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A Refined Analysis of Squeezing Amplification in
the One-Mode Subharmonic Generation

Solomon Getahun

Abstract- We have analyzed the statistical and squeezing properties of the signal mode applying the solution of c-number
Langivin equations for the combination of the twin signal light beams. We have found that the mean photon number to be twofold
of that of a twin signal light beam. And a large part of the mean photon number is confined in a relatively small frequency interval.
In addition, we have shown that the local quadrature squeezing of the signal mode is in general greater than the global
quadrature squeezing and approaches to the global quadrature squeezing as A increases . Moreover, the one mode
subharmonic light beams have a maximum amplified squeezing of 75% below the vacuum state level and occurs in £0.01
frequency interval.

FPACS numbers. 42.50.Dv, 42.65.Y, 42.50.Ar, 42.50.Ct.
Keywords. signal mode, twin signal light beam, global, local, g function, photon stalistics, quadrature squeezing.

I INTRODUCTION

One-mode subharmonic generation is one of the most interesting and widely studied quantum
optical processes. In this process a pump photon of frequency 2w is down converted into a pair of
signal photons each of frequency w. A theoretical analysis of the statistical and squeezing prop-
erties of the signal mode produced by one-mode subharmonic generation has been made by a
number of authors [1-7]. Among other things, it has been predicted that the signal mode has a
maximum squeezing of 50% below the vacuum-state level [4-7].

It is to be recalled that the Hamiltonian describing the process of subharmonic generation con-
sists of the operators 4> and a!?. And the quantum analysis of the signal mode is usually carried
out employing the operators a and a' with the commutation relation [a.a!] = 1. However, such
analysis leads, among others, to one-half of the mean photon number of the signal mode [1-7].
This is surely the mean number of one set of the signal photons, consisting of one photon from
each pair [6-7]. Since the other set of the signal photons is not included in such analysis, we seek
to resolve this problem by applying the commutation relation [a.a!] = 2.

We therefore seek to analyze the statistical and squeezing properties of the signal mode applying
the solution of c-number Langevin equations. We use this solution to calculate, in particular, the
mean photon number and quadrature squeezing of the signal mode.

[I.  THE QFUNCTION

We first obtain c-number Langevin equations, associated with the normal ordering, for the signal
mode produced by one-mode subharmonic generation. The process of one-mode subharmonic
generation is described by the Hamiltonian

N R D .

H = ipbt —b)+ %(bT&Q — bat?), (1)

where d(b) is the annihilation operator for the signal mode (pump mode), ) is the coupling con-

stant, and y is proportional to the amplitude of the coherent light driving the pump mode. Ap-

plying (1) and taking into account the interaction of the pump and signal modes with two inde-
pendent vacuum reservoirs, the master equation for the cavity modes can be written as
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dp oo e e i A o . :
ch = (b5 — bl + pb— bp) + Z(pha'* — ba'?p + bla’p — pbla)
+g (2&paT —atap— pat &) + g(m}ﬁz}* — ithp — pbt B), 2)

in which x is the cavity damping constant for the signal mode as well as the pump mode.
Now employing the relations

d, dp ;
(A = Tr(o-4) (3)
and

[a,af] = 2, (4)

along with (2), one readily obtains
%<&(t)> = —r(a(t)) — 2M(a" (£)b(1)), (5)
%@(t)&(t» = —26(a (1)) — AMa'(1)a(t)b(r)) — 2A(b(1), (6)
%(dT(t)d(t» = —2n(al (Da(t)) — 2 (@B (1) + @2(Obw)) ). @)

We note that the c-number equations corresponding to Egs. (5), (6), and (7) are

9 (a(1)) = —la(t) —2\(0* (B(0). ®
2 (a(a(t) = ~2x(02(1) ~ M0 (NalHB(D) — 2A(B(1)) ©
< (0" (Halt)) = ~2n(0” (Da(t) — 22 ({25 (1) + (@ (DB 10)
On the basis of Eq. (5), one can write
%a(t) = ko) — 200 (DB(E) + full), (11)

where f, () is a noise force whose properties remain to be determined. We note that Eq. (8) and
the expectation value of Eq. (11) will have identical forms if

(fa(t)) = 0. (12)
Moreover, it can be readily verified using (11) that
d
Zlat)at)) = —2r(a(t)) — 4 (a* (1) a(t)B(1)) + 2{a(t) falt))- (13)
Comparison of Egs. (9) and (13) shows that

(a(t) fa(t)) = =M (B(?)). (14)

A formal solution of Eq. (11) can be written as

alt) = a(0)e " + / te’”(t’t/)[fa(t’)—2/\ﬂ(t’)a*(t’)]dt’. (15)
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We then notice that

(@) f(1) = ((0)falt))e™ + /O e O [(falt) falt)))
—2XM(B(t) " (') fa(t)]dt'.

(16)

On account of the assertion that a noise force at time ¢ should not affect a cavity mode variable

at earlier time, we have
t
@) = [ e D0l
so that in view of (14), there follows
t
[ e numsnar = -xaa).

Now on the basis of the relation

we assert that
(f(t)g(t)) = 2Ds(t —1"),
where a is a constant and D is a constant or some function of time ¢. We then see that
(fa®)fa(t)) = —2X(B())o(t —1').

Furthermore, it can be verified applying (11) and its complex conjugate that

d

(@ Ma(t)) = —2x{a”(B)a(t)) — 2M(BH)a™(#)) — 2B (H)a* (1))

() fa(t)) + () fo (1))
On comparing this with (10), we observe that

(@ (1) fa(t)) + (a(t) fa(t)) = 0.

In addition, using (15) and its complex conjugate, we easily get

(a(®)Fi() = /0 )5 () £ (#)) !

and
t
e R AT
Now taking into account (23), (24), (25), and assuming that

(fa®fa)) = (faO)fat),
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we arrive at

/ t e = (2 () £ (¢))dt = / t e () 1)) dE = 0. 27)
0

0

Therefore, on account of (19) and (20), we see that

(fa) fa(t)) = (fat) fa(t)) = 0. (28)
It is worth mentioning that (12), (21), and (28) describe the correlation properties of the noise
force f,(t) which is associated with the normal ordering.

On the other hand, we wish to determine the correlation properties of the noise force associated
with 5(¢). To this end, employing the relation described by (3) and the commutation relation

b,bf]=1, (29)
along with (2), one readily obtains
d - K » A
£<b(t)> = —§<b(t)> + §<a2(t)> + (30)
S (B(0)b(t)) =~ {B(0)) + 2B(0)) + M@ (0)b(1), 31)
B ) = — (BT (1) t
SN 0b(0) = =B (Ob(1) + u((B(1)) + (b(1)))
+2 (@20 0) + @b ). (32)

d K A
Z(BW) ==5 (B®) + 5 (?(1) + p. (33)
@ (B(1)8(1)) = (1)) + 2m(B(D)) + M (DB(D), 64
d * * *
ZH{B (08(0) = ~r(8 (1B + n((8"®) + (5(1)))
£2 (128" (0) + {0™(0)5(1) ). 5)
On the basis of Eq. (33), we can write
@ B(t) =~ 8(1) + 202(0) + 1+ Is(0), (36)

where f3(t) is a noise force the properties of which remain to be determined. We note that Eq.
(33) and the expectation value of Eq. (36) will have identical forms if

(fs(t))=0. (37)
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Moreover, it can be readily verified using (36) that

d

(BOBE)) =—r(B(E)) + 2u(B(t)) + Ma*(B)B®) + 2(B() f5(1)).

Comparison of Egs. (34) and (38) shows that

(B(t)f5(t)) =0.

A formal solution of (36) can be written as

t
B(t)=B(0)e "% + /0 e~ rt=t)/2 (fﬁ(t/) + %aQ(t’) + At)dt’.

We note that
t
B 0) = [ g5
so that in view of (39) and (41) together with (19) and 20), there follows

(fa(t) f5(t)) =0.

Furthermore, employing Eqgs. (36), we readily obtain

A

G OB = (B + 5| @050) + (@05 (1)

+((BW) + (87 (1)) + (B (1) Fa (1)) + B F5 (1)),

On comparing this with Eq. (35), we have
(B7(t)f5(1)) + (B(t) f3(t)) = 0.
In addition, with the aid of (40) and its complex conjugate, we easily get

_ k(t=t))

t
BOsO) = [ O
and

B (1) fa(t)) = /0 T a0 15t

On account of Eq. (44), we have

t _nlt=th) t _ r(t=t) "
/0 e” 2 (f5(t)fa(t)dt’ + /0 ez (fs(t)f5(t)dt = 0.
And assuming that

(f5@®)fa(t)) = (fs(®)f3(t),

we arrive at

t _ r(t—t)) t _ r(t—t)

/6 = (fp) fp(t))dt’ = /e T (fs(t) f5(t))dt' = 0.
0 0

(38)

(39)

(40)

(41)

(42)

(43)

(44)

(45)

(46)

(47)

(48)

(49)
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Thus with the aid of (19) and (20), we see that

(f5") fs(t)) = (fa(t') f5(t)) = 0. (50)
Now on account of Egs. (37), (42), and (50), we can drop the noise force in Eq. (36) and write

d K A,
L8 =—25() + SaP() + . 1)
Applying the large time approximation scheme to this equation, we have

B(t)= 2;” + %oﬂ(t). (52)

Then on substituting Eq. (52) into (11) and (21) and dropping terms second order in \, we obtain

d

@a(t) = —ra(t) — 2ea™(t) + fo(t) (53)
and
(fa®)fat)) = (falt') fa(t)) = —2¢0(t — 1), (54)
where
€= % (55)

In order to obtain the solution of Eq. (53), we introduce a new variable defined by

ax(t) = % [a*(t) + oz(t)} : (56)
It can then be shown using (53) and its complex conjugate that
da (t) B _1 1, .,
21— Jsas(t) + 5 (1) £ S1), 57
in which
L =K+ 2e. (58)

According to Eq. (57) together with (58), the equation of evolution of o does not have a well
behaved solution for x < 2¢. We then identify x = 2¢ as the threshold condition. For 2¢ < &, the
solution of Eq. (57) can be written as

t
as(t) = ay(0)e 28t 4 é / e 28 () £ f(¢)]dt. (59)
0

Now with the aid of (56) and (59), one readily gets

a(t) = Fiu(t)a(0) + F_()a™(0) + E4(t) — E—(1), (60)
in which
Fi(t) = % [e—éw + e—éft] (61)
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and

Ei(t) == /0 te—%&(t—t’) [f*(t’) + f(t’)} dt'. (62)

We now proceed to calculate the Q function for the signal mode assumed to be initially in a
coherent state. The Q function is expressible in terms of the antinormally ordered characteristic
function as

Qla,a”t) = % / d*na(n®,n,t)e (63)
Employing the identity
AcB = eBeAe[A’B], (64)
the characteristic function ¢, (n*, n, t) takes the form

b
da(n,m*,t) = exp| —a(t)n™n — @(772 +n*?)

2
H(E ()0 = F-(O)n")ag — (F(8)n" = F-(t)n)ao |, (65)
in which
alt) = 1 = oyl = e (K_Ei%)u — (k=2 (66)
and
0 = el T gl

Finally, substituting (65) into Eq. (63) and then carrying out the integration, the Q function for
the signal mode is found to be

Qa,a*,t) = qgrt)exp[ —uata — %(oz2 + a*?) + p(t)a —i—p*(t)a*] , (68)
in which
0) = [ = Pheap| — (W(FH0) + F2(0) + 208, OF-() )
~uFOF-(0) 0 + 02 ) = §(F20 + F2(0) (o + )| (69
p(t) = u<F+(t)oz8 + F_(t)ao> + U(F+(t)a0 + F_(t)a8>, (70)
with
o aW
and ) a?(t) — b2(t) 7y

(72)
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We find the Q function for the signal mode initially in a vacuum state upon setting o, = ap = 0 to
be

Qa,a*t) = ——exp| —ua’a — g(OéZ +a*?)]. (73)
™

One can easily check that the Q functions described by Egs. (68) and (73) are normalized to unity.

[1I.  THE DENSITY OPERATOR

Here we seek to determine the density operator for the signal mode. Suppose 5'(af, @) is density
operator for a certain light beam. Then upon expanding this density operator in normal order

) =) Cuattdl (74)
kl

and employing the completeness relation for coherent state

2
/do‘ya><a| _ 7 (75)
s
one easily finds
N _ 1/ 2 *k ~l
p(t) = - da%:Ckloz |a) (ar]@’. (76)
Thus in view of the identity
o \!
ald' = (a+ 50 ) lalal, @
there follows
0
A _ 2 * Y
i) = [a a@(a ,a+8a*,t)1a><a|, 78)
where
. ) 1 o o\
Q(a,a+aa*,t> = W;Ckla <a+aa*). (79)

[V. THE GLOBAL MEAN PHOTON NUMBER

Here we wish to calculate the mean photon number for the one-mode subharmonic light. The
mean photon number, for the cavity light, is defined by

= (at (H)a(t)). (80)

Employing Eq. (73), the mean photon number of the signal mode is given by

Ao— __ c _—(kH2e)ty € —(k=2e)t
" rzl e T P e T ) 81)

Thus at steady state we see that

© 2014 Global Journals Inc. (US)



4e?

—_ 2
K2 — 4e2 (82)

Ngs =
We observe that the mean photon number given by (82) is twice that of a twin signal light beam.

V. THE LocaL MEAN PHOTON NUMBER

We calculate the local mean photon number in a given frequency interval employing the power
spectrum for the signal mode. The power spectrum for a cavity light with central frequency wy is
expressible as

P(w)= %Re /0 Oo(fﬁ(t)d(t + 7)) 5s€ @70 7, (83)

The two-time correlation function for the cavity light can be written as
(@' (tya(t + 1)) =Tr[p' (t)a' (0)a(r)]. (84)

Now introducing (78) into (84), we have

@' (t)a(t+ 1)) = / d*aQ <a*, a+ ;Z*, t) o*Tr [,3’(0)@(7)] : (85)
in which
7' (0)=|a){al. (86)
We note that
Trlp'(0)a(r)]=Tr[p (7)a(0)]. 87)

Furthermore, replacing («, o*, t) by (A, \*, 7) in Eq. (78), the density operator //(7) can be written
as

)
§)= [ EAQO" A+ S VWL 88)

Thus applying (88) in (87), we get
Trlp (1)a(0)] = / ?2Q <)\*, A+ %, T> A (89)

Moreover, replacing (a, a*,t) by (A, A", 7) and (o, o, t) by (o, ", 7) in Eq. (68), the Q(\, \*, T)
function for the signal mode can be put in the form

QNN 7)= q(;)exp [ —uN*\ — g()\2 + X)) 4+ p(T)A + p*(T))\*] . (90)

Thus combination of (85) and (90) leads to

STAY _ € —L(k=2e)T _ € —L(k+2e)T 1
@0+ ) = e e o)
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Finally, substituting (91) into Eq. (83) and then carrying out the integration over 7, the power
spectrum of the signal mode turns out to be

<92+(1”22€)2> - <92+<1F~+226)2>] } 92)

We thus realize that the steady-state local mean photon number in the interval between w' = —\
and w’ = ) can be written as

(k2 — 4¢?)
8me

Plw) = n{

where Q = w — wg.

Figure 1: A plot of z(\) [Eq. (96)] versus ) for k=0.8 and ¢ = 0.35.

A
nyy = / P(w’)dw’, (93)
Y
where w’ = w — wy. Therefore, using (92) and (93) and the fact that
A dw 2 (A
- Z -1 = 4
/_A w? + g2 atcm <a>7 4
we readily obtain
ngy = ﬁz()\), (95)
where
1 2 2
= 2 -1 —(k—2 -1 .
z(A\) 5 e |:(/€ + 2¢)tan </€ — 25) (k — 2e)tan </€ n 25)} (96)

One can easily get from Fig. 1 that z(0.5) = 0.9019, z(1) = 0.9496, z(2) = 0.9713, and z(3) = 0.9815.
Then combination of this results with Eq. (95) yields n1o.5 =0.9019 7, 71 = 0.9496 71, 110 = 0.9713
n, and 13 = 0.9815 . We immediately see that a large part of the total mean photon number is
confined in a relatively small frequency interval.
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VI.  GLOBAL QUADRATURE SQUEEZING

We now proceed to calculate the global quadrature squeezing of the one-mode subharmonic
light. We can define the quadrature variance of the cavity signal mode by

(Aat)? = 24 (- ax(t), ax(t) 2, 97)
where
ay(t) =al(t) +a(t) (98)
and
a_(t) =i(al(t) — a(r)), (99)

are the plus and minus quadrature operators for the cavity light. The first term on the right
hand-side of Eq. (97) represents the quadrature variance of the cavity vacuum-state. It is also the
commutator of the annihilation and creation operators representing the signal mode. Then Eq.
(97) can be put in the form

(Aas)? = 2+2(aTa) £ (a™) + (a?). (100)
Thus combination of (81) and (100) yields

de
Aagp)? =2F ——— |1 — e ("2 101

(Aaz) :F(nj:ZE)[ ¢ (101)
We observe that the signal mode is in a squeezed state and the squeezing occurs in the plus
quadrature.

To this end, we calculate the quadrature squeezing of the cavity signal mode relative to the
quadrature variance of the cavity vacuum-state. We then define the quadrature squeezing of
the cavity signal mode by

2 — (Aay)?
S, = (2 ax)” (102)
so that on account of (101), there follows
Sp = 2 | (it (103)
T (k4 20) '

Moreover, on taking into account (103), we see that at steady-state and threshold

Sy = (104)

N =

We then note that at steady state and at threshold there is a 50% global squeezing of the cavity
signal mode below the cavity vacuum-state level.
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VII.  LocAL QUADRATURE SQUEEZING

Here we obtain the local quadrature squeezing of the signal mode employing the spectrum of
quadrature fluctuations. We first define the spectrum of quadrature fluctuations for a given cav-
ity light with central frequency wy by

Sy(w) = %Re /0 Oo<ai(t), G (t + 7)) g€ @0 dr, (105)
in which
ap(t+7)= (@ t+7)+alt+7)) (106)
and
a_(t+7)=i(a’(t+71) —a(t+71)). (107)

Then in view of Egs. (98), (99), (106), and (107) along with (105), we have
(ax(t),ax(t +7))= | £ (a(t)a(t + 7)) + @@®)al(t + 7))
+al(ha(t + 7)) + @' (Bal(t + 7)) |- (108)

Following the same procedure employed as in section five, one can readily establish that

"N at _ € —L(k—2e)7 € —3(r+2e)T
(at)a'(t + 7)) ss =20 e 2 20 e 2 , (109)
at()af e LA O LS (D0 110
<CL (t)a (t+7)>ss (5—26)6 ’ (R+2€)6 ’ ’ ( :
and
R _ € —L(k—2e)7 _ € —L(kt2e)T 111
(a(t)a(t +7))ss (H_Qg)e ’ (H—l—?&)e ’ ' b

Now on account of (91), (109), (110), and (111) together with (108), we find

(ar(t),as(t+7))ss = (Aay)ie 2527, 112)

Finally, introducing (112) into (105) and then carrying out the integration over 7, the spectrum of
the quadrature fluctuations for the signal mode is found to be

(r£2e)
Si(w) = (Aax)?, ((22_&7,&225?), (113)
where Q = w — wg.
The local quadrature variance in the interval w' = —X and w’ = A can then be written as
A
(Bas? = [ (Ss@)2a, (1)

© 2014 Global Journals Inc. (US)



Figure 2: A plot of z; () [Eq. 116] versus A for k=0.8 and ¢ = 0.35.

. . /
inwhichw = w — wy.

Then upon integrating Eq. (113) in the interval between w' = —X and w’ = ), using the relation
described by (94), we readily get
2e 2 2\
2 _ = -1
(Aaen)” = (1:': /£:|:25) [ﬂtcm (K,:l:2€>:|7 (115)
in which
2 2x
ze(A) = ;tan </1:|:2€)' (116)

We easily obtain from Fig. 2 that z(+5)=0.906, z(+15)=0.968, 2(+25)=0.981, and z(+50)=0.990.
Then combination of this results with Eq. (115) yields (Aa+5)?=0.906 (Aay)?, (Aax15)%=0.968
(Aay)?, (Aatos)?=0.981 (Aa,)?, and (Aais0)%=0.990 (Aa,)?. We immediately see that a large
part of the quadrature variance of the signal mode is confined in a relatively small frequency
interval.

We note that the quadrature variance of the vacuum state in the interval between ' = —\ and
w’" = X can be obtained by setting ¢ = 0 in Eq. (115). We then get

(Aasn)? = (Aax)iz0(N), 117)
where
z(\) = zmn—l (”) (118)
i K

We next calculate the local quadrature squeezing of the signal mode relative to the local quadra-
ture variance of vacuum state. We define the local quadrature squeezing of the cavity light in the
interval between w' = —\ andw’ = \ by

2 2
S = BNy — (Ban)” (119)

(Aai)\)%
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Then combination of Egs. (115), (117), and (119) leads to

—1/.2)
ko N\ tan™( )
Sy —1— ( ) rt2e/ 120
+ 1 2e) tan (D) (120)

We immediately see that the quadrature squeezing of the cavity light in a given frequency in-

Figure 3: A plot of S1) [Eq. 120] versus A for k=0.8 and ¢ = 0.4.

terval is not equal to that of the cavity light in the entire frequency interval. We see from the
plot in Fig.3 that the maximum local quadrature squeezing is 75% and occurs in the +0.01 fre-
quency interval. In addition, we note that the local quadrature squeezing approaches to the
global quadrature squeezing as A increases.

VIII.  CONCLUSION

It has been established that the mean photon number of the signal mode, obtained following
the usual procedure, is just half of the actual mean photon number. The mean photon number
calculated, employing the usual procedure, is certainly the mean photon number of a twin sig-
nal light beam. In view of this we have asserted that the usual procedure of analysis is valid for
a light mode represented in the pertinent Hamiltonian by first order annihilation and creation
operators whose commutation relation [a, a]=1.

Therefore, we have analyzed the photon statistics and quadrature squeezing of the signal mode
applying the commutation relation [a, af]=2. We have found that the mean photon number to
be twofold of that of a twin signal light beam. And a large part of the mean photon number
is confined in a relatively small frequency interval. In addition, we have shown that the local
quadrature squeezing of the signal mode is in general greater than the global quadrature squeez-
ing and approaches to the global quadrature squeezing as \ increases . Moreover, the one-mode
subharmonic light beams have a maximum squeezing of 75% below the vacuum state level and
occurs in £0.01 frequency interval.
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