean photon number for light mode a and b.
A, Mean photon number for light mode «

Now we seek to calculate the mean photon number of light mode a. Employing the

steady-state solution of Eq. (2.135)

(3.1)
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and it’s conjugate is

20K
at = J i+

VN (k2 — 4¢2)

4ge

VN (K2 — 4e2)

~

The mean photon number of light mode « is defined by
g = (a'a).

In view Egs. (3.1) and (3.2), we get

Ma (k% — 4e?)?

On account of Egs. (2.164), (2.166), and (2.67) we found

my.

ek (NG + dyere2(No) + dyere (i)

N = q[QKQQ(% - %)
+4e?[(y + K;i—ig)? + QQ(% — %
where
Ve N
q=

K2 —4g? K2 —4g2

For the case ¢ = 0, we see that

e 02
S ey

Ng )
o eor ]
in the absence of spontaneous emission (y = 0), we have

QQ
= %N—,
Ko 2+ 302

[/ — 4P (7 + P+ 4F - 32) + )

N+ 4keQ(y + ———

(3.2)

3.3)

(3.4)

(3.5)

(3.6)

3.7

3.8)
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PMean Photon RNumbaer for vMiodae a

Figure 3.1: plots of the mean photon number of light mode a [Eq. (3.5)] versus

fory. =0.4,xk =0.8,¢ = 0.3, N = 50 and for different values of ~.
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PMean Photon RNumbaer for Modae a

Figure 3.2: plots of the mean photon number of light mode a [Eq.(3.5)] versus

fory. =04,k =0.8,7=0.2, N = 50, for different values of c.
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Figure 3.3: plots of the mean photon number of light mode « [eq.(3.5)] versus ~ for

Y. = 0.4, k = 0.8, Q2 = 2, N = 50 and for different values of ¢.
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B. Mean photon number for light mode b

Here we seek to calculate the mean photon number of light mode b. Employing the

steady-state solution of Eq. (2.136)

N 29Kk R 4ge R
b= "y + ml (3.9)
VN (k? — 4¢€2) ’ VN (k? — 4€2)
and it’s conjugate is
A 29Kk R 4ge R
bt = 1y + g (3.10)
VN(k2 —4e2) " V/N(k? — 4e2)

The mean photon number of light mode b can be expressed as

AL A

ny = (bTD). (3.11)

On account of Egs. (3.9) and (3.10), we get

B Yek3(Ny) + Ayoke2(N)

iy e (3.12)
In view of Eq. (2.165) we found
iy = q[K* + 47, (3.13)
where
Vel N
q= 2 .
(52 — 4”2 ((v + 32=)* +49(5 - 395) + @)
For the case ¢ = 0, we have
% 2
fip = ~<N : 3.14
=M -
in the absence of spontaneous emission (y = 0), we get
Q2
7 = L (3.15)

w V)
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MMean Photon RNumber for Mode b

Figure 3.4: plots of the mean photon number of light mode b [Eq.(3.13)] versus {2

for~.=0.4,x = 0.8, = 0.3, N = 50 and for different values of ~.

oo
—

PMMean Photon Number for WMode b

Figure 3.5: plots of the mean photon number of light mode b [Eq.(3.13)] versus

forv. = 0.4,k = 0.8, vy = 0.2, N = 50 and for different values of .
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MMean Photon Number for Mode b

Figure 3.6: plots of the mean photon number of light mode b [Eq.(3.13)] versus -~

forv. = 0.4, k = 0.8, 2 = 2, N = 50 and for different values of ¢.

moreover, for 2 >> ., we see that

fip = JEN. (3.16)
3K

3.1.2 The photon number variance

Now, we proceed to obtain the photon number variance of light mode « and b.
A, The photon number variance of light mode «

The photon number variance of light mode b is defined by
(Ang)? = (n2) — (n,)>. (3.17)

We have



3.1 Single-mode photon statistics 36

Since the operator a is a Gaussian variable with zero mean, we verified that

(An,)? = (a'a)(aa'). (3.18)

We easily establish that
aal)y = —1L (W) + 422(N, 3.19
<CLCL> [K2—4€2]2 [R < b>+ € < b>i| ( * )

Now, combining Eqgs. (3.4) and (3.19), we obtain

ycfs3<Na) + ”Ycl€€2<Nc> + dyerPe(me) 70113<]\7b> + %552<Nb>

(Anq)” = ( [2 — 4e?]2 ) [2 — 422]2 )-

(3.20)

In view of Egs. (2.165)-(2.167), we get

2

(Ang)? = ¢ [(2/{29(% — %) + 4keQ(y + %)
4 20 - T 02 1 acter], @2
where
Ve N
U e AR+ AR+ 0(E - 32 + )
When ¢ = 0, Eq. reduces to
(Ang)? = [N [——L 2, (3.22)

Kk (7 +7e)? 4 302

in the absence of spontaneous emission (y = 0), we get

(An,)? = [ENHQ—QT (3.23)
¢ K 72+ 3020
in addition, we note that, for 2 >> ~. we obtain
2 Ye Ar12
(An,)? = [25N]™. (3.24)

3K
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Figure 3.7: plots of the photon number variance for mode a [Eq.(3.21)] versus

forv. = 0.4,k = 0.8, e = 0.3, N = 50 and for different values of ~.
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Figure 3.8: plots of the photon number variance for mode a [Eq.(3.21)] versus

forv. =0.4,k = 0.8, vy = 0.2, N = 50 and for different values of .
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Photon Numbeaer ZWwariance for Modeae a

Figure 3.9: plots of the photon number variance for mode a [Eq.(3.21)] versus ~ for

Y. = 0.4, k = 0.8, Q2 = 2, N = 50 and for different values of «.

In view of eq.(3.8) we have
(Ang)? = n2. (3.25)

This represents the normally ordered variance of the photon number for chaotic
light.
B, The photon number variance of light mode b

The photon number variance of light mode b is defined by

(Anb)2 = (ng) — <nb)2. (3.26)

We have
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Since the operator b is a Gaussian variable with zero mean, we verified that
(Any)? = (bTb) (bbT). (3.27)

We easily establish that

Yek3(NL) 4 dyeke?(N,) + 4y.k2e (i)

(bb') = P . (3.28)
Now, combining Egs. (3.12) and (3.28), we have
3/ N 3.2/ N 3/N 2/ N 2025
o Vb (Ny) + 4y.k2€*(Ny) | Yok (Ne) 4 4yere®(Na) + dyer’e(m,)
(Ang)® = ( W 4] )( 2 — 122 ). (3.29)
In view of Egs. (2.164) - (2.167) we get
(A )2 _ 2{( 202 4 4 2€2Q2)< 2[( i Yok )2 + 29(9 R )
)= LR " M T 2 K2 —4e?
2
Yek g, §2 YekE
AR QY + 5 5) + 875 — 5 5))], (3.30)
where
g = Ve N
[K2 — 4e2]2((y + F5)2 +4Q(2 — J<555) + Q2)
For the case ¢ = 0, Eq. (3.30) reduces to
P+ (v + )" 12
Any)? = [LN)? c 3.31
(Any)* = [-=N] [<7+%)2+3m]’ (3.31)
in the absence of spontaneous emission (y = 0), we get
Ve 2 92_’_’73 2
(Am)* = [N goe ] (3.32)
in addition, we note that, for 2 >> ~. we see that
2 Ve 2
(Any)? = [5N]". (3.33)

3K

In view of Eq. (3.16) we have

(Any)? = 7. (3.34)
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Figure 3.10: plots of the photon number variance for mode b [Eq.(3.30)] versus

for~.=0.4,x = 0.8, = 0.3, N = 50 and for different values of ~.

Photon Number ZWariance for ZVWiode b

Figure 3.11: plots of the photon number variance for mode b [Eq.(3.30)] versus

forv. =0.4,k = 0.8, vy = 0.2, N = 50 and for different values of .
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Photon MNumber WwWariance for Mode

Figure 3.12: plots of the photon number variance for mode b [Eq.(3.30)] versus -y

forv. = 0.4, k = 0.8, 2 = 2, N = 50 and for different values of ¢.

3.2 Two-mode photon statistics

Applying the steady state solutions of the equations of evolution of the expectation
values of the atomic operators and the quantum Langevin equations for the cavity
mode operators. We seek to obtain the mean and variance of the photon number

for the two mode light.

3.2.1 Two mode mean photon number

Here we seek to calculate the steady-state solution of the mean photon number of
the two mode cavity light beam.

The mean photon number of two mode light represented by the operators ¢ and ¢f
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is defined by
n = (¢lé). (3.35)
From Eq. (2.142), we have
T . (3.36)

VN (K2 — 4e?) VN (K2 — 4e?)

and it’s conjugates

e = m' + m. (3.37)

Eq. (3.35) gives as

ek [(Na) + (No)] + drer®e (i) + drere® (V) + <Nc>]'

i = Ry (3.38)
In view of Eq.(2.164) - Eq.(2.167) we obtain
_ 292 YekeE 2092 Yok
no= q[2x Q<§ — /{2——452) + 1“0 4+ 4keQ(y + /{2——452)
4202 + (y + Hji—“;f + 29(% . H]C_—“;Z)]], (3.39)
where
Yk N
TR AR + P A0(F - ) + )
For the case ¢ = 0, we easily shows
n=2N| A7 ], (3.40)
Koy F7e)? 4 302
in the absence of spontaneous emission (y = 0), we get
o L (3.41)

PR Sl
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PMean Photon RNumbaer for Two—MhModae

Figure 3.13: plots of the mean photon number for two mode [Eq.(3.39)] versus ()

fory. =0.4,xk = 0.8, = 0.3, N = 50 and for different values of ~.
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MMean Photon RMNuuambaer for Two-MhMode

Figure 3.14: plots of the mean photon number for two mode [Eq.(3.39)] versus

fory. =0.4,xk =0.8,7 = 0.2, N = 50 and for different values of ¢.
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MMean Photon RNumbaer for Two—-MWModse

Figure 3.15: plots of the mean photon number for two mode [Eq.(3.39)] versus ~

fory. = 0.4, k = 0.8, Q2 = 2, N = 50 and for different values of ¢.
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Moreover, for Q2 >> ~,., we obtain
n=2-—N. (3.42)
Therefore
n="mng+ mny. (3.43)

This is, the mean photon number of two-mode light is the sum of the mean photon
number of the separate single-mode light.

Fig. 3.13, shows that the mean photon number for two-mode cavity light in the
presence of spontaneous emission (when v # 0) and in the absence of spontaneous
emission (when v = 0). It is found that the mean photon number of the two-mode
cavity light increases with (2 in both cases. Moreover, the mean photon number of
the two-mode cavity light is greater when v = 0, than when v # 0 at Q2 < 1.25, and
the mean photon number of the two-mode cavity light is smaller when = 0, than
when v # 0fore =0.3at1.25 < Q) < 3.

fig. 3.14, shows that the mean photon number for two-mode cavity light is greater
when in the presence of parametric amplifier (when ¢ # 0), than when in the ab-
sence of parametric amplifier (when ¢ = 0). Therefore the parametric amplifier

increase the mean photon number of two-mode cavity light.

3.2.2 Two-mode photon number variance

Here we seek to obtain the photon number variance of the two mode light beam.

The photon number variance of two mode cavity light can be expressed as

(An)* = ((éTe)?) — (&Te)™. (3.44)
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Since ¢ is a Gaussian variable with zero mean, the variance of the photon number

can be put in the form
(An)* = (éfe)(ee’) + (e)(?). (3.45)

Using Eq. (3.36) and Eq. (3.37), we get

A

_ 7053[<Nb> + <NC>] + 4705250%0) + 476’{52[<Na> + (Np)]

(ceT) = (2 122) : (3.46)
() = 12 [2re(N + (Rh)) + (% + 42%) (o)), (3.47)
() = 125 [2re(N + (W) + (52 + 4¢2) 1)) (3.48)

Now, combining Eq. (3.38), (3.46), (3.47), (3.48), and taking into account ¢ = 0, we

obtain
n = .
£ (v +7e)? + 37
In the absence of spontaneous emission (7 = 0) we have
N, 404 + 30242
A 2 _ e 2 c .
() = = o aep ) (3.50)
moreover, for Q2 >> ~,. we get
2v.N
An)? = [=—]* 3.51
(An)? = [ 351)
On account of Eq. (3.42) we see that
(An)? = n?. (3.52)

fig. 3.16, shows that the photon number variance for two-mode is greater when

v = 0, than when v # 0 fore = 0.3 at0 < ©Q < 0.75. Therefore the presence of
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Fhoton RNumbaer wariance for Two-MhWModae

Figure 3.16: plots of the photon number Variance for two mode [Eq.(3.49)] versus

Qforv. =04,k =038, =0, N =50 and for different values of ~.
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spontaneous decrease the photon number variance of two-mode cavity light.
Photon number correlation

The photon number correlation is defined by

@ (s = _(namy)
97 (Na; mp)(0) = ===, (3.53)
() (M)
where
(a) = (a'a),
() = (b'h)
Since @ and b are a Gaussian variable
(Raiip) = (ata)(bT0) + (a'bf)(ab) + (afh)(ab?), (3.54)
atbt) (ab)
@) (R, 7 0:1+<a (3.55)
9 5)(0) ata) (bt
where
(a'b)(ab') = 0. (3.56)
Therefore, it is correlated.
Fluctuations of intensity difference
Intensity difference is defined as
Ip = fig — iy, (3.57)

then

>
—-

a—bb. (3.58)

ol
Il
Q>
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The fluctuations of intensity difference can be expressed as

(AIp)? = (I3) — (Ip)2. (3.59)
(1) = (ataata) + (b'bb'b) — (atab’d) — (bTba'a) (3.60)

and
(Ip)? = (ata)? — (afa) (o'b) — (bTb)(ata) + (b1h)2. (3.61)

Since the cavity mode operators a and b are a Gaussian variables

(ataa'a) = (a'a)? + (a'a)(aa’), (3.62)
(0'bTD) = (b7b)2 + (bTb) (bbT), (3.63)
(atab™d) = (ata)(bT0) + (a'd™)(ab), (3.64)
(btbata) = (b'b)(ata) + (b'al)(ba). (3.65)

In view of Egs. (3.62) - (3.65), Eq. (3.59) reduces to
(AIp)? = (afa)(aa®y + (b'b) (bbT) — (atdt)(ab) — (b'at)(ba). (3.66)

We vitrified that

A[A) . 4’70/{25<Nb>

(ab) = (EEvEE (3.67)

~r Ayoi2e(N,)
ptaty = v =\ o/ 3.68
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A

2762 ((Na) + (No)) + (vek® + 47cke?) ()

S N A

(a'd") = T : (3.69)
Pan 2’76"325(<Na> + <NC>) + (’70"{3 + 4’70"‘352)<m0>

(ba) = W2 — 422 . (3.70)

Now combining Eqgs. (3.4), (3.12), (3.19), and (3.28), together with Egs. (3.67)-(3.70)

and for the case ¢ = 0, we obtain

204 + O (v + %)2]

Alp)? = [LeN]? 3.71
( D) [li ] [[(7+7c)2+392]2 ( )
forvy=0
R 294 + 9272

Alp)? = [LeNpp[2s T2 e 3.72
( D) [H ] [[73+3Q2]2L ( )

in addition, for  >> ~,. we get
Alp)? = 2] 2 NJ2. 3.73
(Ao = 2N 373

In view of Eq. we see that
(AIp)? =22 (3.74)

Fig. 3.17, shows that the fluctuations of intensity difference is greater when v = 0,
than when v # 0 at 0 < Q < 3. Therefore the presence of spontaneous emission

decrease the fluctuations of intensity difference.
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Fluctuations Of Intensity Difference

Figure 3.17: plots of Intensity Fluctuation Difference [Eq.(3.71)] versus € for v, =

0.4,k = 0.8, = 0, N = 50 and for different values of .



QUADRATURE SQUEEZING

In this chapter we seek to study the quadrature variance and the quadrature squeez-
ing of the light produced by the coherently driven nondegenerate three-level laser
with an open cavity and coupled to a two-mode vacuum reservoir via a single-port
mirror. Applying the steady-state solutions of the equations of evolution of the ex-
pectation values of the atomic operators and the quantum Langevin equations for
the cavity mode operators, we obtain the quadrature variances for light modes a
and b. In addition, we determine the quadrature squeezing of the two-mode cavity

light.

4.1 Single-mode quadrature variance

In this section we seek to study the quadrature variance of the light mode a and b.

4.1.1 The quadrature variance of light mode «

Now we proceed to calculate the quadrature variance of light mode « in the entire

frequency interval.
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The squeezing properties of light mode « are described by two quadrature operators
a, =a'+a (4.1)

and
a_ =i(a’ —a). (4.2)

where a, and a_ are Hermitian operators representing physical quantities called
plus and minus quadratures, respectively, while a" and a are the creation and an-
nihilation operators for light mode a. With the help of Eqs. (4.1) and (4.2), we can

show that the two quadrature operators satisfy the commutation relation
la_,a,] = —2i[a,a'], (4.3)

On account of Eq. (2.122)), we have

_ PYcKs(Nb - Na) + 4'70552<Nb - Nc) - 2")/0/@25:(7%0 + TATLD

[a,a'] =L : (4.4)
then
avay] = 22 = Vo) 1 4%?222(]%4;])?) “2nelme k) gy g
When ¢ = 0 one can write
[a-,a.]) = 205 [N, — 3], (4.6)

In view of this result, the uncertainty relation for the plus and minus quadrature

operators of mode « is expressed as

AdyAa_ > =|([as, a-])|. (4.7)

DO | —



4.1 Single-mode quadrature variance 55

It then follows

AdayAa_ > [{aa') — (a'a)], (4.8)
On account of Egs. (3.19) and (3.4) we get
AAA [70K3<Nb> + 4rycke? <Nb>] 7053<Na> - 70552<NC> — 4y K (he)
AaiAa_ > — : 4.9
et = [k2 — 4e2?]? (K2 — 4e?)? (4.9)
In view of Egs. (2.164) - (2.167) it shows
AajAa- > g2 448207 — 220 _JeRE
= 2 K2 — 4e?
2
2 Vek? o Q ke
_ _ e o0 (= T
Elv+ 55 T 2HU5 - 5]
2
Yk 2
where
Yek N
q= 5
(12 — 4e22((y + 35)? +40(8 — 325) + )
When ¢ = 0 we see that
o ,.YC QQ Q2
Aara_ > —N — . 4.11
s [(7+%)2+392 (v+%)2+392} R
Therefore
Adaya_ > 0. (4.12)

Then, we proceed to calculate the quadrature variance of light mode a.

The variance of the plus and minus quadrature operators are

(Ad)? = (a2) — (@)™ (4.13)
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On account of Eq. we get
(Aday)? = (aa') + (a'a) + (a®) + (a™) — (a)* — (a')* — 2(aa’). (4.14)
And

(Aa_)* = (a®) — (a_)> (4.15)

(Aa_)? = (aa") + (a'a) — (a®) — (a™) + (a)? + (a')* — 2(aa’). (4.16)

(Aay)? = (aa') + (a'a) £ @) £ @) F (@) F (ah)? — 2(aal), 4.17)

but

Therefore
(Aay)? = (aa’) + (a'a). (4.18)

In view of Eq. (3.19) and Eq. (3.4) it shows

o e () + %Foé 2N ek (Na) + vere? (VL) + dyer?e(ime)
(Aay)® = PR + (2 1) . (419)
In view of Eq. (2.164), Eq. (2.165), and Eq. (2.167) we get
Q YeKE
~ 2 _ 2 c
(Aay)® = q[2/§ Q(E — o 482)
2
2 Vek 2 Q VeRE
20(— —

’Y K2 202 202

+4keQ(y + ) + K0 + 42207, (4.20)

42
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where
Ve N
TR (4 L A0S - ) + 07
When ¢ = 0 we obtain
(o)t =Dey & 4.21)
Koy ) 302
forv =0and Q2 >> 4. we can write
(Ady)? = Z (4.22)
In view of Eq. we see that
(Ady)? = 20, (4.23)

4.1.2 The quadrature variance of light mode b

Here we wish to obtain the quadrature variance of light mode b in entire frequency
interval.

The squeezing properties of light mode b are described by two quadrature operators
by =0 +0 (4.24)

and

~

b =i(bt —b), (4.25)

where b, and b_ are Hermitian operators representing physical quantities called
plus and minus quadratures, respectively, while b and b are the creation and an-

nihilation operators for light mode ». With the help of Egs. and (4.25), we can
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show that the two quadrature operators satisfy the commutation relation
[b-,b,] = —2i[b,b']. (4.26)

On account of Eq. (2.125) we have

o ooar "}/c/i?’(Nc — Na) + 4%/152(]% — Nb) + 27.k2e (e + 1))

[0,0'] 1) , 4.27)
then
b,5.] = —pi2e (e = Na) + 4%/7;51?4—52];,,) = Derlelie £ D) g
whene =0
[b-,b.] = 25[K, - N.]. (4.29)

In view of this result, the uncertainty relation for the plus and minus quadrature

operators of mode b is expressed as

AbyAb- > |{[by, b)), (4.30)

N | —

it then follows
Ab Ab_ > |(bbT) — (bDY]. (4.31)

In view of Eq. (3.12) and Eq. (3.28) we found

3/ N 2/ N 2./ 3./ N 2/ N
PO Yok (Ne) + dyeke*(Ny) + dyer®e(me)  Yek®e(Ny) — 4y ke (Np)

AbLAb_ > — . (4.32

* - (k2 — 4e2)? (k2 — 4e2)? ( )

On account of Egs. (2.164) - (2.167) we get

Ab,Ab. > q[R2[(y+ e COP YO VAL LB\ SR VAN [l

+80- = IR K2 — 4e? 2 k2?2 —4e? Resely K2 — 4¢e?

Q YeKE
2 c 2012 2012
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When ¢ = 0 it shows

Ab,Ab_ > %N\ e jj er L (4.34)
for v = 0 we have
. . 2
Ab,Ab > %N m , (4.35)
for Q >> ~,. we get
AbyAb_ > 0. (4.36)

Therefore the product of the uncertainties in the two quadratures satisfies the min-
imum uncertainty relation.
Then, we proceed to calculate the quadrature variance of light mode b.

The variance of the plus and minus quadrature operators of light mode b are
(AB+)2 - <Bi> - <b+>2 (4.37)
and

(Ab_)? = () — (b_)?%. (4.38)

(Ab4)? = (BB + (B1B) + (17) + () — (B)2 — ()2 — 2060, (4.39)

(Ab_)? = (b)) + (B'h) — (B%) — (b1) + (B)2 + ()% + 2(bb'). (4.40)
On account of Egs. (4.39) and (4.40) we can write

(Abs)? = (BbT) + (016) = (b°) £ (b'2) F (b)* F (b1)* F 2(bb'), (4.41)
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we have

Therefore
(Aby)? = (bb) + (bTD). (4.42)

In view of Eq. (3.12) and Eq. (3.28) we get

. . . 3(N,) 4 Yere2(N,) + dyer2e (i)
Ab)? = — DR 2Ry o e (K] 4 2N+ ene T (Na) +Ayere (i) 4g
(B02) = o o 57V + 4me” ()] + i (4.43)
In view of Eq. (2.164) - Eq. (2.167) we obtain
. 2 Q Ke
Abp)? = 2 T y2 4 oq(t e
( bi) q[ﬁ [(7—{_/‘%2—482) + (2 /€2—4€2)]
2
Veks
+4keQ(y + o 462)
Q c
+820 5 — 1) + K02 + 420 (4.44)
where
Ve N
q= :
(12 = 4e22((7 + F2m)? + 49(F — 3455) + )
when ¢ = 0 we get
7 c + 70)2 + 292
Aby)? = 2yl 4.45
(Abs)™ = [(7+%)2+3Q2}’ (4.45)
for v = 0 one can write
2 2
; Ve nrf e 28
(Aby)* = N [m}’ (4.46)
for Q >> ~. we see that
(Aby)? =22 N. (4.47)

3K
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In view of Eq. (3.16) we have

(Aby)? = 27, (4.48)

4.2 Two-mode quadrature squeezing

Now, we proceed to study the quadrature variance and the quadrature squeezing of
the two mode light beam produced by the coherently driven non degenerate three
level laser with an open cavity and coupled to a two mode vacuum reservoir.

Here we seek to determine the quadrature variance of the two mode light beam.

The squeezing properties of the two mode cavity light described by two operators
ey =¢él 4 e (4.49)
and
e =i(eh — @), (4.50)

where ¢, and ¢_ are Hermitian operators representing physical quantities called
plus and minus quadratures, respectively, while ¢' and ¢ are the creation and anni-
hilation operators for light two-mode. With the help of Eqs. (4.49) and (4.50), we

can show that the two quadrature operators satisfy the commutation relation

[e_,e.] = —2i[e, ], (4.51)

(—2 .)’Yclig(Nc — N,) + 4y.6€2(N, — N,)
— Z .

T (4.52)

(6] =

Fore =0

A

A~ ~ .70 ;
[c_, c+] = QZE [Na — NC}. (4.53)
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Then, the uncertainty relation for the plus and minus quadrature operators of two

mode is expressed as

A A > %]([é+,é_]) : (4.54)
it then follows
AcyAé_ > |(ee) — (efe)|. (4.55)
In view of Egs. (3.38) and (3.46) we obtain
Ae AG > TP <1§[7 >2 %f]i; 2(Na) ek <J§[;>2 _Z’iﬁ (N, o) (4.56)
therefore
Aé Ae_ > 0. (4.57)

Next, we proceed to calculate the quadrature variance of two mode cavity light.
The variance of the plus and minus quadrature operators of two mode cavity light

is expressed as
(A&y)? = (&) — (¢4)? (4.58)
and
(Ae_)? = (&%) — (e_)2 (4.59)
In view of Eqgs.(4.49) and (4.50), and since ¢ is a Gaussian variable
(Aey)? = (ee) + (eTe) + (%) + () — (&)* — (eT)? — 2(e)(eT) (4.60)
and

(Ac_)? = (ect) + (éTe) — (6%) — (e™) + (&)% + (&1)2 — 2(¢)(¢h). (4.61)
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On account of Egs.(4.60) and we get
(Ace)? = (ect) + (éTe) £ (6%) £ (¢1?) F (&) F (1) — 2(&) (D), (4.62)

we have

Therefore

(Aéy)? = (ect) + (Té) £ (¢%) £ (). (4.63)

On account of Egs. (3.39), (3.46), (3.47), and (3.48) we get

(sl = o [PV + (W) + 43N + (M)

+dke(N + (N,) £ 2(k* + 462 + 4re) (1) (4.64)

In view of Egs. (2.165) - (2.167) the quadrature variance two mode cavity light takes

the form
(Ae ) = Ve N
(K% — 4e2]?[(y + _n;iz252 )2+ 49(% - n;iz;) + 2]
2
2 ek 2 Q VK€ 2
40(= — 2Q)
(Kl + =) + 405 — 5 m) + 2]
2
Vel 2 Q YekE 2
42 40(= — 20)
2
Vel 2 Q YeRE 2
—4 40(= — 2Q)
ﬁs[(7+,{2_4g2) +49(5 =) T ]
2 2 '70’{2
—20(K” + 4e® + dke)(y + )] (4.65)

K2 — 4e2
When ¢ = 0, we obtain

(A)? = EN[(7+VC)2+4Q2 - QQ(7+%)L

4.66
K (v +7.)% + 302 ( )
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COuadrature WwWariance for Two-MhModae

Figure 4.1: plots of the Quadrature variance of two mode [Eq.(4.65)] versus (2 for

Y. = 0.4,k = 0.8, = 0.5, N = 50 and for different values of ~.
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Figure 4.2: plots of the Quadrature variance of two mode [Eq.(4.65)] versus ~ for

Y. =04,k =038,Q =2, N=50and fore = 0.
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fory=0

2 1402 - 20
(Aé_)szN[’yc—'— Ve

. el (4.67)

In addition, we consider the case in which the driving coherent light is absent, thus

Q =0, Eq. (4.67) reduces to

(Ac_)? = %N. (4.68)
Therefore

(Aé,)? = %N, (4.69)
and

(Aé_)? = %N. (4.70)

Which is the normal ordered quadrature variance of the two-mode cavity vacuum
state.

The uncertainty in the plus and minus quadratures are equal and satisfy the mini-
mum uncertainty relation.

Fig. 4.1, shows that quadrature variance for two mode cavity light is greater when
~v = 0, than when v # 0 fore = 0.5 at Q > 0.25. Therefore the presence of sponta-
neous emission decrease the quadrature variance of two-mode cavity light.

Next, we proceed to calculate the quadrature squeezing of the two mode cavity light
in the entire frequency interval relative to the quadrature variance of the two mode
vacuum state.

The quadrature squeezing of the two mode cavity light is expressed as

Ac_)? — (Ae_)?
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it then follows

S=1- 13y (4.72)
In view of Egs.(4.65) and (4.70), we obtain
1
S = 1- — 3 —
[x? = 4e?P[(y + F95= ) + 405 — 245=) + @)
2 Ve 2 9 _lekE 2
Wl + 553) +4U5 - 5 ) + 2]
2
Yok Q YeKE
+4€2[(7 + m)Q + 49(5 — m) + 292]
2
Vel Q YeKE
el + ) G - )
2
—20(K? + 4 + 4ke)(y + 27ié4€2)} (4.73)
For ¢ = 0, this reduces to
02
g 2 t0) — (4.74)
(7 +7e)? + 302
Moreover, for v = 0, we get
B 20y, — Q2 (4.75)
RRET -

Fig. 4.3, shows that the quadrature squeezing for two-mode cavity light is greater
when v # 0, than when v = 0 for ¢ = 0.3 at Q > 0.2. Therefore the presence
of spontaneous emission increase the quadrature squeezing for two-mode cavity
light. Moreover, the maximum quadrature squeezing when v = 0.3 and v = 0.2 is
62.19%.

Entanglement

A quantum system is said to be entangled, if it can not be separable. That is if the
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Figure 4.3: plots of the Quadrature Squeezing [Eq.(4.73)] versus  for 7. = 0.4,

k= 0.1, = 0.3, N = 50 and for different values of ~.
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COruuaadrature Squee=ing

Figure 4.4: plots of the Quadrature Squeezing [Eq.(4.74)] versus  for 7. = 0.4,

¢ =0, N = 50 and for different values of ~.
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density operator for the combined state can not be described as a combination of

the product density operators of the constituents.

P> Pk @ P, (4.76)
k

in which p, >> 0and ), p, = 1 to verify the normalization of the combined density
states, on the other hand , a maximally entangled continuous variable (cv) state can
be expressed as the quadrature operator,such as &, — #; and p, — p;.

The total variance of these two operators reduces to zero for maximally entangled
cv states.According to the criteria given by Duan [12], the cavity photons of a system

are entangled, if the sum of the variance of the quadrature operators

§ = i’g - i’l, (477)
t=po— P, (4.78)
where
NS TP
T = —2(a +a"), (4.79)
N TP
By = —2(b + b1, (4.80)
N AP
p1 = E(a —a'"), (4.81)
N A
Py = ﬁ(b —bh), (4.82)

are quadrature operators ¢ and b satisfy,

(As)® + (At)* < 2N. (4.83)
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Since the cavity operators a and b are a Gaussian variable with zero mean, we get

(As)? + (At)? = [(aTa) + (aaly + (bTb) + (bbT)] — [(ab) + (aT0) + (ba) + (bfa')] (4.84)
this gives

(As)? + (At)? < 2(Aa_). (4.85)

On the other hand, cavity atomic states of a system are entangled, if sum of the

variance of the quadrature operators

T (4.86)
D=+ P, (4.87)
where
~/ 1 ~ ~ -i-
= ﬁ(ma +m}), (4.88)
N 1 A~ ~ T
Ty = E(mb + mb), (4.89)
) = i(m; — 1), (4.90)
V2
N Il ~t ~ 1
Py = E(mb — My), 4.91)

are the quadrature operators for the cavity atoms, satisfy,
(Au)* + (Av)* < 2N. (4.92)
Since m, and m, are a Gaussian atomic operators with zero means, we can find

(Au)® + (Av)? = [(mfiig) + (amml) + (i) + (fyim))] — [(Mers) + (mjm])]4.93)
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this gives

>
>

(Au)? + (Av)® = (No) + 2(Ny) + (N.),

(Au)? + (Av)* = N + (Nb>,

it then follows

~

(Au)? + (Av)? = 2N — (N,) — (X,).

From Eq. (4.96) we have

QQ

(Au)® + (Av)> = N[1+

(7 + 22502 + 402 — e,

)+

].

(4.94)

(4.95)

(4.96)

(4.97)

The plots 4.5 shows that (Au)? + (Av)? decrease when the spontaneous emission

increase.
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CALDZT+ A D=

Figure 4.5: plots of the Sum of Variance of Operators [Eq.(4.97)] versus 2 for v, =

0.4, x = 0.8, = 0.3, N = 50 and for different values of .



CONCLUSION

In this thesis we have studied the squeezing and statistical properties of the light
produced by the coherently driven nondegenerate three-level laser with an open
cavity and coupled to a two-mode vacuum reservoir via a single-port mirror. We
have carried out our calculation by putting the noise operators associated with the
vacuum reservoir in normal order. Applying the steady state solutions of the atomic
operators and the quantum Langavin equations for the cavity mode operators, we
have determined the mean , the variance of the photon number,the quadrature
squeezing, photon state entanglement as well as atom and photon number correla-
tion. Itis found that the photons and the atoms in the system are strongly entangled
at steady state. Results show that the presence of parametric amplifier is to increase
the squeezing and the mean photon number of the two- mode cavity light signifi-
cantly.

Moreover, we have shown that the mean photon number of the two-mode light is
the sum of the mean photon numbers of the separate single-mode light. However,
we have observed that the photon number variance of the two-mode light beam

does not happen to be the sum of the photon number variance of the separate
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single-mode light beams. We have found that the light generated by the three-level
laser is in a squeezed state and the squeezing occurs in the minus quadrature. The
plots in Fig 4.3, show that the maximum quadrature squeezing when v = 0.2 and
v =0.31562.19% at 2 = 0.101 for € = 0.3. The quadrature squeezing when v = 0.3 is

greater than when v = 0.2 at 2 > 0.102.
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