Superposition of Second Harmonic Light Beam
with Twin One-mode Subharmonic Light Beams

Sisay Abedla

2017



Contents

(L Introduction| 1
2 Second Harmonic Light]| 3
[2.1  Linearizing differential equations|. . . . . . . .. ... ... ... 3
2.2 TheQfunctionl . ... ... ... .. ... . ... . 15
[2.2.1 Q function for the second harmonic lighty . . . ... ... ... 15
2.3 Photon statistics| . . . . . . . . ... 17
[2.3.1  The mean photon number of second harmonic light| . . . . .. 17
[2.3.2 The variance of the photon number for second harmonic light| . 18
2.4 Quadrature fluctuation| . . . . . . . . . .. ... ... 20
2.4.1 Quadrature variance | . . . . . . . . . . . . ... ... .. 20
[2.4.2  Quadrature squeezing| . . . . .. ... ... ... ... ... 22
3 Twin One-mode Subharmonic Generator| 24
(3.1  Masterequation| . . . . . . .. .. ... 24
[3.2  Operatordynamics| . . ... ... ... .. ... ... ......... 27
3.3 The Qfunction| . . . . . . . . . . . . . ... .. 30
3.4  Photon statisticsl . . . . . . . . ... 31
[(3.4.1 The mean photon number| . . .. .. ... .. ... ...... 32
[3.4.2  The variance of photon number| . . . . . .. ... ... .... 33
[3.5 Quadrature fluctuation| . . . . . .. ... .. .. ... .. 34
[3.5.1  Quadrature variance] . . . ... ... ... ... . ...... 34
[3.5.2  Quadrature squeezing|. . . . . . . ... ... ... ... 36

4 Superposition of Second Harmonic and One-mode Subharmonic Light Beams| 37
.1 Thedensityoperator| . . . . ... ... .. ... ... ... ..... 38
4.2 Photon statisticsl . . . . . . . . . ... 41
4.2.1 The photon mean number| . . . . . .. ... ... ... .... 41
4.2.2  The variance of photon number | . . . . . ... ... ... ... 43
4.3 Quadrature fluctuation| . . . .. . .. ... ... ... ... . ... . 46
i4.3.1 Quadrature variance| . . . . . . . . . . . .. ... ... 46




4.3.2  Quadrature squeezing|

> Conclusion|

i1



LIST OF FIGURE
Figure 2.1 Schematic Diagram for Second harmonic light...................... 3
Figure 2.2 a plot Of S VS €9 uuiiiiiiiiiiieiiieieeee e 23

Figure 3.1 Schematic Diagram for one mode subharmonic light beams...24

Figure 3.2 a plot of S; VS € fOr K = 2iuiiiiiiiiiiiiiieeceeeee 36
Figure 4.1 Schematic Diagram for Superposed light beams ..................... 37
Figure 4.2 aplot of S; vS I for £ = L..eioiiiiiiiiiiiieeeeee, 49

11



ABBREVITAIONS

SH = second harmonic

x = damping constant

ko = damping constant for fundumental mode

kp = damping constant for second harmonic mode

¢ = Driving mode for SH-light

I' = Driving mode for twin one-mode subharmonic light beams
wy = frequency for fundumental mode

2wy = frequency for SH-mode

A = Coupling constant
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Abstract

In this thesis, we have seen the Hamiltonian and the master equation for the second har-
monic light beam and one-mode subharmonic light beams coupled to vacuum reservoir.

Employing the master equation, we have determined the c-number Langevin equa-
tion for the second harmonic light beam and one-mode subharmonic light beams. Using
the solution of c-number Langevin equation we established the Q function and then we
calculated the mean photon number, the variance of photon number and the quadra-
ture fluctuation for both second harmonic light beam and one-mode subharmonic light
beams.

Finally, we have determined the density operator for the superposition of second
harmonic light beam and one-mode subharmonic light beams. Using the superposed
density operator, we have calculated the mean photon number, the variance of photon
number and the quadrature fluctuation for superposed light beams. We found that the
mean photon number is a simple sum of the mean photon number of the separate lights
at steady state and the degree of squeezing for superposed light beam is 55.57% at
threshold and steady state.
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Chapter 1

Introduction

Non-linear optics has been a rapidly growing scientific field in recent decades. It is
based on phenomenon related to the interaction of intense coherent light with matter.
Non-linear optics is the study of the interaction of light with matter under conditions
in which the non-linear response of the atoms plays an important role. During the
past three decades optics has secured a good place in the application areas previously
dominated by electronics. Developments in the field of non-linear optics holds promise
for important application in the optical information processing, telecommunications and
integrated optics. Because of the emergency of this field from solid-state physics in
which inorganic semiconductors, insulators and crystals have constituted a major part
of scientific base for the early experimental and theoretical investigations were primarily
concerned with the material from these classes [1].

The non-linear terms in the interaction of light with atoms give rise to a variety of
optical processes, in addition to multi-photon absorption (which is also a non-linear
phenomenon arching because of the excitation of an atom by processes, in which two
or more photons are absorbed). A beam of monochromatic light in interaction with
atoms can be partially converted into light, whose frequencies are harmonics of the
fundamental frequency. Similarly, beams of two or more frequencies can be combined
to produce a light beam and can alter the refractive index of a medium through which it
passes, by an amount proportional to the intensity of the beam [1].

Second harmonic generation was first demonstrated by peter Fran ken, A.E. Hill,
C.W Peters, and G. Weinreich at the University of Michigan, Ann Arbor, in 1961 [2].
The demonstration was made possible by the invention of the laser, with a wavelength
of 694 nm into a quartz sample. They sent the output light through a spectrometer,
recording the spectrum on photographic paper, which indicated the production of light
at 347nm. Famously, when published in the journal Physical Review Letters [2], the
copy editor mistook the dim spot (at 347nm) on the photographic paper as a speck of
dirt and removed it from the publication [2]. The formulation of second harmoonic
generation was initially described by N. Bloembergen and P.S.Pershan at Harvard in



1962 [3]. In their extensive evaluation of Maxwell’s equations at the planar interface
between a linear and non linear medium, several riles for the interaction of light in
non-linear mediums were elucidated.

S.F Piraere, M.Xiao, H.J. Kinnble and J.L. Hall, showed the squeezing properties of
light experimentally [4]. Morover, Fesseha Kassahun theoreticaly studied the case for
which the nonlinear crystal is placed inside a cavity driven by coherent light and coupled
to two indipendent vacuum reservoirs via a single port-mirror. Employing the lineariza-
tion scheme of approximation, he obtaind closed form expression for the quadrature
variance, the mean photon number and the squeezing spectrum for the fundamental
mode as well as the second harmonic mode [5].

Squeezing state of light has played a crucial role in the development of quantum
optics. Squeezing is one of the nonclassical features of light that have been exten-
sively studied by several authors [6,7]. In a squeezing state the quantum noise in one
quadrature is below the vacuum-state level or the coherent-state level at the expense of
enhanced fluctuation in the conjugate quadrature, with the product of the uncertainties
in the two quadratures satisfying the uncertainty relation. Because of the quantum noise
reduction achievable below the vacuum level, squeezed light has potential applications
in the detection of weak signal and low-noise communication [8-10].

A one-mode sub-harmonic generation, consisting of a nonlinear crystal pumped by
coherent light and placed in a cavity coupled to a vacuum reservoir, is a prototype source
of a single-mode squeezed light. In this system a pump photon of frequency 2w is down
converted into a pair of highly correlated signal photons each of frequency w. Sub-
harmonic generator is one of the most reliable source of squeezed light. A theoretical
analysis of the quantum fluctuation and photon statistics of the signal mode produced
by a sub-harmonic generator has been made by a number of authors [11-13]. A max-
imum of 50% squeezing of the intracavity signal mode produced by the sub-harmonic
generator has been predicted by a number of authors [14,15].

In this thesis, we study the squeezing and statistical properties of light produced by
superposed second harmonic light beam and twin one-mode subharmonic light beams.
We carry out our study of second harmonic light beam, twin one-mode subharmonic
light beams and superposed light beams, using the solution of the c-number Langevin
equations obtained with the aid of the master equation. Employing the solution of the
resulting equation we calculated the antinormally orderd characterstic function and then
Q function of the separate light beams. And with the help of the superposed density
operator, we get the mean photon number, the variance of the photon number and the
quadrature fluctuation for the superposed light beams.



Chapter 2

Second Harmonic Light

In second harmonic generation a light mode of frequency wy (the fundamental mode)
interacts with a nonlinear crystal and is up converted into a light mode of frequency
2wy (the second harmonic mode). It so happens that the second harmonic mode is in
a squeezed state.The fundamental mode which is initially in a coherent state also gets
squeezed as time progresses|[5].

We consider the case for which the nonlinear crystal is placed inside a cavity driven
by coherent light and coupled to two independent vacuum reservoirs via a single port
mirror. Employing the linearizion scheme of approximation, we obtain closed form
expression of the Q function for the second harmonic light [5].

2.1 Linearizing differential equations

The process of second harmonic generation is described by the Hamiltonian[5]

(2.1.1)

Figure 2.1: Schematic Diagram for SH-light
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where a(b) is the anihilation operator for the fundamental (second harmonic) mode, A is
the coupling constant and ¢ is proportional to the amplitude of the driving coherent light
[5]. Applying Eq.(2.1.1) and taking into account the interaction of the fundamental and
second harmonic modes with two independent vacuum reserviors, the master equation
for the cavity modes can be written as[5]

dp A . . .
d—’t) = e(a'p — pa' + pa — ap) + §(de2/3 — pbla® + pba — ba'?p)
+%(2€zﬁd* —a'ap — pata) + %(%ﬁiﬂ — btbp — pb'h), 2.1.2)

in which k, and k; are the cavity damping constants.
Now employing the relation

d, . dp +
E<A> = Tr(%A), (2.1.3)
together with Eq.(2.1.2), we readily obtain
(1) = = — " a(n) ~ A0’ (1), 214)
%(d(t)d(t» = 2¢(a(t)) — ra(@®(t)) — 2M(b(al (Da(1)) = Ab(E),  (2.1.5)
%W(t)d(t» = e({a' (1)) +(a(1)) - rala' (H)a(t)
—ABT®)a2 (1)) — Ab(t)a'? (1)), (2.1.6)
d - Ry 2 A ~9
(1) = =520 + S @), 2.1.7)
d - .- ~o Ao
—(0()b(1)) = —rp(b°(2)) + 5 (b()a" (1)) (2.1.8)
and
d .~ - PN A oo A g
%(bf(t)b(t» = —rp (DY (1)D(t)) + E(b*(t)a (1)) + §<b(t)aJr (t)). (2.1.9)

Next we note that the c-number equations corresponding to Egs. (2.1.4), (2.1.5),
(2.1.6), (2.1.7), (2.1.8) and (2.1.9) are

%(a(t)) = — Z{a(t)) - MB(t)a" (1)), (2.1.10)



i@(t)a(t)) = 2e(a(t)) — Kafa®()) — 2X(B(t)a" ()a(t)) — M(B(1), (2.1.11)

dt
%(a*(t)a(t» = e((a" (1)) + (a(t))) — Kala"(H)a(?))
=M (t)a’(t)) — MB(H)a™ (1)), (2.1.12)
d Ry A 2
E(ﬁ(tb = —5<B(t)> + 5(@ (), (2.1.13)
d 2 )‘ 2
%<B(t)6(t)> = —rp(B°(1)) + 5(6@)@ () (2.1.14)
and
d, . . A2 A <2
%QB (t)B(t)) = —rp(B™(t)B(2)) +§<ﬁ (t)a”(t)) +§<6(t)a (t)). (2.1.15)

On the basis of Egs.(2.1.10) and (2.1.13), one can write

do Kq
T e e, * 2.1.1
i ABa* + g(t) ( 6)
and
dﬂ Kp A 2
™ Z 2.1.1
7 50+ 5o+ ft), (2.1.17)

where ¢(t) and f(t) are noise forces associated with the normal ordering. When taking
the expectation value of Eq.(2.1.16) and comparing with Eq.(2.1.10) and taking the
expectation value of Eq.(2.1.17) and comparing with Eq.(2.1.13), we see that

(9(t)) =0, (2.1.18)

(f(t)) =0. (2.1.19)

We next proceed to determine the correlation properties of the noise forces.To this end,
the solution of Eq.(2.1.16) can be written as

t
alt) = “(0)6_W+/ e~ )= [g(¢') — AB()a (¢') + ] dt’, (2.1.20)
0



Multiplying this equation by ¢(¢) on the left and taking the expectation values with the
condition that the noise force at a time should not affect cavity mode variables at an
earlier time, we see that

(g(t)a(t)) = / &) (g(1)g () d. @.1.21)

On account of Eq.(2.1.16) and 4 (a(t)a(t)) = (a(t)9e) + (92), we have

(%a(t» = 2¢(a(t)) — ela(t)’) — 22(B(H)a" (H)a(t))

+2(g(t)a(t)). (2.1.22)
Inspection of Eq.(2.1.11) and (2.1.22) indicates that
2(g9(t)a(t)) = =A(B(1)) (2.1.23)
Making use of Eqs.(2.1.21) and (2.1.23), we have

—%Mﬁ(t)) = / =GR () g (t')) dt! (2.1.24)
0

and in view of Eqgs.(2.1.16) and (2.1.18), we obtain

(glt)a(t)) = ~A(BO)(E ~ ) 2.1.25)
Following the same procedure,we readily obtain
(g(t)g(t)) = (g™ ()g(t)) = (g(t)g" (")) = O. (2.1.26)
() = (f @0 f) =0 (2.1.27)
Dropping the noise force in Eq.(2.1.17), so that we have
dg_ _Fo Ao
Eﬁ =75 + 5 (2.1.28)

Since Egs.(2.1.16) and (2.1.28) are nonlinear differential equations, it is not possibel to
obtain exact solution of these equations. We carried out our analysis using linearized
differential equations. Here in order to obtain the steady state values of the pertinent
variables, we set the time derivatives in Eqgs.(2.1.16) and (2.1.28) equal to zero and we

get[5]
%%(0053 + Apa*)ss = ¢, (2.1.29)
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Kp(B)ss — Ma?) s = 0.

Now Applying the semiclassical approximations

<6a*>ss = <ﬁ>ss<a*>ss

and

we have

*
§/€aa0 - )\50050 =g,

KpBo = )\0437

(2.1.30)

(2.1.31)

(2.1.32)

(2.1.33)

(2.1.34)

in which oy = (a)ss and 5y = (B)ss. Moreover, upon multiplying Eqs.(2.1.29) and

(2.1.30) by A we see that

1
€€ + 5%51 = )Ae,

2
€] = KpE2,
where
€1 = Ay,
E9 = )\60

Multiplying Eq.(2.1.35) by €7 and taking into account Eq.(2.1.36), we have

1
RpEaEa + —KaE1€1 = AEE].

2

Upon subtracting this equation from its complex conjugate,we arrive at

€] = €1.

(2.1.35)

(2.1.36)

(2.1.37)

(2.1.38)

(2.1.39)

(2.1.40)

In additon, with the aide of Eq.(2.1.36) along with Eq.(2.1.40), it can be easly verified

that
6; = &9g.

7

(2.1.41)



We next proceed to linearize Eqs.(2.1.16) and (2.1.28), about the steady state values o
and f3,. To this end, we express a(t) and 5(t) as [16]

at) = ag(t) + (), (2.1.42)

B(t) = Bo(t) + B'(1), (2.1.43)

in which o/(t) and §'(t) repersents small variations about the steady state variables.
Now substituting Eqgs.(2.1.42) and (2.1.43) into Eqgs.(2.1.16) and (2.1.28) and neglecting
second-order terms in o/(¢) and /'(t), one can obtain

d , 1

it —5%0/ — e — 18 + g(t), (2.1.44)

d 1
%B/ = —5/%6’ + &1/, (2.1.45)

where we have taken into account Eqgs.(2.1.33) and (2.1.34).
It proves to be convenient to introduce new variables defined by

ay = o +d, (2.1.46)
Be=p"%xpf, (2.1.47)
so that on account of Eqgs.(2.1.44), (2.1.45), (2.1.46) and (2.1.47), one obtains
d 1
70 = —(5% +eo)ar —e1fs + g+(t), (2.1.48)
d 1
20 = —5hubs + o, (2.1.49)
in which
g+(t) = g"(t) £ g(t). (2.1.50)
Then Eq.(2.1.48) and Eq.(2.1.49) can be represented in the form
d
EU(t) = —AU(t) + N(t), (2.1.51)



where

_ [ ex(®)
ue) = :Bﬂ:(t)}’
v = [0,
aw = [ =05
with
ai—%i‘@,
b:Eb.

(2.1.52)

(2.1.53)

(2.1.54)

(2.1.55)

(2.1.56)

In order to solve Eq.(2.1.51), we need to introduce the eigenvalues and eigenvectors of

matrix A. We apply, the eigenvector equation [19]

with i = 1 and the eigenvectors

subject to the normalization condition
X2 +Y?r=1
Eq.(2.1.57) has nontrivial solution, only if
det(A— M) =0.
Employing Eq.(2.1.60) togther with Eq.(2.1.54), we have

at(t)— A &

e b | =0

so that the characterstic equation takes the form

A = Max +b) +azb+ e = 0.

9
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(2.1.58)

(2.1.59)

(2.1.60)

(2.1.61)

(2.1.62)



Solving for A , the eigenvalues are found to be

1
s = los +b+ \/(ai +b)? — 42, (2.1.63)

1
das = glos+b— /(s +)? — 423). 2.1.64

We next seek to obtain the eigenvectors of matrix A. The eigenvector corresponding to
AL is expressible as

_ | X
Vi = [Yl } (2.1.65)

Employing Eq.(2.1.57) and taking into account Eq.(2.1.64), one can write

ai(t) &1 X1 . Xl
[ AR } ( vi ) =2y ) (2.1.66)
It then follows
ain + €1Y1 = )\in, (2167)
—€1X1 + in = /\:I:Yi (2168)

Using Eq.(2.1.67) along with (2.1.59), we see that

€1

X, = , (2.1.69)
\/(/\lzt — ai)Q + é‘%

A+ — a4

Yi = ( )X (2.1.70)

€1

In view of Eq.(2.1.67) and Eq.(2.1.68), the eigenvectors corresponding to A1 can be
written as

Vi = . 2.1.71
1 \/(/\1:‘: o a:t)2 + 5% |: >\1:|: — Q4 ( )

Follwing a similar procedure, the eigenvectors corresponding to A4 can also be estab-
lished as

1 1 ]
2= . 2.1.72
i \/(/\li —ay)?+¢e? { Aot — Gy ( )

10



From Egs.(2.1.69) and (2.1.70), we can construct a matrix V of the eigenvectors of
matrix A as column matrices as

e1/E1+ €1/ Eax
V=1V V|= ., (2.1.73
[ b } [ (Mx —ax)/Ery (Mox —ax)/Eoy ( )
in which

Bie = /(s —ax)? + 2, (2.1.74)
Eye = /(o —as)? + 2 2.1.75)

We next proceed to determaine the inverse of matrix V.

Applying the relation

det(V — X)) =0 (2.1.76)

and taking into account Eq.(2.1.71), one can readily obtain the characterstic equation as

_ 61()\& - )\2i)
Ei1Eoy

€1 Aoy — ay
N — + A
<E1i Eoy )

I=0. (2.1.77)

Hence applying the Cayley-Hamilton theorem that a matrix satisfies its own character-
stic equation, we see that

Ax — Aog)
EliEQi

€1 Aot — Gy

I=0. (2.1.78)
Eli EQi

v -

Multiplying Eq.(2.1.74) by V! and rearranging, we have

By Foy €1 ()\Qi - ai)

| p—— =S g + I). 2.1.79
51()\1i - )\Zi)( (Eu Eoy ) ) ( )
Inserting Eq.(2.1.73) into (2.1.79), we get
_ 1 —F ()\ —a )/€1E1i Eli
Vil = —— T . 2.1.80
At — Aot Ei(Mox —ag)/er —Eoy ( )
In view of the fact that V'V ~! = I, Eq.(2.1.51) can be written as
d
EU(t):—vv—lAvv—lU(tHN(t). (2.1.81)
Multiplying this equation by V! from the left, we see that
d
%V”U(t) = -V 'WWVTIAVVIU#) + VIN(1). (2.1.82)

11



We note that the matrix V1AV is the diagonal matrix D having the eigenvalues of A
along its main diagonal and hence Eq.(2.1.82) can be put in the form

d

av—lU(t) = -DV'U@) +VIN(1), (2.1.83)
where
X0
D = { 0 Aﬂ}. (2.1.84)

The formal solution of Eq.(2.1.83) can be written as

t
U(t) = Ve Pv=tU(0) + / VePIYTIN(at . (2.1.85)
0

Using Eq.(2.1.84), one can write

_ e M+t 0
- { 0 oot (2.1.86)
and
O e~ M= (t=t) 0
o~ D(t=t)  _ { 0 oot | - (2.1.87)

On account of Egs.(2.1.73), (2.1.79), (2.1.86) and (2.1.52), we have

—Dty,—1 | a/Bi €2/ Bt eME 0
Ve VTIU(0) = { s — as)/El%+ (oy — ay)/E2+ ] { 0 ot ]
1 |: _EI:I:(/\Q:t — ai)/leli EH: :| |: == (0) :| (2 1 88)
At — Aox Ei(Aox —ax)/er —Eoy g+(0) |

(M = ax)e2# — (Aox — az)eM*)a(0)

Dt 1 tep(e7 Mt — emRt) 3, (0)
Ve PV 1U(0) = m (At —as)(Aot—ay) (et — e 12t)(0) : (2.1.89)

(s — a)e ™V — (gr — ag)e ) 3(0)

Moreover, using Egs.(2.1.53), (2.1.73), (2.1.80) and (2.1.87), we see that

t
/ Ve PEOVIN A =
0

1 Jo (g — as)e 22200 — (Agy — ay)e M=) g, () dt! (2.1.90)
M — oy f(f (Xli_aigg)\ﬁ:—a:t)(engi(tft’) _ 67)\1i(t7t/))g:|:(t/)dtl A& L

12



Employing Eqs.(2.1.52), (2.1.81) and (2.1.86), one can readily obtain

1
ar(0) = ————[( M\ — ay)e 2t
+(0) N )\Zi[( 1+ — ay)

—(Aax — ax)e M= ar (0) + e (e M= — e 3, (0)

t
+ / (M — ax)e 22070 — (gy —ag)e M+ g, (¢)dt] (2.1.91)

and

1 (Mx —as)(Xoxr —ay)
/\1:‘: - )\2:|: €1
xe Mt emAett) g (0) 4 (A1x — ax)e ME — (Ngy — ay)e )3, (0)

t - - / /
+ / (s = 02 Qs = 08) (rvstee) _ o aste-)g ], (2.1.92)

€1

B+(0) =

In view of Eqs.(2.1.46) and (2.1.47), we note that

o() = %(M(t) ~a (1), (2.1.93)

8() = 5(84(0) — 5 (1), (2.1.9)

Applying Egs.(2.1.89) and (2.1.90) and taking into account (2.1.85) and (2.1.93) and
(2.1.52), we can see that

and

B(t)=S (t)ay +Ty(t)+ Fy — S_()a_ +T_(t) + Fy, (2.1.96)

in which

1
Pi(t)= ————— (Mg — agq)e 225 — (N\gy — aqy )e M= 2.1.97
(1) 2(s — )\2i>( 1+ 1+) (Ao 1+) ( )
Ry(t) = O (2.1.98)
2(A 1+ — Aox) 7

Se(t) = Mz = as)(ox — as) (6722t — g~Pext), (2.1.99)

2(e1 A1+ — Aag)

13



1

T:t (t) = m()\li - CLH:)G_)\Qit - ()\Q:t - CLH:)G_)\HJ, (21100)
1 t / /
Balt) = gy, (P~ 0ss)e 0 s — e )
o 0
x(g"(t") £ g(t"))dt’, (2.1.101)

F:t(t) _ (Ali _(a2i€) ()\)\Qi - ai) /t(e—/\zi(t—t’) _ e—)xzi(t—t’))
1M1+ 0
x(g*(t') £ g(¢'))dt’. (2.1.102)

Moreover, using Egs.(2.1.46) and (2.1.47), we have

a+(0) = o (0) £ a/(0)), (2.1.103)

82(0) = B(0) £ B(0)). (2.1.104)
Inserting Eqgs.(2.1.103) and (2.1.104) into Egs. (2.1.95) and (2.1.96), we find
(1) = (Py(t) = P-()a”*(0) + (Py(t) — P_(t))a"0)
! t

(Ry(t) = R-(£))8™(0) + (R4 (t) — R-(1))5"0)
H(EL (1) — E_(t)) (2.1.105)

B'(t) = (Si(t) = S-(£))a™(0) + (S4(t) — S_(t))a"0)
(T4 (t) = T-(1))8"(0) + (T (t) = T-(t))5"0)
H(Fy(t) — F_()) (2.1.106)

Finally, with the aid of Egs.(2.1.42) and (2.1.43) together with Eqs.(2.1.101) and (2.1.102),
we get

a(t) = a/(t) + ag (2.1.107)
and
B(t) = B'(t) + Po. (2.1.108)
For a cavity mode initially in vacuum state, the above expressions take the form
a(t) = E(t) — E_(t) + o, (2.1.109)
B(t) = Fy(t) — F_(t) + bo. (2.1.110)

14



2.2 The Q function

Next we wish to find the Q function for the second harmonic light employing the anti-
normally ordered chracterstic function.

2.2.1 Q function for the second harmonic light

The Q function for second harmonic light is expressible as

1 * *
QB B,1) = p/d%%(n*,n,t)e” o (2.2.1)
where the antinormally ordered characterstic function ¢, (n*, 7, t) is defined as
Ga(" 1) = Tr(pe ™). (2.2.2)

Then applying the identity edeB = eBeAglAB) along with c-number variable associated
with normal ordering, we get

Ga(n*,m,t) = e TP, (2.2.3)

Assuming the fundamental mode to be initially in a vacuum state, we see from Eq.(2.1.106)
and (2.1.108), that

(B(t)) = 0. (2.2.4)
[ is Gaussian variable with zero mean, we can write [5]
(e BBy — oG B4nB*)?) _ o5 (12 (B2 (B72) — (B B) (2.2.5)
It then follows that

da(n*,m,t) = o~ (LH(B* B n+3 (02 (8%)+n () (2.2.6)

Taking into account Eqs.(2.1.109) and (2.1.110) along Eqs.(2.1.101) and (2.1.102) and
the correlation properties in Eqgs.(2.1.25) and (2.1.26), we obtain

(B°8) = (I (t) — F_(t) + Bo) (F+(t) + F(t) + Bo),
then it follows
(B*B) = F? —2F,F_ +2By(Fy + F_) + 8 + F~.
Using Eq.(2.1.19), we obtain
(B°8) = 85 + (F?) — (F?). (2.2.7)

15



Similarly we have
(8%) = (8"%) = B3 + (F}) — (F2). (22.8)

Then the antinormally ordered characterstic function takes the form

. . d .
Ga(n*,m,t) = exp[—cn™n + 5(772 + 1), (2.2.9)

where
62()\1_ — CL_)Q(/\Q_ — a_)z[ 1 (
48%()\1_ - )\2_)2 )\2_
1 4
(] — e M-

e Mo+
_52()\1+ —a4)* (Mot — a+)2[ 1 (1- 67,\2+t)
At (A — Aoy )? A2y

4
g e ) (2.2.10)

c = 14065+ 1 —e 2t

(1 _ e*/\1—+>\2_)t)]

1
+—(1—e M+t —
>\1+(

and
52(/\1_ — a_)2(A2_ — CL_>2[ 1 (1
46%()\1_ - )\2_)2 )\2_

4
(1 — e M-
e Mo+ o
(Mg —aq)* Doy — a+)2[ 1 (1= e2+t)
4ef( Ay — Aoy )? A2y

4
o e e2an

On account of Egs.(2.1.63), (2.1.64) and (2.1.55) the steady state form of Egs.(2.2.10)
and (2.2.11), can be written as

d = 5+ Rty

1 (1 _ e*/\17+)\27)t)]

1
+— (1 —e M+t —
>\1+(

2
€9 E 9 & 1 1

c=1+4+—|% e — (2.2.12)
Y = R (=< e

and

2
€2 € 9 . &3 1
d:_n— + Kotk K " (Katk K (2213)

lib[f —|—€2] 2 [(% — 82)(7“ +€2) (% +€2)(7‘1 + 352)]

Substituting Eq.(2.2.9) into (2.2.1), we find
1 d
QB Bt) = = / d*zexpl—cz*z — B 2 + B2 + 5(22 + 2. (22.14)
T
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Performing the integration, over the variable z the Q function for the second harmonic
light takes the form

QW%@@=%VP—m%m¢4WB+§MP+w%L (2.2.15)
where
C
d

2.3 Photon statistics

We now proceed to calculate the mean and variance of the photon number of the second
harmonic light using the Q function.

2.3.1 The mean photon number of second harmonic light

The mean photon number for the second harmonic light is defined as
i = (bT(£)b(t)). (2.3.1)

The mean photon number of the second harmonic light interms of Q function can be
written as

nzjﬁw@wi&wWW—ly (232)

Upon substituting Eq.(2.2.15) into Eq.(2.3.2), we see that

n= %\/P — m2/d%e:vp(_w*ﬁ + %(52 +B*2)(55* —1), 2.3.3)

d> d>
n=VI2—m?2 dedy / ?ﬁexp(—lﬁ*ﬁ + a8 +yp”
m *
+5(62 + B 2))‘x=y=0 - 1a

Then carrying out the differentiation, it becomes

n= L 1. (2.34)

[2 — m?2
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It can be rewritten as

n=c—1 (2.3.5)
and this leads to
n = 62 + 82(>\17 _ (1,,)2<)\27 — CL,)Q[ L (1 — e_)\z_t)
0 48%()\1, — )\2,)2 )\2,
1 4
(1 — e M-l 1 — e~ M-t )t
+)‘17 ( )\17 + )\2, ( c )]
_ealu—af0ee =0 1
et (Mt — Aoy )? Ao
1 4
(1 — e 1 — e ArtAep)t 236
+)\1+( ‘ At + )\2+( ¢ ) ( )

Using Eqgs.(2.1.63) and (2.1.64) along with (2.1.55) and (2.1.56) the mean photon
number of second harmonic light at steady state, have the form

n _ L2 < 2 é[ 1 _ 1
- (Pt —ea) (5 +e2) (P +e2)( + 3e)

.(2.3.7
Ky 5+ e 2 I ( )

By setting ¢ = 0, (which means that, when the driving light is switched off from the
system) we get
_ 2 1 1
nSS = 5[ KatKp Ka - KatKp Ka
(T —62>(7' +€2) (T +€2)(7 +362)

1, (2.3.8)

and fore, =0
Ngs = 07 (239)

meaning that the system is with out the nonlinear crystal.

2.3.2 The variance of the photon number for second harmonic light

We next proceed to obtain the variance of the photon number for second harmonic light
employing the Q function. The variance of the photon number for second harmonic
light is defined as

(An)* = ((B'(£)b(t))*) — (B (1)b(¢)))? (2.3.10)

18



and again

~ ~ ~ ~

(B (0B(E)2) = (B0B2(0)) — 3(BE)H () + 1. 23.11)
‘We know that
(i) = [ 500058 (23.12)
Substituting Eq.(2.2.15) into Eq.(2.3.12), we see that
(D)7 (1)) = %m / dyexp(—167 + %(52 + A7 (23.13)
Upon carrying out the integration one can readily find

(i) = vE—migs [ d275<exp< 15+ TP+ 6*2)> )

0? 1
—mr=—
012 , /l2 — m?2

Upon carrying out the differentiation, we readily find

(@) (1) =V

(FOF0) = s

On account of Egs.(2.2.16) and (2.2.17) along with (2.2.12) and (2.2.13), we get
(P ()b (1))) = 2¢% + d2. (2.3.14)
Introducing Eq.(2.3.14) togther with Eq.(2.3.5) into Eq.(2.3.11), we see that
((bT(#)b(1))?) = 262 + d? — 3¢ + 1. (2.3.15)

Finally, using Eq.(2.3.15) togther with Eq.(2.3.5), the variance of photon number
becomes

(An)? =22 +d*—3c+1—(c—1)° (2.3.16)
and this leads to

(An)? =+ d* —c. (2.3.17)
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Finally, using Eqs.(2.2.12) and (2.2.13), the variance of photon number have the
form

€9 E .o &5 1 1

K +_ K K K. - K K K
W F e 2 ) re) | (T ey 180

2
€2p & ) 2

Kol ter  2(Retfe 4eo)(fa 4 3ey)
2

e
I 2, (2.3.18)
[2(—‘1; b —62)(% +€2)]

(An)* =

+2|

Then by setting € = 0, (which means that, when the driving light is switched off from
the system) we see

(An)? £ 1 1
n)® = —= —
2 [ (f5" —e)( +e2) (5™ +e)(F +3e)
2
1 1
2
—¢ Kat+K K + Ka+K K (2319)
2[(%4‘52)(7“4—362) [<%—82)<7‘1+€2>
and by setting 2 = 0
(An)* =0, (2.3.20)

meaning that the system is with out the nonlinear crystal.

2.4 Quadrature fluctuation

We next proceed to obtain the quadrature variance and quadrature squeezing for second
harmonic light.

2.4.1 Quadrature variance

The the plus and minus quadrature operators of the second harmonic light are defined
as

by =0 +0 (2.4.1)
and

b =i(b' —b). (2.4.2)



The quadrature variance interms of the quadrature operators can be written as

(Aby)? =1 (: (be(t),be(t)) 2). (2.4.3)
Note the :: , ( and ) in Eq.(2.4.3) indicates normal ordering.
This leads to
(Abe)? = 1+2{(b10)) = ((B"%) + (0%)) F ((b2) + (82))%. (24.4)

The expectation value of )2 using the Q function can be put in the form
) = ) = [ #pae,p.06" (245)
which the use of Eq.(2.2.15) becomes
B = (%) = VB / Berp(-175+ T + FAF, 246

and can be written as

82
op?

. 1
(b%) = (2 = m?): / ;d%ewp( 88+ b6+ (5 + @*%) [p=0- (2:4.7)
We now proceed to evaluate the integral employing standard integration, we see

1

2 2y2
oy (P=m®)2 0 p Ip
(b7%) = (l2—m2)% 8p(l2—m2€xp 2(12 — m?) Jlp=o:

differentiating this equation we get

m

b2 = (1) = ———— 248
0% =0 = 248)

on account of Eqs.(2.2.16) and (2.2.17) along with (2.2.11), one can easily find
') = (1) = d. (2.4.9)

On the other hand, the expectation value of b in terms of Q function can be given as
) = ) = LVE= [ Beap(—155+ (455 @40

Performing the integration, we get

1 0

(b) = (I =m*)2

/ d%e:vp( IB*B+aB+ — (62+5*2)>\a:o, (2.4.11)
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it follows

. (P=m?)r l
<b> — ( m )é (l2 amQBxp (Z(ZTG/?’FLz))”a:O’ (2412)

(2= m?)

so that applying the condition @ = 0 results

~

(b) = 0. (2.4.13)

Now substituting Eqgs. (2.1.102), (2.3.5) and (2.4.9) into Eq.(2.4.4), the quadrature
variance of the second harmonic light become

(Ab)? =1+ 4(F3). (2.4.14)

(AbL)?* =1F(c—1)—d.

Finally, the quadrature variance can be rewritten as

o(Mx —ag)* Doy —ay)?| 1 A

Aby)? =1 1 — e ekt

( :I:) + 5%(/\11 _ >\2:|:>2 /\2:|:( € )
1 —A1xt) 4 —Ark+A24)t

At steady state, it become
2¢2
(—”ag”b + 52)(% +(2£1)es)

It is easy to see that the second harmonic light is in squeezed state and the squeezing
occurs in the plus quadrature.

(Aby)Z, = 1F (2.4.16)

2.4.2 Quadrature squeezing

The quadrature squeezing for second harmonic light can be defined as[5]

S, = 1—(Aby)~ (2.4.17)
Then applying Eq.(2.4.16) into Eq.(2.4.17), we have
2 2
S, = °2 (2.4.18)

(Fedm +e2) (5 + 3e2)

For the value of xk, = Kk, = Kk, the graph of S, vs &5 looks like as shown below and
we can easly see that, the maximum degree of squeezing for second harmonic light is
about 66.7% [16]
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Chapter 3

Twin One-mode Subharmonic
Generator

Sub-harmonic generator is one of the most interesting and well characterized optical
devices in quantum optics. In this device, a pump photon interacts with a nonlinear
crystal in side a cavity and is down-converted into two highly correlated photons. If
these photons have the same frequency, the device is called a one-mode subharmonic
generator, otherwise it is called a two-mode subharmonic generator [17].

3.1 Master equation

We first obtain the master equation, for the twin light beams produced by subharmonic
generator. The process of subharmonic generator leading to the creation of twin light
modes with the same frequencies can be described by the Hamiltonian [17]

Signal mode a4 Vacuum reservoir (&)
| )/ | i e—

Pump mode NLC

b Signal mode a; Vacuum reservoir (4iy2)
——- -—

by

Figure 3.1: Schematic Diagram for twin one-mode subharmonic light
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H = ip(b" —b) + ix(bTayay — balald), (3.1.1)

where a; and a, are the annihilation operators for the light beams, b is the annihilation
operator for the pump mode, A\ is the coupling constant and x is proportional to the
amplitude of the coherent deriving pump mode. We may refer to a Hamiltonian of the
form described by Eq.(3.1.1) as first order Hamiltonian [18]. We note that the master
equation for a cavity mode coupled to any reservoir can be written as [17]

o = —ilH. pl = il(Hsn)n, p(t = )] = W{(Hs)n, He, )
~hTrg[Hsp, [Hsr, pR]). (3.1.2)

where Hgp, is the Hamiltonian describing the interaction of the system with reservior
with density operator R, T'rg is trace over reservoir variables and H is given by Eq.
(3.1.1). The Hamiltonian describing the interaction of twin light beams coupled to any
reservoir is expressiable as [17]

lin

Hsp = iN(alay, — al, ay + abag, — ab, as), (3.1.3)

in which)\" is coupling constant.
In fact, the expectation value of Eq.(3.1.3), can be written as

(Hsg) = iNTrg[R(alaym — al, a1 + alass, — ad, as)). (3.1.4)

lin

Now applying the density operator of the two mode vacuum reservoir R = |0, 05) (05, 01
and the trace operator we obtain

(Hsp)r = iN[(a@}(02,01]d14,|01,02) — (0z,04]al,, |01, 02)d
+(02, 01]@3a2:, |01, 02) — (02, 01 |ady, |01, 02)2)](3.1.5)

Thus with the aid of the eigenvalue equation for the number state

ar|ni, ne) = y/n1jny — 1,n9) (3.1.6)
and
az|n1,n2) = y/na|ni, na — 1), (3.1.7)
one can see that
(Hsgp)g = 0. (3.1.8)
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In view of this result, Eq.(3.1.2) becomes

dp O A 52 A AP
d_fj — —i[H,,p| — hTrr(H2pR — HsppRHgR)
+hTTR([A{SRﬁEﬁSR — ﬁﬁ{ﬁgR) (319)
dﬁ . TRy A ) ~ ~1TT2
P —i[Hg, pl — h(Hgp)rp — hp{HSR) R

+2h(HsrpRHsr) r (3.1.10)

Moreover, in view of Eq.(3.1.3), we can readly obtain
(Hip) = N?|alan(al,,aum) +alan + (@, a0m) @]

+adan(ad, dom) + alas + <&;ma2m>a2a;}3.1.1 D

where
(G1in, a1, | = [dgim, ab, ] = 1, (3.1.12)

has been used.
Now considering the mean photon number of a vacuum reservior to be zero, one can
easily obtain

<ﬁ§'R> = /\/2(&1611 + d;dz)‘ (3.1.13)

Moreover, in view of Eq.(3.1.3), one can easily prove that
Tre(HsppRHsg) = —NTrg|alpalai,Ram,

—al piranin Ratl,, + 610 Py Rasin
—al plsinin iy, — a1pafanin Rai,
R pab — alpalass, Ravn
_d;ﬁdlfbmédim + dgﬁflgd%né@m
—ad pagagi Rad, — agpalad. Rag,

S B -7 PPy S SO
Pl Gy, Ry, — G250, Ragin

+apagal, Ral. |. (3.1.14)
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Then it follows

Trr(HsppRHsg) = N?Trg|—alpayannRal, — aypalaiym, Rayn,

—ad Pl Ral, — agpatal, Ragm].  (3.1.15)

Now the mean photon number of the vacuum reservior to be zero, one can easily check
that

TTR(]:ISR,@RI‘:TSR) = )\,2(CAL10A(AIJ{ + &2,5&;) (3116)
In view of Eq.(3.1.1), it is easy to get
(Hs.pl = ilu(0'p—pb' + pb—bp) )
(b ayanp — pblasay + pbalal — balalp).  (3.1.17)

Finally, applying Egs.(3.1.9), (3.1.13), (3.1.16) and (3.1.17), into (3.1.10), one can eas-
ily finds

d . S ar e P P
—p = p(dp— pbt + pb + bp) + A(barasp — pblaras + pbalal — balalp)

dt
K1 ga sn Afa A aata
5(2%0@1 — alanp — palan)
K2 on sn Afa A aata
?(2a2pa£ — abanp — padas), (3.1.18)

which is the master equation for twin light beams and x; = 2h\? is the cavity damping
constant for light mode a; and ko = 2h\"? is the cavity damping constant for light mode
as.

3.2 Operator dynamics

We consider here the case in which the twin light modes and the pump mode are in a
cavity coupled to a vacuum reservior via a single-port mirror. Using the relation

d . d ..
%<CL1> = Tr(apal), (3.2.1)
one can easily check that
d . K1 . =
i) = == {an) — Mbab), (32.2)
d R Ko . 2t
i (a2) = =27 (az) — Abal), (3.2.3)



d, i At Sha Sata
J{alan) = —m(ajar) — Mblana) — Abalal), (3.2.4)
d .+. At A NP St at
%(azaﬁ = —ro(abas) — A(b'ajas) — A(bajal) (3.2.5)
and
d,. . 1 oA Sta St At 5
a(alaﬁ = —5(/11 + ko) (a1a2) — A(b'aray1) — A(basay) — A(b). (3.2.6)

On taking k1 = Ky = K, the steady state solution of Eqgs.(3.2.2), (3.2.3), (3.2.4), (3.2.5)
and (3.2.6), is found to be

. 2N o
(1) = —?(bag), (3.2.7)
. 2N o
(ig) = —?a)a;), (3.2.8)
A A Aot
(alay) = —E(bTachg) - ;(ba{a@, (3.2.9)
ta A e Aot
(adas) = —=(blajay) — E(ba{a%), (3.2.10)
and
. ) NP WP Y
(a169) = —E<ba1a1> - ;<ba§a2> - =(b). (3.2.11)

Moreover, upon dropping the noise operator and in the absence of subharmonic gener-
ation (A = 0), one can easily write the quantum Langevin equation for the operator b
as

d - 1 .
—b=—=kb 3.2.12
where « is the cavity damping constant. The steady-state solution for Eq.(3.2.12) is
L2
b= ?" (3.2.13)

Now upon substituting Eq.(3.2.13) into Eqgs.(3.2.7), (3.2.8), (3.2.9), (3.2.10) and (3.2.11),
one can easily arrive at

or
(i) = ——(al), (3.2.14)
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At A r.. I
<a1a1> = —E<a1a2> - E@a;)’
A A r,. . ' s
<a§a2> = —;<ala2> - ;(aiag)
and
r r r
fas) — ——(ata — —(atas) — —
(G162) (aya1) K<a2a2> o
where
20U\
= ——.
k
In view of Eq.(3.2.14) and Eq.(3.2.15), we see that
(a1) = (a2) = 0

Moreover, using Eqs.(3.2.16), (3.2.17) and (3.2.18), one can easily find

. o2
(aya1) = (=2 —ar?)’

and

It can also be readly verified that

(af) = (a3) = (alag) = (aba) = 0.

Now we take

29
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(3.2.22)
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to be the annihilation operator for the superposition of light mode @, and a, produced
by the subharmonic generator coupled to a vacuum reservoir, one can then easily check
that

[a,a] = 2, (3.2.26)
where
(a1, al] = [ag, ab] = 1 (32.27)

and the remaining constitutes to be zero.

We realize that the superposition of the two light beams, with the same frequencies,
constitutes a two-mode light. We wish to call the superposed light beams with the same
frequency the signal-signal light beams [17]. Now the result described by Eqgs. (3.2.20)
and (3.2.24) are valid for signal-signal light beams.

3.3 The Q function

The Q function that describes the twin light beams is expressiable as
1
Qay, ag, t) = F/d2zd2n¢a(z,n,t)exp[z*a1 —zay + ' —nas),  (3.3.1)

where the anti-normally ordered characteristic function ¢, (z, 1, t) is defined in the Heisen-
berg picture by

ba(z,m,t) = TT(I@(O)G—Z*&l(t)ezéi(t)e—n*dz(t)enég(t))' (3.3.2)
Applying the identity

AeB _ AtBriAB) (3.3.3)

Eq.(3.3.2) can written as

ol mit) = e HEHTT <ﬂ<o>>

Then this function can be written in terms of c-number variables associated with the
normal order as

Ga(z,m,t) = 73T (6‘”19[20"{ — zay + naj — n*az]> '

30



and taking into account the fact that a; and a, are the Gaussian variables with zero
mean, Eq.(3.3.2) can be put in the form

¢a(z,m,t) = exp[—p(z*z + n'n) — q(z"n" + 2n)], (3.3.4)
where
r r
=1 = —— (1 = —(r+20)t 1 — —(rk—20)t 335
g 2<f€+2F)< ‘ )+2(m—2r)( ‘ ) (3.3.5)
r r
- (1- —(k+20)¢t - (1= —(k—2D)t ) 33.6
1= 50 o) TPy L ) (3.3.6)

Now introdusing Eq.(3.3.4) into Eq.(3.3.1) and carrying out the integration, using the
standared integration

d? 1 1 abb + Ac* + BV?
/?exp[—az*z + bz +cz* + A2® + B2*?] = [aQ — 4AB]§[G ;2_ —CZLZ—B ],a >0,
we get the Q function as
1
Q(ay, ag, t) = sz —v?)exp[—u(afo; + abay) — v(ayay + afad)],  (3.3.7)
in which
p
U= —— (3.3.8)
(P — %)
and
q
V= ——r (3.3.9)
(»* = a*)

3.4 Photon statistics

It would be helpful to classify the photon statistics of light modes based on the relation
between the variance and the mean of the photon number. Hence the photon statistics of
a light mode for which (An)? = n is referred to as Poissonian and the photon statistics
of a light mode for which (An)? > 7 is called super- Poissonian. Otherwise the photon
statistics 1s said to be sub-Poissonian.[17]
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3.4.1 The mean photon number

We define the mean photon number of twin one-mode subharmonic light by

n = (a'a), (3.4.1)
where
at =al +al (3.4.2)
and
a = a1 + as. (3.4.3)

Then using Eq.(3.4.2) and (3.4.3), Eq.(3.4.1) can be rewritten as
n = ((a] +a})(ar + a2)) (3.4.4)
which on account of Eq.(3.2.24), becomes
i = (ala) + (alas), (3.4.5)
so that in view of Egs.(3.2.21) and (3.2.22), the mean photon number can put as

21?2 n 212
K2 — 402 K2 —472°

n = (3.4.6)
This result shows that the mean photon number of the signal-signal mode is the sum of
the mean photon number of the signal light beams.
Then the mean photon number of the twin one-mode subharmonic light beams can
have the form
412
n=———-. 3.4.7
T2 ar ( )
Thus the result in Eq.(3.4.7) represents the mean photon number of the signal-signal
light mode.
In addition, we note that the equation of evolution of the mean photon number for
the pump mode can be written as

a(bTb) = —i([b'b, H]) + gTr[(%ﬁbT — bTbp — pbb)bd). (3.4.8)
Then using Eq.(3.1.1) and the fact that

Ay~ A

—i([b%D, H]) = pu(b) + p(b") + A(blayas) + Mbalal) (3.4.9)
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and

~ AL A

gTr[(%ﬁ?ﬁ — btbp — pbb)bih] = —r(b1h) (3.4.10)

we readly obtain

E(lﬂb) = —r(bTD) + pu(b) + p(dY) + N(bfayas) + Abalal). (3.4.11)

Now the steady state solution of Eq.(3.4.11) is

o . N .
(bih) = %b +Ebt = (blanaz) + = (bafa), (3.4.12)

K
so that in view of Eqgs.(3.2.19) and (3.2.23), then the mean photon number of the pump
mode takes the form

U or?
by = =2 — (3.4.13)

K2 K2 — 42"

We observe that the first term represents the mean photon number of the pump mode
in the absence of the harmonic generation and the second term represents the mean
photon number of light mode a, or light mode as,.

3.4.2 The variance of photon number

Now we proceeds to obtain the variance of the photon number of twin one-mode sub-
harmonic light beams. On account of Eq.(3.4.1), the variance of the photon number of
twin one-mode subharmonic light beams is defined as

(An)* = ((a'a)?) — (a'a)?, (3.4.14)
or
(An)? = ((a'a)?) — n>. (3.4.15)
Then one can put Eq.(3.4.15) in the form
(An)* = (a'%a®) 4 2n — a2 (3.4.16)
Now applying the fact that a is the a Gaussian variable with zero mean, we get
(An)? = 2a +n* + (a'?)(a?) (3.4.17)
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and on taking into account of Eq.(3.2.25) along with Eq.(3.2.24), we arrive
(An)? = 20 — a? + 4(alad) (a1 az). (3.4.18)

Hence in view of Eq.(3.4.7) and Eq.(3.2.23) the variance of the photon number for twin
one-mode subharmonic light beams takes the form

812 1614 4K2T2

An)? = . 3.4.19

(An) = 5 T (e —aroz T (@ — a2 (34.19)
Eq.(3.4.19) can be rewritten as

412 814 21212
An)? =
(An) L? e T e A T e o 4F2)2]
41?2 814 21212
. (3.4.20
L? —are (k2 — 4I'2)2 + (k2 — 4r2)2] ( )

As we see from Eq.(3.4.20), the variance of the photon number of signal-signal mode is
the sum of the variance of the individual signal beam.

3.5 Quadrature fluctuation

We wish here to study the squeezing poroperties of twin one-mode subharmonic light
beams.

3.5.1 Quadrature variance

We now proceed to calculate the quadrature variance of twin one-mode subharmonic
light beams. To this end, we note that the variance of the plus and minus quadrature
operators for a twin one-mode subharmonic light is given by

(Aas)? = (ax,dx), (3.5.1)
where
iy =a' +a, (3.5.2)
and
a- =i —a) (3.5.3)
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and a is the annihilation operator for the twin one-mode subharmonic light beams. Now
on account of Eq.(3.2.20) along with Eqs.(3.2.25), (3.5.2) and (3.5.3), we see that

(ax) = 0. (3.54)
Hence in view of this, Eq.(3.5.1) can be written as
(Aax)? = (a2). (3.5.5)
We note that
(Aay)? = (a'a) + (aa') + (a* + a') (3.5.6)
and applying Eq.(3.2.26), the quadrature variance can be put in the form
(Aasx)® =2 +2(a'a) + (a* + a'). (3.5.7)
With the aid of Eq.(3.2.25), one can rewrite Eq.(3.5.7) as
(Aax)? = 24 2(alas + abas) + (a?) + (al%)
+(a2) + (al?) + 2(asa.) + 2(alal).  (3.5.8)

Therefore, using Eqgs.(3.2.21), (3.2.22), (3.2.23) and (3.2.24), the quadrature variance
take the form

4T
(Aay)* =2 — T (3.5.9)
and
4T
Aa_)? =2 ) 3.5.10
(Aa_) =2+ — (3.5.10)

We imimediately note that the twin one-mode subharmonic cavity light beam is in
a squeezed state and the squeezing occures in the plus quadrature. In addition, we see
that for k = 2I" the variance of the minus quadrature diverges. We identify x = 2I" as
the threshold condition. Upon setting I' = 0, in Egs.(3.5.9) and (3.5.10), we find

(Aas)? = 2. (3.5.11)

Thus we see that for I' = 0 the cavity light is in a twin one-mode vacuum state in which
the uncertainites in the two quadrature are equal and satisfy the minimum uncertainity
relation.
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3.5.2 Quadrature squeezing

Next we determine the quadrature squeezing for twin one-mode subharmonic light
beams. We therefore define the quadrature squeezing of the twin one-mode subhar-
monic cavity light beams by

_2- (Aay)?

5 2

(3.5.12)

Since on account of Eq.(3.5.9), the squeezing occures at the plus quadrature, by substi-
tuting this equation into Eq.(3.5.12), we see that

2 —(2— -4
S, = ( 5 wiar) (3.5.13)
Then Eq.(3.5.13) can be rewriten as
2
S, = P (3.5.14)

Finally, we note that at steady state and at threshold there is 50% quadrature squeezing
below the vacuum state level.

50 cmro _—

aof|

Figure 3.2: aplot of S, vs ¢ for k = 2
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Chapter 4

Superposition of Second Harmonic and
One-mode Subharmonic Light Beams

In chapter two and three, we discussed the statistical and squeezing properties of the
light produced by second harmonic light and twin one-mode subharmonic light beams.
Here we seek to study the statistical and squeezing properties of the light produced by
superposition of second harmonic light with twin one-mode subharmonic light beams.
To this end, first we determine the density operator for this light mode, by assuming that
the central frequency of second harmonic light and subharmonic light beams are the
same. With the aid of the resulting density operator, we calculate the mean and variance
of photon number and also the quadrature fluctuations.

| —
1 s = 2 4
NLC1 R /7 /

3
— U
K
P
| —
5
6 e L Detec
] tor

10 NLC-2 11

K

Figure 4.1: Schematic Diagram for Superposed Light Beams
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Where
. Pump mode-1
. SH-output light (5! )
. Horizontally Polarizing beam splitter-1
. Mirror
. Refracted SH-output light (l;:rmt)
. Sub-harmonic output light beam (a;)
. Horizontally Polarizing beam splitter-2
. Horizontally polarized subharmonic light(a)
9. Superposed SH-light and signal light beams (élut)
10. Pump mode-2
11. Sub-harmonic output light beam (a2)
12. Horizontally polarized subharmonic light(as)

0NN N B~ W

4.1 The density operator

Here we wish to determine the superposed density operator for second harmonic light
and one-mode subharmonic light beams. Suppose /' (b', b) be the density operator for a
certain light beam. By expanding this density operator in normal ordering we have

p=> Crib™. (4.1.1)
k.l
Recalling the completeness relation for one mode coherent light is gven by

1
I= ;/d%!v)(ﬂ, (4.1.2)

we can work Eq.(4.1.1) inthe form

1 .
i == [ d? Cuv** . 4.1.3
p 7T/ 7; w17 (] (4.1.3)
Employing the relation
71 a l
V) (b = (v + 87*) 7 (vl (4.1.4)

we can express Eq.(4.1.3), as

1 B
i = | d*y— *k ! 4.1.
p /d ”YW;CM’Y (v + 87*) 7Y, (4.1.5)
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we then note that

0 1 k 0
* = — * ) 4.1.
QY v + (’M*) W;Ck,m (v + 87*) (4.1.6)
Introducing Eq.(4.1.6) into Eq.(4.1.5), we see that
N 2 * 8
pr=[dvQ0y v+ aﬁyﬁlv)(vl- (4.1.7)

In terms of displacement operator, the state vectors |y) and (y| can be put in the form of

1) = D(7)]0) (4.1.8)

and
(7] = (0|D(—). (4.1.9)

By introducing Eqgs.(4.1.8) and (4.1.9) into Eq.(4.1.7), we get

52)DO)I0)0ID(=1). @.1.10)

ﬁ’=/d2762(7*,7+

Now we realize that the density operator for the superposition of second harmonic light
beam with one-mode subharmonic light beams is expressed as

D
5o D(@)p' D(=a), (4.1.11)

plet e t) = /d2aQ(a*,a+
in which
a = o) + as. (4.1.12)

Then substituting Eq.(4.1.10) into Eq.(4.1.11), we see that

0 | » 0 | -
peet) = [#aQariat 5Dl [ EQ0ra+ 5D
x D(—7)D(—a). (4.1.13)

On account of Egs.(4.1.8), (4.1.9) and (4.1.10), Eq.(4.1.13) can be rewritten as

0 d |
~rat oA — 2 2 * *
peet) = [ dadr@a’at 50000+ 55)D()

V) (Y D(~a). (4.1.14)
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we recall that
D(a)|y) = e ¥+ |a 4 7) (4.1.15)
and
(7|D(=a) = e |y + ). (4.1.16)

Finally, using Eqs.(4.1.15), (4.1.16) and (4.1.14), the density operator for the superposed
light beams can be written as [18]

0 0
N 2 12 * x
el t) = [ Padr@la’ a+ 5)Q0y + g la ) +al. @LIT)

Furthermore, the expectation value of an operator A(éT, ¢,t) can be expressed in the
form [18]

(A(ct,e,8)) = Tr(p(t)A(0)). (4.1.18)
Introducing Eq.(4.1.17) into Eq.(4.1.18), we find
(A(ct,e,t)) = /and%Q(a o+ 88*, HR(Y", v+ %,t)
An("; ), 7(4.1.19)

in which A, (v*, o) = (o + v|A(éf, )|y + a) is c-number function corresponding to A
in the normal order.

0
QUMY .t -)! (4.1.20)
ov*
and
(o, a,t) § Cpm@™™ (v + a) (4.1.21)
da*

are the Q function associated with the three light beams [18].
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4.2 Photon statistics

The stastistical properties of light beam is described in terms of the mean photon number
and the variance of photon number. Here, we calculate the mean photon number and the
variance of photon number of the light produced by superposed second harmonic light
beam and twin one-mode subharmonic light beams.

4.2.1 The photon mean number

The mean photon number of the superposed light beams can be expressed in terms of
density operator as

n=Tr(p(t)c'(0)¢(0)), 4.2.1)

where ¢ repersents the annihilation operator for the superposed light beams and is de-
fined as

é=b+a. (4.2.2)
Employing Eq.(4.2.2), we see that
i = Trip(t)(b'd + bfa + a'db + ata)]. (4.2.3)
Thus introducing Eq.(4.1.17) into Eq.(4.2.3), we have
] - 9 9
n d"adyQ(a”, a + 5, )Q(V, 'Ha -, t)
xTrl|a+ )y + a|(b'b + bfa + atb + a'a). (4.2.4)
Then applying the cyclic property of a trace, we get
7l /dzadQ’yQ(a 0+ 2 QM+ 1)
da*’ oy*’
X[y + afa + v a + o™yl (4.2.5)

It follows that

0 0
n /dan(a at o ok a+/d7Q2(’Y 7+a el

</d2aQ1(a o+ 88*7 t)a )(dz’sz(v v+ aa*’ )’y*)

< / d*aQ (o, o+ aa*,t) )(dQ’sz('y v+ aa*,t)v)- (4.2.6)
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With the aid of Eq.(4.1.19), one can easly put Eq.(4.2.6) in the form

no= (B'0)b() + (@'(t)a() + (B (6)a(r) + (b(1))(a'(t)- (4.2.7)
In view of the fact that a is Gaussian operator with zero mean, we see that
(b (1)) alt)) =0 (4.2.8)
and
(b(t))(a' (1)) = 0. (4.2.9)
On account of Eq.(4.2.7) along with Eqgs.(4.2.8) and (4.2.9), we obtain
7= (bH()b(t)) + (@ (t)a(t)). (4.2.10)

With the aid of Eqgs.(2.3.7) and (3.4.7), the mean photon number of the superposed
light beams takes the form

_ &2 1 1
Nss = 5[ Kathky _ Ka " [ Kaths Ka ]
(P — o) (5 ) (e 4 eo) (5 + 3e2)

412

9 g
K K2 — 4r2]'

[

L

]2

+ 4.2.11)

This result shows that the mean photon number of the superposed light beam is the
sum of the mean photon number of the individual light beams. By setting ¢5 = 0,
we find that the mean photon number of the one-mode subharmonic light beams and if
I' = 0, we obtain the mean photon number of the second harmonic light beam.

On the other hand, well known input-output relation can be written as [18]

éout(t) = \/Eé(t) - ém(t)a (4212)

where ¢;,, is input resevoir mode operator.
Since the cavity mode is coupled to vacuum resevior, Eq.(4.2.12) can be written

Cout(t) = V/KE(L). (4.2.13)

In view of Eq.(4.2.13), the mean output photon number of the superposed light beam
turns to

Tout = KT, (4.2.14)

where 0 < Kk < 1.
This result indicates that the mean photon number of the superposed output light is
times the cavity light beams.

42



4.2.2 The variance of photon number

The variance of the photon number can be defined as

(An)* = ((e'()e(t))?) — (€' ()e(t))*. (4.2.15)
Using the commutation relation
¢, ¢ = 3. (4.2.16)
for the superposed light beams Eq.(4.2.15) can be rewritten in the form
(An)? = (2 (0)e(0)%) + 3 (1)elt)) — (@ (1e(n))> (42.17)
With the aid of Eqs.(4.2.2) and (4.2.16), we can write Eq.(4.2.17) as

(An)* = (@P()a*(1)) + (*(H)a' (1))
+4(bt(1)b(t) )+ (b
+(OP()V (1)) + 30 — n? (4.2.18)

Next we seek to calculate the expectation value of the operators described by Eq.(4.2.18),
so we see that

(a(t)a2(t)) = Trlp(a?a?)]. (4.2.19)

Introducing Eq.(4.1.17) into Eq.(4.2.19) and using Eq.(3.2.25), we find

(@?(ta*(t) = Qag, oz +

/d2a1d2a2Q(a{, oy +

—. 1 —. 1
8@{’) 804;’)

Trllon + o) (g + on|(al®a? + al*a2 + al?a? + al?a2)

+4&1a1a;a2}] . (4.2.20)

Applying the cyclic property of a trace to Eq.(4.2.20), we get

PE
0aj

(oo + ai]al®a?|on + ) + (as + aqlal®al|ar + as)

R0 (0) - [ [ Faraniai,on + 500500+ 5.0

oy + a|al’a|on + ag) + (an + an|al’a|on + an)] | (4.2.21)
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One can also easily write Eq.(4.2.21) as
@P0@0) = | [ Paalaran+ 5 Qg a + 5o
’ ooy’ ’ ooy’
x[ai®al + ai?a) + a5?af + oé?a%]] (4.2.22)

Then it follows that

@0E0) = | [ Paaton+ gz aiel + [ EaQ(esan+ 5 faial
1
+/d2a d*ayQ (o, o +i Qo ag + — 0 taias
1 2 1, &1 8041" 2y 2 8052 1 2

0 0
/d ad*onQ(af, o + —— B HQ(as, an + =— 5 t)Oz;Qa%]] (4.2.23)
o
In view of Eq.(4.1.19), one can put Eq.(4.2.23) inthe form
(@ (t)a(t) = [(a?a?) + (af’a3) + (al'ad) + <a$2a§>] (4.2.24)

Using similar procedure we get
(b120%) = (b*bf? > A400') —2 = 2¢2 — d® — 4c — 2
(a IQC@ (ay'a) + (a}'as)

: ) ¥
(a'?) = (Pay”) + (BPajab) + (Pabal) + (B*af’)

A(btbata) = 4 [(iﬁéa{aﬁ + (b'balas) + (b'bayal) + (6Téa1a2>]

(b%a%) = (b%an) + (b%a,)
(@f’a3) = (alar)” — (alan)

(al?a2) = (abas)? — (alay), (4.2.25)
and on the besis of Egs.(3.2.20), (3.2.24), (3.2.25) and (3.2.26) along with Eq.(4.2.2),
we obtain

@) = GP0R (1) — A0 (1b(t) — 2+ 2(b™ (1)) (ar (1)) (ax(t))
(i (B (0)* — (@] (1) () + (@2(1aa(1))* — (@5(Ha (1))
+HA(OT (1)b(1) (@l (t)an () + 40T (£)b(E)) (ab(t)as(t))
+(aj(t)an (1)) (a3(t)as(t)) (4.2.26)



On account of Eq.(4.2.17), Eq.(4.2.25), can be rewritten in the form
(An)® = (BP(0)B () — 40T (£)b(1)) — 2+ 2(b™(8)) (n () ao(1))
(i (B (0)* — (@] (1) (1) + (@(1aa(1))* — (@5(Haa(1))
+A(B (D)b(2)) (@l (£)an (£)) + 46T (£)b(2)) (a5 (£)as (1))
+(al (t)ay (1)) (@b (t)as(t)) + 30 — 0. (4.2.27)

Then making the use of Eqgs.(2.2.12), (2.2.13), (2.3.7), (2.4.9), (3.2.21 - 3.2.24) and
(4.2.11), the variance of the photon number of the superposed light beams is expressable

as
£y, 1 ]2_2§5]Qi 1., &l

€. E5.E, 1 ( _ 4y |
2 “sh kyy xy  sh’kZ—4I?

(An)? = m—b[g] —K—b[g] (E) -2

26", g2, 1 9 2kI 4, 1 1., &'
+[/<2—4F2] + [2 ($y)] K2 —A4I? + 62(1’y sh) [/{2—4F2]
8y £, 207 o 1 1 212 o212
— () ——= F 45— — — 4
+ K <y) K2 — 412 * 82[my Sh]FLQ + 4172 + (/12 +4F2)
o2 €2 1 1 €9 € 2e9 € 22
Mo - 2 - )+ 2P - 2
Kk? 44T 2 xy sh Kb Y Ky Yy R +40
2 2
€9,E,9 €5, 1 1 2r
—-F—-=(— - —)|(——= 4.2.28
where
Kg + Kp Ka
T = — 9,y = — + &9 (4.2.29)
2 2
and
Kg 1+ Kp Kg
s = 5 + &9, h = > + 3es. (4.2.30)

This result show that unlike the mean photon number, the variance of the photon number
of the superposed light beams is not the sum of the variance of the photon number of
the separate light beams. However, by setting ¢ = €5 = 0, we easily get the variance of
the photon number of one-mode subharmonic light beams. While by setting I' = 0, we
obtain the variance of the photon number of the second harmonic light beam.

On the other hand, the variance of the photon number of the superposed output light
beams can be defined as

(An)zut = <(ﬁ0ut)2> - <ﬁout>2‘ (4231)
Employing Eq.(4.2.12), (4.2.13) and (4.2.30), we find
(An)z,, = K*(An)*. (4.2.32)

We see that the variance of the the photon number of the superposed output light
beams is x? times that of the cavity light beams.
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4.3 Quadrature fluctuation

Here we study the squeezing property of the superposed light beams.

4.3.1 Quadrature variance

Here we determine the quadrature variance for the superposed light beams. We define
the quadrature variance for the superposed light beams as

(Acy)® = (EL(1)) — (ex(1))*, (4.3.1)
where
e (t) = &'(t) + é(t) (4.3.2)
and
e_(t) =i(é'(t) — e(t)), (4.3.3)

are the plus and the minus quadratures for the superposed light beams.
Using Eqs.(4.3.2) and (4.3.3) along with the commutation relation given by Eq.(4.2.16),
Eq.(4.3.1) can be put in the form

(Acs)? =3+ 2[(ef(t)e(t)) £ (@ ()], (4.3.4)
in which
(e?) = (&%), 4.3.5)

has been used.
On account of Eq.(4.1.18), Eq.(4.3.4) leads to

(Ac)? = 3+ 2[(@'(a(®) + (B'(B)b(1)) £ (a*(1) + (B*(1))
+(a(t)b(t)) + (b(t)a(t))]. (4.3.6)
Next we calculate the expectation value of ab, then we write

(ab) = Tr(p(ab)). (4.3.7)

Using Eq.(4.1.17), we see that

0 )Tr(|y + a){a + 7]ab). (4.3.8)

0 ‘

(@) = [ EadrQarat o
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Then it follows

0 Wa+~ylably + ).  (4.3.9)

0 N

Ai) —_ d2 d2 *
(ab) / o ’yQ(a,a—i—aa*

Employing Eq.(4.1.12), we find that

)
5,700 (4.3.10)

) .
aa*)vQ(v Y+

(ab) = / dad*yQ(a*, o +
On account of Egs.(4.1.18), Eq.(4.3.10) can be put in the form
(b)(a) = 0. (4.3.11)
In view of Eq.(4.3.11), Eq.(4.3.4) yields
(Acy)? = [1 4 2(b7b) + 2(0*)] + [2 + 2(ata) + 2(a?)). (4.3.12)
Now Eq.(4.3.12) can be rewritten as
(Acs)? = (Aby)? + (Aay)?. (4.3.13)

This show that the quadrature variance of the superposed light beams is the sum of the
separate light beams.

On account of Egs.(2.4.16), (3.5.9) and (3.5.10), we easily find the quadrature vari-
ance of the superposed light beams as

2¢2 N 4T
(Bedf +ep) (B2 + (2£ 1)) w420

(Acy)* =3F (4.3.14)

Moreover, the squeezing for both second harmonic light beam and one-mode sub-
harmonic light beams occurs in the plus quadrature.

4.3.2 Quadrature squeezing

The quadrature squeezing of the superposition of second harmonic light beam and one-
mode subharmonic light beams can be defined as

. 2
S, = %' (4.3.15)
It then follows
R— A 2 — a 2
5, = L= (A0 (M) + [2 = (Ad)*()] (4.3.16)



_where Aa, is the quadrature variance of one-mode subharmonic light beams and
Ab, is second harmonic light beam.
Introducing Eq.(2.4.16) and Eq.(3.5.9) into Eq.(4.3.16), we obtain

1 22 4T
Sy =-[1-(1- 2 +2—-(2— . (4.3.17
P =3l (“Tw+sz)(%+(2+1)eg)) 2= @31
Finally, on account of Eq.(4.3.17), quadrature variance of the superposed light beams is
1 2¢2 4r
S+ =3 : + . 43.18
' 3[(”"7”’+62)(%+(2+1)52) P (4.3.18)

This result show that the degree of squeezing for the superposed squeezed light
beams is the average of the separate light beams that is 55.57% at steady state and at
threshold.

We have seen that the degree of squeezing of subharmonic generation enhanced by
superposition of the second harmonic generation.

Onthe other hand, the quadrature squeezing of the superposed output light beams
can be defined as

3k — (Acst)out
3k ’
where 3k to be the quadrature squeezing of the coherent light beams.
By inspection of Eq.(4.3.13) and in view of Eq.(4.2.31), the quadirature variance of
the superposed output light beams to be

Sou = (4.3.19)

(Ac)sy = (Aax)dy, + (Abi)2,, (4.3.20)
in which
(Aax)p, = K(Aax)sy, (4.3.21)
and
(Abs )5 = £(ADL)5,- (4.3.22)

Introducing Eq.(4.3.20) into Eq.(4.3.19), we have
3k — [k(Aagx )2, + k(Abs)2,]

out out

3Kk ’

Sout = (4.3.23)

(S-l—)out = S-i— (4.3.24)

This result shows that the quadirature squeezing of the superposed light beams is the
same as that of the cavity light.
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Chapter 5

Conclusion

In this thesis, we studied the squeezing and statistical properties of light produced by
superposed second harmonic light beam and twin one-mode subharmonic light beams.
Using the solution of the c-number Langevin equations we calculated the antinormally
orderd characteristic function and then the Q function of the separate light beams.

First we have seen the second harmonic light beam, employing the linearizion scheme
approximation, to get the Q function. Then using the Q function, we analyzed the mean
photon number, the variance of the photon number and the quadrature fluctuations. We
have seen that the squeezing occurs in the plus quadrature and maximum degree squeez-
ing is 66.67%.

Next we have considered the one-mode subharmonic generator by writing the Hamil-
tonian, the master equation and the operator dynamics. Then we get the Q function of
the one-mode subharmonic light beams. Using the Q function we calculated the mean
photon number, the variance of the photon number and the quadrature fluctuations of
the one-mode subharmonic light beams. We observed that the squeezing occurs in the
plus quadrature and its maximum squeezing is 50% at steady state and at threshold.

Finally, we analyzed the statistical and squeezing properties of the superposition of
second harmonic light beam and twin one-mode subharmonic light beams. Employing
the superposed density operator, we obtained the mean photon number, which is the
sum of the mean photon number the separate light beams and the output mean photon
number is x times that of the cavity light beams. Unlike the mean photon number, the
variance of the photon number is not the sum of the individual light beams and the
variance of the photon number of the superposed output light beams is x? times that of
the cavity light beams.

Moreover, the quadrature variance of the superposed light beams is simply the sum
of the quadrature variance of the individual light beams. Like that of second har-
monic light beams and one-mode subharmonic light beams, the squeezing of the su-
perposed light beams occurs in the plus quadrature. Furthermore, we see that the degree
of squeezing for superposed squeezed light beams is the average of the separate light
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beams and 55.57% at steady state and at threshold. In addition we find that the quadra-
ture squeezing of the superposed output light beams is the same as that of the cavity
light. In the same way we see that the variance of the photon number is greater than the
mean photon number therefore, the photon statistics of the one-mode subharmonic light
beams is super-Poisson.
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