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Abstract

In this research, we investigate the squeezing and statistical properties of coherently
driven degenerate three-level laser with parametric amplifier for the cavity mode
coupled to a single-mode a vacuum reservoir via a single-port mirror. We first de-
rived the master equation in the linear approximation scheme which is used to de-
termine stochastic differential equations. We carry out analysis applying the solu-
tions of c-number Langevin equations associated with the normal ordering, we de-
termined the quadrature squeezing and squeezing spectrum. Using the antinormal
order characteristic function, we obtain the Q-function to analyze the squeezing
and statistical properties of the generated cavity radiation. Expanding the density
operator in the normal order and applying the completeness relation for coherent
states, we determined the Q-function of superposed light to analyze the squeezing
and statistical properties. We have found that a single light is 47.9% squeezed below
the coherent state level at steady state. The effect of parametric amplifier is to in-
crease the intra-cavity squeezing by a maximum of 50%. The maximum intracavity
squeezing is found to be 93.2% below coherent state level. The mean photon num-
ber of superposed light beam is twice of that of single light beam. The squeezing
of the superposed light of single-mode light increases with linear gain coefficients

with a squeezing of 95.8% below coherent state level.
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INTRODUCTION

Degenerate parametric amplifier is a typical source of squeezed light, with a maxi-
mum of 50% intracavity noise reduction [1-5]. Some authors have also established
that a three-level laser under certain conditions generates squeezed light [6-7]. A
squeezed state is now belonging to the selected technologies for detection of weak
signals and in low noise communication [8-10]. We define a three-level laser as a
quantum optical system in which three-level atoms in a cascade configuration and
initially prepared in a coherent superposition of the top and bottom levels are in-
jected at a certain rate into a cavity coupled to a vacuum reservoir via a single-port
mirror see Fig.1.1. The three-level laser in which a considerable role is played by the
coherent superposition of the top and bottom level of the injected atoms have been

studied by different authors [7, 8, 9, 10, 12, 13, 14, 16, 17].

The squeezing in such a laser is due to the coherent superposition of the top and
bottom levels. It now appears that a highly squeezed light could be generated by a
combination of these two quantum optical systems. The set of energy levels of an
atom consists of an infinite number of discrete levels corresponding to the bound

states of the electrons [11]. For a three-level atom, out of these set of energy lev-
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Figure 1.1: Schematic diagram of three-level laser with a degenerate parametric am-

plifier (DPA)

els only three-levels interact with electromagnetic radiation. When the three-level
atom interacts with radiation, then it under goes a transition from top to bottom
level via the intermediate level by emitting two photons. If the two photons gener-
ated have different frequencies, a two-mode light is generated. In this case the atom
is called non-degenerate three-level atom. But, when the frequencies of these pho-
tons are equal, the atom generates a single-mode light. For this condition the atom
is called degenerate three-level atom.

Ansari [7] has found the quadrature variance of degenerate three-level laser us-



ing the steady state solution of the expectation value of cavity mode variables. He
found that the cavity mode is in squeezed state if the probability for the injected
atoms to be in the bottom levels is larger than the probability to be in the top levels.
And almost perfect squeezing can be achieved for slightly high probability for the
atoms to be in the bottom levels and for large value of linear gain coefficient. Ale-
bachew and Fesseha [12] have studied the squeezing properties of the cavity mode
produced by a degenerate three-level laser whose cavity contains a parametric am-
plifier by applying the solution of the stochastic differential equations, with the top
and bottom levels of injected atoms coupled by the pump mode emerging from the
parametric amplifier. In this study they showed that the optical system generates
light in a squeezed state with a maximum interacavity squeezing of 93% below the
coherent state level. Recently, Misrak [13] has studied the squeezing properties of
cavity mode produced by degenerate three-level laser with parametric amplifier by
applying the solution of stochastic differential equations. This study showed that
the quantum optical system generates squeezed light and the degree of squeezing
increases with the linear gain coefficient with maximum interacavity squeezing of
96.5% below the coherent state level. The injected coherent superposition creates a
population transfer pathway which is the basis for the correlated two photon emis-
sion.

In this thesis, we seek to analyze the squeezing and statistical properties for de-
generate three-level laser whose cavity contains parametric amplifier for single light
and for superposition of light beams produced by pair of degenerate three-level

lasers. By making use of stochastic differential equations, we carry out the analysis



applying the solutions of c-number Langevin equations associated with the normal
ordering. These equations are obtained using the master equation derived in the
linear approximation scheme in the good cavity limit. This is used to analyze the
squeezing and statistical properties of the generated cavity radiation with the aid of

the pertinent stochastic differential equations associated with the normal ordering.

Imposing the requirement that the c-number equations of evolution for the first
and second-order moments have the same forms as the corresponding operator
[14], we obtain stochastic differential equations, associated with the normal order-
ing, for the dynamical variables of the cavity mode. The solutions of the result-
ing equations are then used to calculate the quadrature variance and the squeezing
spectrum. Applying the same solutions, we also determine the antinormally or-
dered characteristic function with the aid of which the @ function is obtained. K.
Fesseha [15] has shown that the effect of parametric amplifier is to increase the in-
tracavity squeezing by a maximum of 50%. Finally, the @) function is used to calcu-
late the mean photon number and the photon number distribution. Furthermore,
using the Q-function, we obtain the Q-function for the superposition of two light
beams produced by three-level lasers. Upon employing this Q-function, we de-
termine the squeezing and statistical properties of the single-mode light obtained
from superposition of two light beams produced by three-level lasers. We then cal-
culate the mean photon number, the variance of photon number, the photon num-

ber distribution and the quadrature variance of the superposed light beams.



STOCHASTIC DIFFERENTIAL EQUATIONS

2.1 The Hamiltonian

A three-level laser consists of a cavity in which three-level atoms in a cascade config-
uration are injected at a constant rate r, and removed from the cavity after a certain
time 7. We represent the top, middle, and bottom levels by |a), |b) and |c) respec-
tively. In addition, we assume that the cavity mode to be at resonance with the two
transitions |a) — |b) and |b) — |c), and with direct transition between levels |a) and |c)
to be dipole forbidden. The interaction of a three-level atom with the cavity mode

can be described in the interaction picture by the Hamiltonian
H = ig|al([b){al + |e){b]) — a|a) (Bl + [b) {c]) |, (2.1)

where g is the coupling constant and a is the annihilation operator for the cavity

mode. In this study we take the initial state of a three-level atom to be
p(0)) = Ca(0)]a) + Ce(0)]c), (2.2)
and hence the initial density operator for a single atom has the form

pa(0) = pidla)(al + p2la)(cl + pile)(al + plle) {el, (2.3)

5



2.2 The Master Equation 6

where p) = |c,|?, p& = C,C*, p% = C.C* and p¥ = |, and
A = 2/ 4

is the linear gain coefficient. It can be readily established that the equation of the

density operator for the cavity mode has in the linear approximation given as [18].

2.2 The Master Equation

The quantum analysis of the interaction of a system such as a cavity mode or a
two-level atom with the external environment is a relatively complex problem. The
external environment, usually referred to as a reservoir, can be thermal light, or-
dinary or squeezed vacuum. We are interested in the dynamics of the system and
this is describable by the master equation, the Fokker-Planck equation, or quantum
Langevin equations. In this section, we obtain the above set of dynamical equations
for a cavity mode coupled to a squeezed vacuum reservoir via a single-port mirror.
The resulting equations are easily adaptable to the case when the external environ-
ment is either a thermal or a vacuum reservoir. We then focus our study when the
cavity mode is couple to a vacuum reservoir. A system coupled with a squeezed

vacuum reservoir can be described by the Hamiltonian
H = Hs+ Hgg. (2.5)
The equation of evolution of density operator is given by

—X(t) = —i|Hg(t)+ Hgp, X(1)], (2.6)



2.2 The Master Equation 7

where X (1) is the density operator for the system. Using equation (2.6) the reduced

density operator

pt) = TrX(t) 2.7)
evolves in time according to
d A . .
G0 = =il 0,500 - i7v | fsnto) X0, 2.

in which Try indicates the trace over the reservoirs variables only. On the other

hand, a formal solution of Eq. (2.6) can be written as

~

X(t) = X(0)—i /0 t [Flg(t’)+fISR(t’),X(t’)}dt’. (2.9)

In order to obtain mathematically manageable that X (#') by some approximately
valid expression. Then, in the first place, we would arrange the reservoir in such
a way that its density operator R remains constant in time. This can be achieved
by letting a beam of thermal light (or light in a vacuum state) of constant intensity
fall continuously on the system. Moreover, we decouple the system and reservoirs

density operators, so that
Xt = pt)R. (2.10)
Therefore, with the aid of this, one can rewrite Eq. (2.9) as
t A A A~
X)) = p(thR— / {Hs(t’) + Hgr(t'), p(t" ) R|dt'. (2.11)
0

Now on substituting (2.11) in to (2.8) there follows
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%ﬁ(t) = —i {ﬁsR(t), ﬁ(t)] —i [(ﬁSR<t>>R7 ﬁ(O)}

= [ [tpsatonn. [ster.o0)] |

t
— / Trp {HSR@, [ﬁSR(t’), ﬁ(t’)}?} } dt’, (2.12)
0

where the subscript R indicates that the expectation value is to be calculated using
the reservoirs density operator R. A light mode confined in a cavity, usually formed
by two mirrors, is called a cavity mode. A commonly used cavity has a single port-
mirror. One side of each cavity is a mirror through which light can enter or leave the
cavity. We now proceed to obtain the equation of evolution of the reduced density
operator, in short the master equation, for the cavity mode coupled to a squeezed
vacuum reservoir via a single port-mirror. We consider the reservoirs to be com-
posed of large number of submodes. Thus, the interaction of a cavity mode with

squeezed vacuum reservoirs can be described by
ﬁSR(t) = iEkAk(dTl;k expi(wp — wi) — &ZA)L exp —i(wp — wy)), (2.13)

where a and b are annihilation operator for the cavity and the reservoir submode

respectively. In view of this, we have
<ﬁSR(t)>R = ZZkAk (CALTZbk> expi(u)g — wk) — (AI<ZA)J]2> exp —i(WO — wk)t) . (214)

For squeezed vacuum reservoir to good approximation, a strong pump (signal)

mode can be treated classically. In this case the Hamiltonian take form

= %(aﬂ —af?), 2.15)
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with ¢ = Af,, where ¢ is the parametric amplifier, A is the coupling constant be-
tween these two modes and (3, is assumed to be real, positive and constant which is
replaced in the position of operator b. The state vector for the signal mode initially

in coherent state |«) is expressible as
(1)) = €3 @), (2.16)

It proves to be useful to introduce an ideal squeezed coherent state defined by

ja,r) = S(r)]a), (2.17)
in which

S(r) = e2(@-4") (2.18)
is the squeeze operator and the squeeze parameter r is taken for convenience to
be real and positive. For o = 0 the squeezed coherent state reduces to a squeezed
vacuum state or in short squeezed vacuum. We assume the reservoir submodes to
be independent and consider the case for which the squeezed vacuum is incident

on a system from one direction. Then on account of (2.17) with « = 0 and (2.18),

the density operator for a single submode has the form
pre = Su(r)|0k) (05| ST (r), (2.19)
where
S, = e300 (2.20)

is the squeeze operator. The expectation value of the operator b, can thus be ex-

pressed as

(3k> = <0k|?)k(7“) 0% ), (2.21)



2.2 The Master Equation

10

in which

bi(r) = S (r)bpSk(r).

(2.22)

Now on comparing (2.22) with the ideal squeezed state, called displaced squeezed

vacuum given in the form
a(r) = Stas(r)
and
& = acoshr — a' sinhr,
we see that
bi(r) = by, cosh r — b sinh 7
Hence on introducing (2.25) in to (2.24), we have

(bg) = cosh (0 |bg|0) — sinh (0% |b]|0%).

It then follows that

and
(biVg = 0.
Employing Egs. (2.27) and (2.28) in to (2.14) we can easily express

(a0 p0)| = 0.

(2.23)

(2.24)

(2.25)

(2.26)

(2.27)

(2.28)

(2.29)
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and
(Grea(0)n. | s(0).506)] | =o. 2.30
Since the submodes are assumed to be independent, we note that for v’ #
(blbys) = (bL) (i) (2.31)
and in view of (2.27), we see that
(bl by = 0. (2.32)
On the other hand, for &’ = k the expectation value of ! by, is expressible in the form
(bhbir) = (Ok| SE(r)BLbS,c(1)]0). (2.33)
Using the unitary property of the squeezed operator, this can be written as

(blbw) = (03 [D}.(r)bi| 0 (1)), 2.34)

where b, is defined by (2.22). Hence on introducing of Eq. (2.24) and its adjoint in

to (2.34) leads to
(bl b)) = (0g| | bl by cosh?(r) + b sinh? (r)bybl, — cosh(r) sinh(r) (bl b] + brbe) | [0&), (2.35)
from which follows
(bl by) = sinh? (04| b bt 04), (2.36)
we assume that the reservoir submode operator satisfy the commutation relation

J

{z}i,éf} = 0y (2.37)
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Now applying the commutation relation, we arrive at
(bl b)) = sinh?r, (2.38)
which holds for &’ = k. Therefore, on account of (2.32) and (2.38)
(bLbwr) = N, (2.39)
where N = sinh?r. In addition, with the aid of (2.37) and (2.39), one easily gets
(brbl,) = (N + 1) 8. (2.40)
It can also be readily verified in a similar manner that
(brby) = —M S, (2.41)
withM = coshrsinhr, expression (2.41) can be written as

(brby) = =My oy, - (2.42)

where k ~ 2kq_.

In view Egs. (2.27)-(2.30), expression (2.12) reduces to

iﬁ = —1 [Hs(t)7ﬁ] - /Ot Tr [RﬁSR(t>ﬁSR(t/)ﬁ(t/)} dt’
- [ sty | Rttt rsuto)] ar
+ [ o] )50 Ritonte|

t
+ / Tr {f]SR(t’) p(t')}%ﬁSR(t)] dt'. (2.43)
0
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Furthermore, using Hamiltonian described by (2.13) we have
— Trr(RHgp(t)Hsg(t') = Laal + Lata + Lia® + 1, (2.44)
where
I, = _Z/\)\k:bbk exp{ i(wp — w)t + i(w O—w)t'}, (2.45)
gk
I, = —Z)\)\kbbTRexp{zwo—% —zwo—w)t] (2.46)
gk
I, = — Z Ak ( b bT YR €xp [ wo — wj) — i(wo — w)t'}, (2.47)
gk
I, = — Z AjAk<BjBk>R exp { —i(wo — wj) — i(wo — w)t’] ) (2.48)
5k

In view of Egs. (2.39), (2.40) and (2.42) one can easily write the relations in the form

<bjbk>R - N(Sjk,
(bblyr = (N +1)ds,

(bibi)r = (Dbl R =—Md;ok, .
from these relations it is not difficult to obtain

L = —NZ)\kexp—z wo — wy)(t — 1),

L = —(N+1)) Aexpi(wo—wi)(t —t),
k

[3 = —MZ /\2’90 L eXp |: (u)o — Woko— )t - i(u)o - wk)t’ )

(2.49)

(2.50)

(2.51)

(2.52)

(2.53)

(2.54)
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]4 = —MZ )\2k0_k exXp |:i(u}0 — WQkO_k;)t + i(wo — wk)t' . (255)
k

Assuming the frequencies of the reservoirs submodes to be closely spaced summa-

tion over k can be converted in to an integration over w

t
Z Nexpi(wg —wi)(t —t) = / (WA expi(wy — wi)(t — t)dw.  (2.56)
p 0

Replace g(w) and M\?(wp) by g(w) w? and extend the lower limit of integration to oo

t
Z Nexpi(wy — wi)(t —t) = glwo)A*(wo) / expi(wg — wy)(t —t')dw. (2.57)
k 0
Let w' = w-wy, then
t
Z Mexpi(wg —we)(t —1) = g(wo)N\*(wo) / expiw'(t — t')dw, (2.58)
- 0
from which follows
Z N expi(wy —we)(t —t) = kot —1), (2.59)
K
where

kK = 2Ig(we)N*(wp) (2.60)

is defined to be the cavity damping constant. On account of (2.53) Eq. (2.52) and

(2.53) take the form

I, = —kN§(t—1), (2.61)

L = —r(N+1)d(t—t). (2.62)
Performing a similar procedure, one can also readily establish

Iy = Ii=—rmé(t—1t). (2.63)
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Hence, the combination of (2.44), (2.61), (2.62), and (2.63) yields
Tr(RHsp(t)Hsg(t) = & {(N + Dafa + Naa' + Ma* + M&T} 5(t—t). (2.64)
In view of this result

t
/ Tr(RHsr(t)Hsgr(t)p(t)dt' = {(N +Datap + Naa'p+ Map + M&TQ;S} . (2.65)
0

Do

With p = p(t), it is not hard to see that

t
/ ptTr(RHgr(t)Hsp(t)dt = g {(N + 1)pata + Npaa® + Mpa® + Mpaﬂ . (2.66)
0
In addition, employing (2.13) one can write
Tr(RHgp(t)p(t') Hsp(t)dt = — [IldTﬁ(t)d + Lap(t)at + Liap(t)a + m*,s(t')aq ., (2.67)

so that the application of the results described by (2.61), (2.62) and (2.63)

leads to
t . oA K
/ Trr <HSR(t) ﬁ(t’)RHSR(t)) dt' = 3 {(N + Dapa' + Na'pa + Mapa + Md*ﬁd*} (2.68)
0
and

t
/ Trg (FISR(t’) ﬁ(t’)RﬁSR(t)) dt = g [(N + Dapa" + Nafpa + M&,ﬁd] . (2.69)
0
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Therefore, on account of Egs. (2.65), (2.66), (2.68) and (2.69), Eq. (2.43) for the

squeezed vacuum reservoir, it takes the form

Zh = {Hs,p} + §(N +1) {Qapcfr —alap — paTa}

N
+% 24t pa — aatp — paa*}

u
+ KT 2apa — 62p — pa2 + 2atpat — afp — peﬁ?} . (2.70)

The effects of the reservoir are incorporated via the parameter N and M, with M =
VN(N +1). Note that, for vacuum reservoir, N = M = 0 then the equation given

(2.70) reduces to
d A A Klgaast  atan  asta
P = Hg,p +§ 2apa' —a'ap — pa'al. (2.71)

Now employing interaction Hamiltonian given by Eq. (1) for the cavity mode in to

Eq. (2.71) can be expressible as

%ﬁ = —iTT[(ig&T(|b)<a| + |e)(b]) — a(|a)(b| + |b) <CD)7,5AR(25)]

+ g [zaﬁéﬁ _atap — patal. 2.72)
After performing the trace operation and the cyclic property, we have
d 5 oat 5 oot 51 i 51 i
=P = 9 {alpara'lb) + (blpard'le) — (blpardla) — {clparalb)

—al(alpar|b) — al(blpar|c) + ablparla) + alc|par|b)

{2&,5&* —alap — pa'al, (2.73)
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in which the matrix element

Pap = (|parlB), (2.74)

with o, f =a, b, ¢, so that Eq. (2.73) can be written as

d L
@p=g<pabcﬂ—aT,OaberbcaT—anchrapba—pbaa+apcb—pcba>

n g {Qaﬁaﬁ —atap — patal. (2.75)

Suppose par(t,t') is the density operator for single atom plus the cavity mode at a

time ¢, with the atom injected at time ¢; such that
(t—71)<t; <t (2.76)

The density operator for all atoms in the cavity mode at time ¢ can be written as

d . .
20t = 10 ) par(t, ) At (2.77)
J

where r,At; is the number of atoms injected in to the cavity at a time A¢,. Integrat-

ing in the limit At;— 0
t
pan() = 7o / Pan(tt)dt (2.78)
t—T1
Differentiating with respect to time ¢, we get
d . . A b
%pAR(t) =ra(Par(t,t) — par(t,t — 1)+ 1, aPAR(tJ )dt'. (2.79)
t—1
One can write

par(t,t) = pa(t)p(t), (2.80)
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where /5(t) being the density operator for the cavity mode alone and pag(t,t — 7)
represents the density operator for an atom plus the cavity mode at a time ¢, with

the atom being removed from the cavity at this time
ﬁAR(t,t—T) = ﬁAR(t,t—T)ﬁAR(t). (281)

Using Eqgs. (2.80) and (2.81), one can write Eq. (2.79) as

d . ) A . L. N o
%pAR(t) =r.(pa(t) — par(t,t —7)p(t)) + 14 a,oAR(t, t")dt'. (2.82)
t—1

In the absence of damping of the cavity mode by a vacuum reservoir, the density

operator p4r(t,t') evolves in time according to

a ~ . - ~ /
aPAR(ta t/> = -1 |:H7 pAR(tJ t )1 ) (2.83)

so that using this and taking in to account (2.78), one can put Eq. (2.82) in the form

d

Goan(®) = (a0 = pante.t = 0p(0)) —i| A pante0|. @80

Furthermore, tracing over the atomic variables and taking in to account the damp-

ing of the cavity mode by a vacuum reservoir and using the fact that
Trpa(t) =Trpar(t — 1) =1,
we have

. 1
—p(t) = —iTry {H, par(t, t)] + §n<2aﬁdf — pata — a*aﬁ) (2.85)
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On the other hand, from Eq. (2.84) that
d . R R .
o =ral (al0a(0)19) = talite = 7)) ) 0

~i{@anl3) = @lpar1)) = 29 2.86)

where vp,3 is included to account for the decay of the atom due to spontaneous
emissions and ~ is considered to be the same for all the three levels, is the atomic
decay rate. We assume that the atoms are removed from the cavity after they have

decayed to a level other than the middle or bottom level. We then see that
{alpa(t = 7)[B) = 0, (2.87)

so that Eq. (2.86) reduces to

d . .
Zhas = rallelpaO)3)5(t) — (ol HarlB) — (lpartB) = vpus.  (2:88)

Inserting Egs. (2.1) and (2.3) in to Eq. (2.88) we have the following expressions

d . A At oan o .

P = 9 (pacaT + app, — paaa> — YPab, (2.89)
d . o .

P = 9\ @Pec = Puv = @ pac | = VPhe, (2.90)
d. 05+ ol 5oat + a5 ;

gPaa = TaPaal 9\ Pab@ + @b | = VPaa; (2.91)
d . Aoty o A N .

P = 9| el + apep — a'Pab — Poal | — Y Pbbs (2.92)
d. 05+ ol ap — 506 ;

gPac = TaPac P+ 9| ape = Pabl | = VPac; (2.93)
d . 505 ol agtor 4 5 ;

giPee = TaPec' P =g @ Pe + Pebl | — Y Pee- (2.94)

By dropping the g terms in Egs. (2.91)- (2.94) and imposing the condition that x < 7

(the good-cavity limit) since the atomic variable reach steady state in the relatively
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short period of y~!, we can take the time derivative of such variable to be zero, keep-

ing the zeroorder and cavity mode variables at time ¢. This is termed as adiabatic

approximation scheme. Then we get

) rapse
Paa = P
ﬁbb = 07
) rapse
Pac = P,
Y
. rapte
Pec = p-
Y

Moreover, substituting Egs. (2.95)-(2.97) in to Eq. (2.89) yields

d 97"@( ©) 721 (0)

_)aab = ac P Paa
Y

Now on account of Egs. (2.96) — (2.98), Eq. (2.90) takes the form

d . Jra L . R
—ppe = == pDap—pQa'p | — vpye.
dt v

Using once more the adiabatic approximation, we easily find

. 9 ( () .
pab = 7(/}2?/}@* —péﬁ?pa>7

i Ia( 0nr  (0rin
pro = = (pﬁ?ap—pﬁf?a*p)

(2.95)

(2.96)

(2.97)

(2.98)

(2.99)

(2.100)

(2.101)

(2.102)
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On account of (2.101) and (2.102), the master equation for the cavity mode cou-

pled with a vacuum reservoir given by Eq. (2.75) takes the form

d,. 1 et
7= §Apg%) (QCLTpa — paa’ — aan)

1
+5(Apl) + ) (2&/3&* — pata — a*aﬁ)
1 0) [ ~nt2 A2 A At And
+§Apac pa's —a'p—2a'pa
1 0) [ 2n2 A A N An
+ §Apca pa‘ + a“p — 2apa |, (2.103)

where A = 2r,g%/~? is the linear gain coefficient, « is assumed to be the cavity
damping constant and + is the spontaneous atomic decay rate. It is worth mention-
ing that the quantum properties of the light generated by the three-level laser are
determine by the master equation (2.103). It is easy to observe that with P9 —1and
p,(l(? = p9 = 0, this equation reduces to the master equation for the two-level laser
operating bellow threshold.

Moreover, with the pump mode treated classically, a degenerate parametric ampli-

fier is describable in the interaction picture by the Hamiltonian
2 L. 12 A2
H = Ezs(a —a“), (2.104)

where ¢ is real and constant and proportional to the amplitude of the pump mode.
The master equation associated with this Hamiltonian A can be derived using the

commutation relation

dp P
— = —i|H, p]l. 2.105
7 z{ ,p] ( )
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and on account of Eq. (2.104), we see that

25
d—'j — g<ﬁa2 — a2 +al?p — pw). (2.106)
Therefore, Eq. (2.106) represents the master equation for the pump mode treated
classically for degenerate parametric amplifier in the interaction picture. Now tak-

ing in to account Egs. (2.103) and (2.106), the master equation for the cavity mode

of a three-level laser containing parametric amplifier can be written as

,

+ —Apl0 (;3&2 +af?p — 2apa). (2.107)

2.3 Stochastic Differential Equations

We next seek to obtain stochastic differential equations for the cavity mode vari-
ables. To this end applying Eq. (2.107), we are able to find the time evolution of the

expectation value of the annihilation operator

N dp .
E(@ = TT(%Q), (2.108)
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from which follows
d
(@) =Tr [% (,aA2 —a’p+atp— ,aa”)&
Lo (oatsa — saat — aats ) a
+§Apaa 2a'pa — paa' —aa'p |a
Lo 4,0 ssat — sata — atan )a
+§(Apcc + k)| 2apa’ — pa'a —a'ap |a
Lo (sat2 1 a125 — oatsat \a
—|—§A,0ac pa'“ +a'“p—2a'pa' )a
Lo (562 4 6125 — 92656 ) a
+§A,0w pa” +a'“p —2apa |al. (2.109)

Applying this master equation along with cyclic property of trace operation, and the

commutation relations of
[a,a’] = 1 and [a,a] = [a',a] =

one can readily obtains

d

Sy = @) + (@),

Following similar procedures, we have

and

in which

—la(ha(t)) = —p(a®) + 2e(a’(t)a(t)) +e + ApL),

(2.110)

(2.111)

(2.112)

(2.113)

(2.114)
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The corresponding c-number of Egs. (2.111), (2.112) and (2.113) are given as

Do) = —ula(n) +=la”(1), 2115
%(oﬂ(t» = —pld®(t)) + 2e (o ()a(t)) + ApY), (2.116)
Clatal) = —pla’(Ba(n) +=(0’(0) + 0™ (1) + Aol @117

On the bases of Eq. (2.115), one can write

%a(t) _ —%,uoz(t) b ot (t) + £ (1), (2.118)

where f(¢) is a noise force, the properties of which remain to be determined. We see

that Eq. (2.115) and the expectation value of Eq. (2.118), will have identical forms if

(ft) =0 (2.119)
Now applying the relation
d, , B d
E(a (t)) = Q(a(t)aa(t» (2.120)

along with Eq.(2.118), one can readily get

d

£<042(75)> = —p{a’(t)) + 22 (o (t)a(t)) + 2{a(t) f(1)), (2.121)

and using the partial differentiation of

—(a*(t)a(t)) = (*(t)—=alt)) + (a(t)—a™ (1)), (2.122)
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up on inserting Eq. (2.118) and its complex conjugate, in to Eq. (2.122) we see

that

+ (@) (@) + (" (1) (1)) (2.123)
We note that the c-number Egs. (2.112) and (2.121) will have the same forms if
(F @) = e+ An), @124
and similarly in view of Egs. (2.113) and (2.123), we have
(@(t)f*(B) + ("B f (1) = Ap?. (2.125)
A formal solution of Eq. (2.118) can be written as
alt) = a(0)e /% 4 /0 t eH(t=t)/2 {sa*(t’) + f(t’)} dt’. (2.126)
We then see that

(@l () = (a0 e+ [ e-w-t’)%<<a*<t'>f<t>>)dt'

T / MO £ (4) (2. (2.127)
0

Assuming that the noise force f at a time ¢ does not affect the cavity mode variables

at earlier times
(a*(t)f(t)) = 0 (2.128)
and taking in to account Eq. (2.124), we have

[ 0@ = 3o + a0 (2.129)
0
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One can then write on the bases of this result
FOFE) = (e + Ap)o(t —t). (2.130)
It can also be established in a similar manner that
(FF@fE) = Apllat—1). (2.131)

It is worth mentioning that Egs. (2.130) and (2.131) describe the correlation prop-
erties of the noise force f(t) associated with the normal ordering. Now introducing

anew variable defined by
ar(t) = o' (t) £ alt), (2.132)

on account of Eq. (2.118) one can readily write

Lory = —%,ua*(t)—i—aa(t)—i— £, (2.133)

Differentiating Eq. (2.132), one can obtain

dog v _ 4 .y @
ZE) = at(h) £ al). (2.134)

Upon substituting Eq. (2.118) and (2.133) in to Eq. (2.134), we can readily get

dOéi

1
W —§>\:F04i + f*(t) + f(t)a (2.135)

where
Ay = pF2e. (2.136)
The solution of Eq. (2.135) can be written as

t
as(t) = ap(0)e 2 4 / e AFE)/2 {f*(t’)i f(t’)}dt’. (2.137)
0
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It then follows that
, t
ar(t) = ap(0)e 12+ / e A2 [f*(t’)ntf(t’)]dt’ (2.138)
0
and
, t
a_(t) = a_(0)e M2 4 / e At/2 {f*(t’)— f(t’)]dt’. (2.139)
0
Combining with

as(t) = o (t') £ at), (2.140)
which then follows
alt) = A(t)a(0) + B(t)a*(0) + F(t), (2.141)
in which
Alt) = %(e—*—t/ue—m/?), (2.142)
B(t) = %(e—“/Q—e—M/?), (2.143)
and
F(t) = F.(t)+ F_(t), (2.144)
with

Fe(t) = /0 1 e AF(t=t)/2 { = f*(t’)} dt'. (2.145)
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Upon substituting Eqgs. (2.142), (2.143) and (2.145) in to Eq. (2.141) we readily

see that

1 1
alt) = 504(0) (e_kt/2 +6—/\+t/2) + 504*(0) (G—At/Q _6—A+t/2)

1

1
+5 / oA (-t /2 [f(t’) n f*(t’)] dt'. (2.146)
0

Rewriting Eq. (2.146), we readily get

1 1
at) = a(0)e 2+ Sar(0)e 2

1
[ e s oo (2.147)
0



THE QUADRATURE FLUCTUATIONS

In this chapter, we seek to calculate the quadrature variances of the cavity modes as
well as the squeezing spectrum of the output mode produced by a degenerate three-
level laser whose cavity contains a parametric amplifier driven by coherent light
and coupled to a vacuum reservoir, using the solutions of the stochastic differential

equations and the correlation properties of the noise forces.

3.1 Quadrature Variance

The squeezing properties of single mode light are described by two quadrature op-

erators is defined by
a, =a'+a (3.1)
and

a_ =i(a' —a), (3.2)

where a, and a_ are Hermitian operators representing physical quantities called
plus and minus quadratures, respectively, while a' and a are the creation and anni-
hilation operators for light mode a respectively. With the help of Egs. (3.1) and (3.2),

29
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we can show that the two quadrature operators satisfy the commutation relation.
It is possible to express in terms of c-number variables associated with the normal

ordering as
Acd = 14 {as(t),as(t)), 3.3)

in which o (¢) is given by Eq. (2.132). We consider here the case for which the cavity
mode is initially in the vacuum state. Hence on account of Eq. (2.137) along with
Eqg. (2.119), we see that
(ax(t)) = 0, (3.4)

and expression (3.3) takes the form of

Aot = 14 (a4 (t)). (3.5)
Furthermore, one easily gets with the aid of Eq. (2.135) that

d 2

Z(02(0) = =Ax(ad (1) + 2Aa=(0) (1)) + 2Aa=(6) f(1))- (3.6)

On account of Eq. (2.132) along with Egs. (2.124) and (2.125), we note that

(s W) = I+ AGD o) 3.7
(s (D) = 5[40+ (e + o)) 3.9

Therefore, in view of this result, Eq. (3.6) can be rewritten as

d
A @) = “Ap(al(®) + 25+ Alpi? + ple) + 200)- (3.9)

With the cavity mode initially in a vacuum state, the solution of this equation has

the form

2 + A(pY + pl £ 2o
(ai(t) = Al ;p P )[1—e‘m. (3.10)
:F




3.1 Quadrature Variance 31

It proves to be more convenient to introduce a new parameter defined by

I—n

Pl = 5 (3.11)
so that in view of the fact that
P+ =1 (3.12)
and
PP = o, (3.13)
one easily finds that
P = HT” (3.14)
and
p = %(1 — )2 (3.15)
Up on setting
pe = lptdle” (3.16)

and taking in to account of Eq. (2.136), along with Eq. (2.114), expression (3.10) can

thus be put in the form

_ 2 _
(1) = 2€+A[(1Ann+):oquj ! m][l—e‘(“‘“mg’ﬂ. (3.17)

Now a combination of Egs. (3.5) and (3.17) yields

2 + A[(1 — n?)cosf & (1 — n)]

Adi(t) = 14
ax(t) An+ K F 2¢

[1 . ef(An+n¥2s)tL (318)
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Figure 3.1: Plots of quadrature variance (Aa_)? Vs [Eq. (3.22)] for x = 0.8, 0 = 0,and

2¢ = An + k and for different values of linear gain coefficient.

9) 0.2 0.4 0.6 0.8 1

Figure 3.2: Plots of (Aa_)? for single mode [Eq. (3.23)] versus 7 of for x = 0.8 and

¢ = 0 and for different values of linear gain coefficient.



3.1 Quadrature Variance 33

so that at steady state
+ A[(1+ (1 = n*)2 cos 0]
Aa2(t) = = . 1
o (?) An+ kK — 2¢ 519
and
Al(1 — (1 — 2\1/2
Ao2(p = AEA =0 =) Feost] (3.20)

An+ Kk + 2¢

Since no well-behaved solution of Eq. (2.135) exists for (An + k) <2¢, we interpret
(An + k) = 2¢ as the threshold condition. Hence the solution of of this equation given
by Eq. (2.137) is valid for 2 <(An+k).

On the other hand, we note that from Eq. (2.104) that ¢ is the only parameter
representing the parametric amplifier. And inspection of Eq. (3.20) shows that the
effect of this parameter is to decrease the value of the quadrature variance A 2. In

addition, we see that expressions in Egs. (3.19) and (3.20) take at threshold the form

Aa? — o0 (3.21)

and

K+ A[(1— (1 —n?)Y2cosb)]

Aa”(t) = : 22
a=() 2(An + ) (8.22)
Now upon setting € = 0 in Eq. (3.20) it reduces to
Al(1 — (1 — 2\1/2
Aot(p) = AFAL=( =) eosd] (3.23)

(An + k)
Comparing the resulting expression (3.23) with Eq. (3.22) along with Fig.3.2, we ob-

serve that the effect of the parametric amplifier is to increase the intracavity squeez-
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| 43.2%

9) 0.2 0.4 0.6 0.8 1

Figure 3.3: Plots of intra-cavity quadrature variance (Aa_)? for single mode [Eq.
(3.22) and (3.23)] versus n of for x = 0.8, A = 75, and in the absence of the parametric
amplifier with € = 0, (green curve) and in the presence of the parametric amplifier

with 2 = An + &, (pink curve)

ing by a maximum of 50%. The degree of squeezing increases with linear gain coeffi-
cients and it appears that almost perfect squeezing can be achieved for sufficiently
large values of the linear gain coefficient.
Fig.3.3 indicates that the squeezing vanishes for » =0 and =1 which corresponds
to maximum injected atomic coherence, p¥=1/2, and no injected atomic coher-
(0)

ence, pqc =0, respectively. However, as can be seen from the pink curve, the presence

of the parametric amplifier leads to some degree of squeezing for =0.

3.2 Squeezing Spectrum

The squeezing spectrum of a single-mode light is expressible in terms of c-number

variables associated with the normal ordering as

S (w) = 1+ 2Re/ (" (), aZ" (t + T))sse“”dT, (3.24)
0
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where the subscript ”ss” stands for steady state and
Q) = af,(t) £ aoult). (3.25)

We note that for a cavity mode coupled to a vacuum reservoir, the output and intra-

cavity variables are related by
af(t) = Veasx(t). (3.26)
In view of Egs. (3.4) and (3.26), the squeezing spectrum can be put in the form
S (w) = 1+ 2kRe /0 Oo(ozi(t)ai(t + 7)) g7 dT. (3.27)

Furthermore, the solution of the expectation value of of Eq. (2.135)can be written

as
(ax(t+7)) = (ax(t))e 57/2), (3.28)
so that on account of the quantum regression theorem, have
(as(as(t+71)) = (a2(t))e /2 (3.29)

Now with the aid of Eq. (3.29) together with Eq. (3.17), the squeezing spectrum

is found to be

2ke + rA[(1 —n*) 2 cos 0 £ (1 —n)]

Sout = 14 3.30
£) w? + [3(An + & F 2¢)]? ’ (3-30)
It is easy to see that at threshold
2 2 2
() — w4 K —f—I{A[(l:—(l n?) cos 6] (3.31)

w
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0 0.2 0.4 0.6 0.8 1
n

Figure 3.4: Plots of squeezing spectrum (S°“(0) [Eq. (3.32)] versus 7 of for x = 0.8,

0 = 0.w = 0 and for different values of linear gain coefficient.

and

w? + A?n? + kA[(1 — (1 — n?) cos 0]

out o
SZw) = w? 4+ [An + k|?

) (3.32)

As shown in Fig.3.4, the squeezing spectrum of the out put cavity variable
(5" jncreases as the linear gain coefficients, A, increases. For A=75, k=0.8, 6=0
and w=0, the maximum squeezing spectrum gives 98.9%. For A=5 and the same val-

ues of k, # and w, the squeezing spectrum is 86.2% at maximum value of n=1.



PHOTON STATISTICS

In this chapter, with the aid of the antinormally-ordered characteristic function, we
obtain the Q function. Using the Q function, we obtain the mean photon num-
ber, the photon number variance and the photon number distribution for the cavity

mode.

4.1 The Q Function

The Q function is expressible in the form

Qla*, a,t) = %/d%gf)(z*,z,t)exp(z*a—za*), 4.1)

where the antinormally ordered characteristic function ¢(z*,z,t) is defined in the

Heisenberg picture by
G(z*, 2, t) = Tr(p(0)e” We="alt), (4.2)
Applying the identity

edef = eBeAe[A’B], (4.3)

37
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the expression for the characteristic function can be written in terms of c-number

variables associated with the normal ordering as
o(2%, 2, 1) = e *exp(za* — 2*a)), (4.4)

so that employing Eq. (2.141) and assuming that «(0)is independent of the noise

force F'(t), we get

o(2*, 2,t) = e *exp[(zA — 2*B)a*(0) + (2B — 2" A)a(0))])

(exp(zF* — 2*F)). (4.5)
Considering the cavity mode to be initially in a vacuum state, we see that
(exp[(zA — 2"B)a*(0) + (2B — 2" A)a(0)]) = 1 (4.6)
and hence
o(2*, 2,t) = e lexp(—2F* — 2*F)). (4.7)

On account of the fact that F' is Gaussian random variable, one can express Eq. (4.7)

in the form [18]
% ¥ 1 * * 2
o(2%,z,t) = e”7 Zexp(§<[zF — 2"F)%)). (4.8)
It then follows that
o2, 2,t) = e 77 exp(%([zQF*2 + 22 F? — 2% 2 F* F))). (4.9)
Furthermore, from Eq. (2.144) and (2.145) one easily gets

(F?) = (F2)+(F?) +2(F\F.), (4.10)
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(F*F) = (F2)—(F?). (4.11)

Applying Eq. (2.145) along with Egs. (2.130) and (2.131), it can be easily established

that

22 + A(phe + pla) + 205 .
(F?) = (v T e— ) (4.12)

2 A ac ga) - 2 (0)
<FE> _ e+ (p 4—; P Paa ) [1 o 6_/\+t], (413)
+

2 + A(pl?) — plf)
(F,F) = =F Z)A Peu) iy _ o-nt) (4.14)
+

so that in view of these results, there follows

F2 o 2e + A(,Oac + pg(c)t) + 2p((z?z>) 1— At
(F7) = o [1—e ]
L+ AP + p9 — 2500y 1 et
W
2 + A(p2 — pl%
€+ ip)\ 1% )[1 . e—yt]’ (4.15)
+
2 + A(pl + p) + 22
() = EEAR Z;p T 2pu) g oy
2 A ((J,C ((J,Oc) - l(l(gl)
_ 26+ Alpac +p p )[1_67)\41]' (4.16)

W

Now on account of Egs. (4.15) and (4.16), the characteristic function (4.9) can be

written as

o(2*, 2,t) = exp|—az*z + (b2* +b*2*%) /2], (4.17)
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where the coefficients are expressible in terms of the parameter 7 as

0= 14+ 2e + A[l —n—+ (1 — 772)1/2 cos 9] [1 _ e—(AW'Hf—Qs)t]

4(An+ Kk — 2¢)

24+ Al -1+ (1 —n*)"cosb)
4(An + Kk + 2¢)

[1 — e~ (Anth+2e)t] (4.18)

2+ All—n+ (1 —n%)"%cosd]

b
4(An+ Kk — 2¢)

[1 — e (AT]-‘,—]C—Q&)t]

2+ Alnp— 1+ (1 —n?)"2 cos ) (1 — - (Antkszeyy
4(An + K + 2¢)

iA(1 —n?)Y2sin @
2(An + k)

[1 — e Anth)], (4.19)

Finally, introducing Eq. (4.17) in to Eq. (4.1) and carrying out the integration, the @

function for the cavity mode is found to be

e 2 2
Qla*,a,t) = ——exp|l—ua’a + (ua” +v*a™)/2], (4.20)
T
in which
a
= - 4.21
b
= . 4.22
! a? — bb* #.22)

4.2 The Mean Photon Number

The mean photon number can be written employing the @ function (4.20) as

1
ey = —Lp2— gy / Paexpl—uata+ (v'a? £va?)]/2 =1,  (4.23)
™
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so that on performing the integration, there follows

1
(atay = —ju? — v 2L

y 2 —1. (4.24)
u

u? — uu*
Therefore, carrying out differentiation and taking into account Egs. (4.21) and (4.22)
along with (4.18) and (4.19), one readily obtains

2e + Al —n+ (1 —1?)Y2 cosd]

1— —(An+k—2¢e)t
4(An+ Kk — 2¢) [1-e ]

(i) =

2+ Ap-1+(1- n?)'/2 cos 0]
4(An + Kk + 2¢)

[1 i e—(An—‘rk-i—QE)t]. (4.25)

At steady state, it is not hard to observe that the parametric amplifier contributes
significantly to the mean photon number when the system is operating particularly
near threshold. Up on direct use of steady state solutions of c-number Langevine
equations,

A(1 —n)

which is identical with the expression obtained by Fesseha [8].

4.3 Photon Number Distribution

Furthermore, the photon number distribution for a single mode light is expressible
in terms of the Q function as [4,5]

T aQTL * afo
p(n, t) = EW[Q(O{ , Oy t)e ]a:a*ZO' (4.27)

Thus with the aid of Egs. (4.20) and (4.27) the photon number distribution for the
cavity mode can be written in the form

12 aQn
da*nOJamn

p(n,t) = %[u2 — Vv’ [exp(1 — u)a*a + (v'a*? 4+ va?)/2]. (4.28)



4.3 Photon Number Distribution 42

Now expanding the exponential function in power series, we have

B 1 ) § 1/2 (1 _ u)kv*lvm aQn
pn,t) = Zplw = ov] ; S llml - darrdan
x (@) M o, (4.29)

so that on carrying out the differentiation and applying the condition a=a* = 0,

there follows

1 —w)kvto™(k + 20! (k 4+ 2m)!
( ) ( ) ( ) '6k+21,n5k+2m,n- (430)

1
£ = 2 — ppl/2
p(nt) = Jilw = vv'] Z2l+mk!l!m!(k:+2l—n)!(k+2m—n).

klm

Finally, on account of the result that m = [ and £ = n — 2/, the photon number

distribution can be written as

1— u)n—Ql(UU*)l
220]2(p — 20)]

[n]
1
p(n,t) = E[UQ o e Z n!( (4.31)
' 1=0

where [n]=n/2 for even n and [n]=(n — 1)/2 for odd n. The probability of finding an
even number of photons is greater than the probability of finding an odd number
of photons; whether the light is produced by a thee-level laser with or without a
parametric amplifier. This is because the photons are always generated in pairs and
the existence of some finite probability to find an odd number of photons is due to
damping of the cavity mode. We also see that the probability of finding n photons,
with n<4, is smaller for the light generated by the three-level laser with a parametric
amplifier than for that produced without parametric amplifier, and the opposite of

this holds n>5.



SUPERPOSITION OF TWO LASER BEAMS

We first seek to calculate the Q function to describe the superposition of the two
light beams, with the same frequency produced by a pair of degenerate three-level
lasers. Applying the Q function, we calculate the mean photon number, the vari-
ance of photon number, the photon number distribution and the quadrature vari-

ance.

5.1 The Q Function

The source of light emitted by a three-level atom in a cavity coupled to a squeezed
vacuum reservoir via a single port mirror is known to be a degenerate three-level
laser. In this section, we first calculate the Q functions for the superposition of two
light beams produced by three-level lasers. The Q function is used to describe the
superposition of two light beams with the same frequency with in the same or dif-
ferent states. Suppose p(a', a) is the density operator for a certain light beam. Then
upon expanding the density operator in the normal order and applying the com-

pleteness relation for coherent states, one can easily establish that

/ 0

§ = / #BQFB+ 5)18) 4], 5.1)

43
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Beam splitter

™~

Light-1

Superposed
Light beams

Light-2

Figure 5.1: Schematic diagram of superposition of light beams emitted from two

degenerate three-level atoms injected in to a cavity at a rate of r,

Where /' is the density operator for the first light beam by injecting a light beams
in to the cavity which initially contains a light beams of the same frequency Fig. 5.1,

the density operator for superposed light beams is expressible as

p = [y g ) b0 o). 52)
By employing the value of ' of Eq. (5.1) in to (5.2) which turns out to be
. 2 9 . 0 . 0
p = /dvdﬁQ(v,7+%)Q(ﬁ,ﬁ+%>lﬁ+v>(ﬁ+vl- (5.3)
Here, the Q function for the superposition of the two light beams become

1
Qle’ot) = —(alplay. (5.4)
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Up on inserting the value of p we readily obtain

0" 0
Q(a",a,t) = %/dzﬁdQVQ(ﬁ*,ﬁJra—ﬂ )Q(v*,w 87*)

X exp [ —aa* =B =y + a4+ af oty + oyt — By — ﬁfy*} . (6.5)

It then follows that

Qla*, a,t) = %/d2ﬁd27exp [— a(a— (- 7)]

Q8+ 2 yexp | Ba— B - 1)

ap ]
* a [ * ]
><Q(%7+%)exp V(= 8—=17)| (5.6)
Using the binomial expansion theorem
l
Dy _ =i Ly
(et ) = > (@) (&) (5.7)

we readily find

QB 5+ %) X exp [ﬁ*(a 5 —v)] Q5 a— ) exp [ﬁ*(a —ﬁ—v)} .8)

and
QUMY+ %) exp [7*(04 - 03— 7)} = Q(v",a—p)exp [V*(Oé - B- v)} . (5.9

In view of Egs.(5.8) and (5.9), Eq. (5.6) takes the form

Qatiat) = + [ 510 0 -)Q0 - )

X exp {— afa— BB — 'y + * B+ af* +aty + oyt — 5y — By*|. (5.10)
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Let Q(~*,v) and Q(5*, #) be the @ function of the first and second light beams, re-

spectively. On account of Eq. (4.20), the @) function of the first light beam is given

as
w2 — p2)1/2
Q) = U e (—u t P 402), 6D
then
* (U’% - U%>1/2 * * 2 * 2
Qv a—p) = I U ur(ay* —v*6) +vi(a” + 4+ 5 —2a6)/2 |, (5.12)
where u; = —* and v = 2 for the first light beam and uy = %2 and
(af—b7) (a7—b7) (a3—b3)

Vg = ﬁ for the the second light beam. Similarly, the @) function for the second

light beam is given as

(u3 —v3

1/2
Q% =) = B o (e = 50) + ala 47+ 57— 2a0)2). 513

In view of Egs. (5.12) and (4.13) together with taking the two identical light

beams, then u;=us=u and v;=vy=v, Eq. (5.10) can be written as

(uz _ 02)1/2

™

Qa*, a,t) = exp(—a*a + (2v)a?/2) x /CFTﬁexp

{ — BB+ (a" —va)B+ (@ —ua)B* + v5*2/2+w2/2]
d*y

X | ——exp {—7*7+(a*—6*+u6*—vaa}

+ (=B —ula— )y +vy?/2+ v72/2} : (5.14)
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Integrating Eq. (5.14) over -, we readily get

1 {(u2 — 1)2)1/1 12 {—ua*a —v® +ou? v a? vooa?
———| exp

* t:_ - -
Qo' o) = — | et T )t 1o

02 Y — 12 — 02 Sl _ 012 2
X/Tﬁexp{_ﬁ*ﬁ(ulﬁqﬂv)_i_ﬁa(u v?) + alu — u?)

1 — 2

Lo (vu —v) +vu? — 2vu
1 —v?

+ 8

*2 2
(ﬁ2 + %)] (5.15)

Similarly, integrating Eq. (5.15) over 3 gives the @ function for the superposition

of two light beams can be expressed as

Qa*, a,t) = gexp [— Uao™ + V(Oé?2 + O[;)} ) (5.16)
in which
r= \/4—415;;22—112 6.17)
2 2
Vo= 43u4;iul_302’ (.18)
and

— 2v (5.19)

4 — 4y —u2 —v?’

By integrating Eq. (5.16) over «

2 2 *2
/d2aQ(a,t) = R/ d_aexp [— Uao™ + V(% + &2 )} (5.20)
™
using the identity

d?z 1 1/2
7 exp(—azz* + bz + cz* + A/22 + B/Z*Q) = {m}

(5.21)

abc + A'¢? + B'V?
X €exp a274A/B/ )
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where a > 0. Up on inserting Eq. (5.21) in to Eq. (5.20) and carrying out integration

it reduces to

/ d*aQ(a,t) = 1. (5.22)

Hence, the @ function for the superposition of the light beams produced a pair of

degenerate three-level light beams is normalized.

5.2 Photon Statistics

We now proceed to calculate the photon number distribution, the mean photon
number and variance photon number for the superposition of two light beams by

employing the ) function.

5.2.1 The Mean Photon Number

For the superposition of two light beams the mean number of photons obtained
from superposition of two identical degenerate three-level laser is represented by
an operator n=(a'a). But (a"a™) is the product of operators in the antinormal order

(antinormal moments) which can be evaluated using @) function as
(a"a™y = Tr(pa"a™). (5.23)
From the cyclic property of trace operation

(@a"a™y = Tr(a™pa"), (5.24)
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the completeness relation for coherent state of light leads to

d’a

™

d2
_ / T, (a*mpa"|a><a|)
s

d*a

= [l piria)

(a"at™) = TT( &Tmpd”|oz)<oz\)

™

™

_/d2a<a|p|a>a*man

= / d*aQ(a, o) ™a", (5.25)
in which
Q = (alple) (5.26)
is the () function and then follows
- / 2a0(a,a*) (o' a — 1), (5.27)

where o*« — 1 is the c-number function corresponding to the operator 7 in the anti-

normal order. Using Eq. (5.27), we get
n = /dQQQ(a,a*)a*a—/d%zQ(oz,a*). (5.28)

Integrating Eq. (5.15) over 5 and substituting for U, V' and R in to Eq. (5.28), we can

write the mean photon number as

2 2 %2
n = R d—aexp [— Uao™ + V(% + O; )a*a} — 1. (5.29)
0
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N

=

mean phot on nurber

0.2 0.4 0.6 0.8 1
n

Figure 5.2: Plots of steady state mean number of photons for superposed light
(dashed-line) and for single light (solid line) verses 7 [Eqgs. (5.34) and (4.26)] for

k=0.8, A=25.

Now applying the relation

2 —ao*a . n xm __ 2 —a*ataa+ba
/d ae oo = a7 Db /d ae , (5.30)
Eq. (5.29) is expressible as
_ -0 d*a . a?  ar?

In view of Eq. (5.21), expression (5.31) reduces to

n = S 1. (5.32)

(U2 _ V2)3

But

R = (U2 - V2)7
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then

U

which is the mean of photons for superposition of two light beams obtained from

two identical degenerate three-level lasers with steady state value

Al—n)
= —~ =2 5.34
An+k i ( )

which is a simple sum of the mean photon numbers of two light beams as it can

also be seen in Fig. 5.2.

5.2.2 The Variance of Photon Number

We now seek to evaluate the variance of the photon number of the light beams ex-

pressed as
(An)? = (n?) —qa (5.35)

Since the mean photon number is already found, we then need to find (n?) which
needs the c-number function corresponding to the operator in the antinormal or-
der. The number operator is expressed in terms of the annihilation and creation
operators in the antinormal order using the commutation relation a'a=aa'-1 as fol-

lows:

= <(0chr — 1)(aaT - 1))

= (a*a™ — 3aa’ + 1)

= (a?a'?) — 37 — 2 (5.36)
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and
(a®a'?) = /anQ(a, o t)alar?
d2 2 *2
= R/ °a exp ( —Uaa™ + V(% + O; )>a2a*2 (5.37)
™
which can be rewritten as
0? d*a a? o’
2 12y _ .- — * — ) .38
(a*a™) R@mz( - exp(—Uaa +V(2+ 2)) (5.38)
Up on substituting Eq. (5.21), this reduces to
02 1
2 2\ _
(a*a') = R8m2 (m), (5.39)
carrying out differentiation this gives
R(2U? +V?)
(a?a'?) 0 v (5.40)
From Egs. (5.35), (5.36) and (5.40) the variation of photon number is
RQU*+V?) _
(An)2 m - n2 — 377/ — 2, (5.41)
which follows
(An)? 24nk + K* — A2 (=2 +1*) a7 — 9 (5.42)
= —n®—3n—2. .
e (An+
Using Eq. (5.34), one can readily put in steady state
A —n)(AR2+n) + )
2 — . 5.43
(An)ss (An + l€)2 ( )
Eq. (5.43) can be written as
2A
2 = q 44
(@Bn)2 = A+ g o), (5.44

where 0 < n < 1, is the photon statistic is super-Poissonian which can easily be

observed clearly in Fig.5.2
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5.2.3 The Photon Number Distribution

We seek to study the photon number distribution for the light obtained from the su-

perposition of two light beams generated by identical degenerate three-level lasers

employing the @ function (5.16). The photon number distribution for light is ex-

pressible in terms of the Q function as

moo

Pn,t) = n! da*mdan

e 0]

a=a*=0

nl da*ndan

= z_o" {exp(l — U)aa* + V(%2 +
Up on using the power series expansion, one can find

Y

e(l—U)oza _ Z( )Oé

Oé*l

Ver/2 Z —,
J!

so that

ya-o) o

R 2'
I j+L - x2r+1
plnt) = 5> iU darmdar {O‘ “ }

ljr

By the help of the relation

we get

NTH A~ U5 + D)2 +1)!

B R 2j+l—m  *2r4+l—n
p(n,t) = EZ (25 + 1 — n) {a ) amar=0

ljr

a_”)}
a=a*=0

a=a*=0

(5.45)

(5.46)

(5.47)

(5.48)

(5.49)

(5.50)

(5.51)



5.2 Photon Statistics

54

If we apply the condition, the photon number distribution function under Eq. (5.49)

vanishes. This function will have non-zero value only for the condition [ = n — 2r,

l=n—2jandj=r

T‘+] (1-— U)l
t) = R 09i41m02r+1.n-
P n, Z 7"] n_ 23) 2j+1,n02r+,

ljr

From the property of keronecker delta function, we get

[n] n—=217 [TL] r
% (1—-U)y2% (¥)

>
rl

T

—2j)!

To avoid the factorial of a negative number we get n — 25 > 0, then

r = j<n/2

hence

[n] ' n—2ry/2r
U) v
p(n.t) = RZ 22" r(n—2r)!

Applying the values of R, U and V/, we arrive at

1/2
u? — 2 }/

p(n,t) = [4—4u—|—u2—v?

n—2r 2r
4—6u+2u®—20> 2v
(] 4—4u+u?—v? 4—4u+u?—v?
X E n! .

22r(r1)2(n — 2r)!

Along with steady state value we get

(An + k)? ]1/2

t =
p(n, 1) {AQnZ + 2AK + 2AK + K2

A27]2+2A/{+2AH+I€2 A2n2+2An+2An+/{2

n—2r e
[n] nl( A(l—n)(=An+k) ) < A(An+r)\/1-n2 )

% Z 22 (r1)2(n — 27)!

(5.52)

(5.53)

(5.54)

(5.55)

(5.56)

(5.57)
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where [n]=25* for odd n and [n]=% for even n. This expression represents the pho-
ton number distribution for superposed two similar light beams produced by de-
generate three level lasers having the same form as the case of light generated by
three-level laser coupled to a squeezed vacuum reservoir in chapter four. Then it
is possible to check that the photon number distribution decreases with number of

photons.

5.3 Quadrature Variance

In this section, we seek to study and evaluate the squeezing property of a single-
mode light produced as a result of superposition of two light beams generated
by three-level lasers. We next evaluate the quadrature variance of this light. The

squeezing property of single mode light is described by two quadrature operators.
a, = a+a (5.58)
a_ = i(a" —a), (5.59)

where a, and a_ are hermitian operators representing the physical quantities called

plus and minus quadratures, respectively while af, a are the creation and annihila-

tion operators of the light obtained from the superposition of two light beams. The

quadrature variance can be expressed in terms of the quadrature operators as
(Aas)® = (Aai) — (Aag)® (5.60)

The explicit form of quadrature variance for the plus quadrature can be expressed

in terms of the creation and annihilation operators as

(Aa)? = 14 (a®) + (a™) +2(a'a) — (a)> — (a)* — 2(a)(a’). (5.61)
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In the same way quadrature variance of the minus quadrature will be given as
(Aa_)* = 1+2(a'a) + (a)* + (a")? — (a%) — (a™) — 2(a)(al). (5.62)

But

Then we calculate the remaining expectation values using the @ function of light
beam and the c-number variable corresponding each operator or product of oper-

ators as

(a) = /dQOzQ(a, a)a, (5.63)
in which « is the c-number variable corresponding to the annihilation operator a.
Up on using Eq. (5.22), we have

d*«o «Q

2 *2
(a) = R —exp{—Uozoz*—l—V( +a2 )}a
T

2

0 d*a . a?  a?
—R8_p< Texp{—Uozoz —|—poz—|—V(?+ 5 >:|)p=()

_ Lﬁ{ v
U2 V2p P 202 - V2) =0
-0 . (5.64)

Similarly

(at) =0, (5.65)

Lo 02 a2
~2 :R/— o * - 2
(a®) — exp Uaa +V(2+ 2)a
92 Pa . 0?2 o2
_Ra—q2( Texp[—Uaa +qa+V(7—l— 5 )})qzo

_ R o (V&
SV veoq e vy )|,

B R 0 [ Vyq exp( V? >]
VU2 —V20q | U2 — V2 202 =V2) )] =0
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Figure 5.3: Plots of quadrature variance (Aa_)? for superposed light [Eq. (5.71)]

verses 1) for k = 0.8, A = 3.

R VR
(@2) = TV (5.66)
In the same way
R VR
(@) = Ty (5.67)

Applying Egs. (5.64), (5.65), (5.66) and (5.67) in Eq. (5.61), the quadrature variance

for the plus quadrature becomes

. _ 2VR
(ACL+)2 =1 + 2n + m, (568)
with steady state value
A 2A(1 — 1—n?
(Mg 2= AnF2A0 =0t VI=n) + k. (5.69)

An+k
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Figure 5.4: Plots of quadrature variance (Aa_)? for superposed light [Eq. (5.71)]

verses n forx = 0.8, A=1,2,3.

Applying Egs. (5.64), (5.66), (5.67) and (5.62) in Eq. (5.63), the quadrature variance

for the minus quadrature

2VR

~ \2 _
(Aa_) = 1 —I— 2’[’L - m, (5.70)
with steady state value
(Ai)? = An+2A1—n—+/1—n?) +k
)" = y . (5.71)

From the direct look at the Egs. (5.69) and (5.71), we could not judge the squeez-
ing property of the light. However, we can draw the graph of quadrature variance
against 7 for some values of A and «. Itis observed that the light mode is in squeezed
state. Fig.5.3 of course, the squeezing occurs in the minus quadrature. We can see
Fig.5.4 is the quadrature variance for the superposition of the light beams produced

by a pair of degenerate three-level lasers for different values of A. It shows that the
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9) 0.2 0.4 0.6 0.8 1
n

Figure 5.5: Plots of quadrature variance (Aa_)? for single three-level laser (dashed
line) and the light beam produced by superposed (pair of) three-level laser (solid

line) verses n for k = 0.8, A = 3.

degree of squeezing increases with the linear gain coefficient. It is seen that al-
most perfect squeezing could be achieved by taking large values of A with maximum
value of A = 3 and for small values of . Moreover, the minimum value of quadra-
ture variance for A = 3 and x = 0.8 is found to be 0.0425 which occurs at = 0.4545.
This implies that the maximum squeezing is 95.8% bellow the coherent state level.
Fig.5.4 shows that for A=3 and k=0.8 the quadrature variance of the minus quadra-
ture is 0.5213 which occurs at » = 0.4545. In other words, the degenerate three-level
laser generate squeezed light with a squeezing of 47.9%. Besides, the superposition
of two light beams generate a squeezed light with quadrature squeezing of 95.8% for
the same value of A, x and 7. From this we can see that the superposition two light

beams changes the quadrature squeezing. For our case, it is found that when we su-
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perpose two identical single mode light beams, the quadrature squeezing doubles,

which can be seen in Fig.5.5



CONCLUSION

In this thesis, we have studied the squeezing and statistical properties of the light
generated by degenerate three-level laser in which degenerate three-level atoms
in a cascade configuration and initially prepared in a coherent superposition of
the top and bottom levels are injected into a cavity coupled to vacuum reservoir
via a single port-mirror. Applying the linear approximation scheme we found the
master equation for a light produced by degenerate three-level laser from which
we obtained the stochastic differential equations and the corresponding c-number
langevine equations. Employing these solutions, we found antinormally ordered
characteristic function which is used to find the Q function of the light beams. Us-
ing the Q function, we calculated the photon statistics of the light and it appears
that the photon statistic is super-Poissonian while the photon number distribution
decreases with photon number. We have calculated quadrature variance for A = 3
and x = 0.8 at steady state to be 0.5213 with a squeezing of 47.9% which occurs at
n = 0.4545 and the quadrature squeezing increases with the linear gain coefficient.
We have shown that the effect of parametric amplifier is to increase the intracavity

squeezing by maximum of 50%. Our study showed that the quantum optical sys-
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tem generates squeezed light and the degree of squeezing increases with the linear
gain coefficient with maximum interacavity squeezing of 93.2% bellow the coherent
state level.

Applying the Q function derived for superposed light, we calculated the mean
photon number, which becomes twice that of single light beam at steady state. This
shows that the superposition of two light beams is super-Poissonian. The quadra-
ture variance for superposed of two identical light beams decreases with linear gain
coefficient having minimum value of 0.0425 for A = 3, x = 0.8 and n = 0.4545. For
A > 3 the quadrature variance has negative values which requires further investi-
gation. The result also indicate that the superposed light mode is in squeezed state
with maximum squeezing of 95.8% bellow coherent state level for the same values

of A, x and .
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