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Abstract

In this thesis we analyze a nondegenerate three-level cascade laser with cavity mode
coupled to a two-mode squeezed vacuum reservoir with the aid of master equa-
tion, We obtain the stochastic differential equations associated with the normal or-
dering,correlations of the noise force and the solutions of the resulting differential
equations.Applying the solutions of the resulting differential equations.we calculate
quadrature variances, photon entanglement Photon number correlations,normalized
second-order correlation functions and fluctuation of intensity difference for the cav-
ity modes.We also determine the mean photon number sum and difference and the
photon number variance sum and difference for the two mode cavity light employing
the Q function.We study the squeezing properties and entanglement of the two mode
cavity light.It turns out that the generated light exhibits a two-mode squeezing and en-
tanglement when initially there are more atoms in the lower level.Moreover,a strong
correlation between photon numbers along with a significant fluctuation in the inten-

sity difference is found.
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Introduction

Entanglement is one of the fundamental tools for quantum information processing
and communication protocols. The generation and manipulation of entanglement has
attracted a great deal of interest with wide applications in quantum teleportation[1],
quantum dense coding[2], quantum computation[3],quantum error correction[4],and
quantum cryptographyl[5]. Squeezing is one of the nonclassical features of light that
have been extensively studied by several authors[1 8].squeezed light has potential ap-
plications in the detection of week signals and in low-noise communications [1,2].
Squeezed light can be generated by various quantum optical processes such as subhar-
monic generations [15,10 12],resonance florescence [6,7],and three-level laser under
certain conditions[1, 3, 4, 9, 16 27].Hence it proves useful to find some convenient
means of generating a bright squeezed light.We define a three-level cascade laser as a
quantum optical system in which three-level atoms in a cascade configuration and ini-
tially prepared in a coherent superposition of the top and bottom levels are injected at
a constant rate into a cavity coupled to a two mode squeezed vacuum reservoir.

These atoms are removed from the cavity after some time, which is long enough for the
atoms to decay spontaneously to levels other than the middle or bottom. using these
mechanisms simultaneously [10, 12, 13, 14]. The top, intermediate, and bottom levels
of a three-level cascade atom can be conveniently denoted by |a), |b), and|c), respec-
tively.A direct transition between levels |a) and |c) is taken to be dipole forbidden. When

a three-level cascade atom decays from the top level to the bottom level via the interme-



diate level, two photons are emitted. If the two photons have the same frequency, the
three-level atom is called degenerate otherwise nondegenerate. Nondegenerate three-
level cascade laser is a source of a two-mode squeezed light that is characterized by a
strong correlation of the modes at two different frequencies.

The emission of light when the atoms makes the transition from the top level to in-
termediate level is light mode a, and the emission of light when the atoms makes the
transition from the intermediate level to the bottom level is light mode b. The squeezing
does not exist in each mode, but in the correlated state formed by the two modes.Due
to the strong correlation between the modes, the two-mode squeezed light generally
violates certain classical inequalities and hence can be applied in preparing Einstein-
Podolsky-Rosen (EPR) [28].

The generation and evolution of macroscopic entanglement in non-degenerate three-
level laser with driven coherence has been examined [29] using the sufficient entangle-
ment test proposed by Duan et al. Opposed to this work,Tesfa [30] and Alebachew [31]
have studied the entanglement properties when the atomic coherence is induced by
the superposition of atomic states.It is found that the entanglement obtained in such
lasers highly depends on the amount of squeezing in the two-mode light. Moreover, it
has been shown that the quadrature squeezing can be enhanced by coupling the cavity
mode to a squeezed vacuum reservoir [32].

Since the squeezed vacuum is coupled to the cavity modes via the single port mir-
ror, it makes the experimental realization difficult. However, experimentally realizable
scheme has been proposed by Gilles et al.[33] and was shown that the squeezing can
be increased effectively.Thus it appears that the combined system we have considered
could generate highly squeezed light.

In this thesis,we study the squeezing and entanglement properties of the two mode
cavity light generated by a nondegenerate three-level cascade laser with a cavity modes

coupled to a two-mode squeezed vacuum reservoir via a single-port mirror. We rigor-



ously derive the master equation for the cavity mode coupled to a two-mode squeezed
vacuum reservoir and applying the master equation,we obtain stochastic differential
equations, the correlation properties of the noise force for the cavity mode variables
associated with the normal ordering and the solutions of stochastic differential equa-
tions.

we calculate the quadrature variance and squeezing, the mean and variances of the
photon number sum and difference,the photon number correlation, normalized corre-
lation photon number as well as fluctuations of the intensity difference for the cavity
modes employing the Q function.The Q function is obtained with the aid of the anti-
normally ordered characteristic function defined in the Heisenbeg picture. Moreover,
applying the entanglement criterion developed by Duan et al.[34],we investigate the
squeezing and entanglement non-degenerate three-level cascade laser coupled to a

two-mode squeezed vacuum reservoir.



Stochastic Differential Equations

In this chapter we seek to study the squeezing and statistical properties of the light pro-
duced by a nondegenerate three-level laser whose cavity contains a parametric ampli-
fier and coupled to a two-mode squeezed vacuum reservoir. Three-level atoms initially
prepared in a coherent superposition of the top and bottom levels are injected into the
cavity at a constant rate and removed from the cavity after sometime. We first obtain
the master equation and stochastic differential equations for the cavity mode variables
associated with the normal ordering. Using the solutions of the resulting differential
equations and the correlation properties of the noise forces, we calculate the quadra-
ture variances,.

In addition, we determine the mean and variances of the photon number sum and dif-
ference for the cavity modes employing the Q function. The Q function is obtained
with the aid of the antinormally ordered characteristic function defined in the Heisen-

beg picture.

2.1 Master Equation

In this section we wish to obtain the equation of evolution of the density operator for a
nondegenerate three-level laser and coupled to a two-mode squeezed vacuum reser-
voir. We first drive the equation of evolution of the density operator for the three-
level laser applying the linear and the adiabatic approximation schemes [4, 21]. Then

after obtaining the properties of the reservoir submode operators, we drive the time
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Figure 2.1: Scheme of a non-degenerate three-level cascade laser coupled to a two-

mode squeezed vacuum reservoir.

evolution of the reduced density operator for a cavity modes coupled to a two-mode
squeezed vacuum reservoir [22]. Finally, with the help of the two resulting equations,
we write the master equation for the system under consideration.

We consider a non-degenerate three-level cascade laser coupled to a two-mode squeezed
vacuum reservoir. In this quantum optical system, three-level atoms in a cascade con-
figuration, initially prepared in a coherent superposition of the top and bottom levels
are injected into a cavity at a constant rate r, and removed after certain time 7.

We denote the top, intermediate, and bottom levels of a three-level atom by |a), |b),
and |c) as shown fig.1 we assume the cavity mode to be at resonance with the two
transitions|a), |b), and |c)and |b) — |c), with direct transition between levels|a) and |c) to
be dipole forbidden.The interaction of a nondegenerate three-level atom with the cav-

ity modes can be described by the Hamiltonian.

H = ig(|a){bla — at[b)(al + [b){clb — bT|c)(b]) 2.1)
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where g is the coupling constant, a and b are the annihilation operators for the cavity

modes. We consider a three-level atom initially in the state
WJA(O)) = CVa|a> + Cc|c> (2.2)

The density operator for a single atom can then be written as

pa(0) = pDla)(al + pQla)(c| + pDle)(al + p0c)(c| (2.3)
where
PO = |C,Pandp.. = |C.)? (2.4)

are the probability for the atom to be in the upper and the lower levels at the initial time
PO = C.Crandp) = C.C* (2.5)
represent the atomic coherence at the initial time. We note that

PO = plp2 (2.6)

Suppose p4r(t,t;) is the density operator for as single atom plus the cavity mode at time
t, with the atom injected at time ¢; such that ¢t — 7 < t; < t. Then the density operator

for all atoms in the cavity plus the cavity mode at time t can be written as

par(t) = TaZﬁAR(t,tj)Atj, (2.7)

in which r,At; represents the number of atoms are injected in to the cavity at timeAt;.
Now converting the summation into integration in the limit A¢; — 0, we have at time

t

t
par(t) = 1, / par(t,t)dt (2.8)
t—1
and on differentiating with respect to ¢, there follows

dpar(t)

t
o - Ta(,éAR(t,t)—ﬁAR(t,t—T))+ra/ par(t,t)dt (2.9)
t—1
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We observe that p4r(t,t) is the density operator for the cavity modes plus an atom in-
jected at time ¢ and pag(t,t — 7), represents the density operator for an atom plus the
cavity modes at time ¢ with the atom being removed from the cavity at this time. There-

fore, these density operators can be decoupled, so that

par(t,t) = pa(0)p(t), (2.10)

par(t,t) = palt—T)p(0), 2.11)

with /(¢) being the density operator for the cavity mode alone. In view of Egs. (2.10),
Eq.(2.11) and Eq. (2.9) can be written as

dA t t 8 ) )
p/;zz( ) _ ra(par(0) — par(t,t — T))A() + 14 a;3,4R(t,zf )dt 2.12)
t—r

In the absence of damping of the cavity mode by a vacuum reservoir, the density oper-
ator j(t,t) evolves in time according to

6 ~ / / A /
a AR(t,t)dt = —Z[H,pAR<t,t)], (213)

so that using Eq.(2.13) and taking into account Eq.(2.10),one can put Eq. (2.12), Eq.in

the from

dpar(t)

o = Talpar(0) = par(t,t —7))p(t) — iH, par(t,t)): (2.14)

Furthermore,tracing over the atomic variables, we have

dpd—it) = —iTTA[.E[, ﬁAR(t)]v (2'15)

With the aid of Eqgs. (2.15) and (2.1), the equation of evolution of the density operator

for the cavity modes can be put in the form

p

o = 9(0pra = prati — @' Py + pasit’ + bpey — pesb — b pe + prcd).  (2.16)

where

pap = {alpar(®)I8), (2.17)
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with o, = a, b, c.next we proceed to determine the matrix elements p,3.We see from Eq.

(2.14) that

dpas

i ra{{alpa(0)18) — (alpalt = 7)18)6(1)} — (l[H, par(t)]|5) = Ypas, (2.18)

in which the last term is included to account for the decay of the atoms due to sponta-
neous emission. Here v, considered to be the same for all the three levels, is the atomic
decay rate. We assume that the atoms are removed after they have decayed to a level

other than levels |b) and |c). then we see that

(alpa(t = 7)[B) = 0 (2.19)

with a, 8 = a, b, c. next we proceed to determine the matrix elements p,s involved in Eq.

(2.17). Taking into account Egs. (2.18), (2.19), (2.3), and (2.1), we can write

dpag

dt - ra(pg()l)(saadaﬁ + pg?;)éaaécﬁ + P,(;g)éac%ﬁ + p&g)éacécﬁ)ﬁ

+g<dﬁb,@6aa - dTﬁcﬁaab - Z;T[)b,@(socc
_ﬁaad(sb,@ + ﬁab&Téaﬂ - ﬁabi)(scﬁ + ﬁacgf(sbﬁ> - 7/50457 (220)

Applying Eq.(2.20), we obtain

dﬁab _ 7

i 9(apps — Paatt + Pacb’) — Y pav, 2.21)

dﬁf = g(bpec — povb — @' Pac) — Y Pbes (2.22)

djga = 7ap0p + 9(@Ppa + pari’) — VPaas (2.23)
dﬁf = 10 p — g(b poe + peb) — VPrees (2.24)
dggc = 7up2p + 9(@hve + pavh) — VPacs (2.25)
e - _gm%‘”’ - Bﬁd’ + Poalt — f’bciﬁ) — YPob- (2.26)

dt
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Dropping the g terms in Egs. (2.22),(2.23),(2.24),(2.25) and then applying the adiabatic

approximation scheme,we get

Tapos)

ﬁaa = P (227)
Y
(0)
~ TaPcc .
Pec = P £, (228)
Y
(0)
~ TaPac .
poe = L (2.29)
8
P (2.30)

Putting the above results into Egs.(2.20) and (2.21), we have

dpab gra A
ab bt — @ . 2.31
g7 - 2 (pS b = p) pa) = pab, (2.31)

dA c Ta )
e = T2 (bp0p— alpl05) = e (2.32)

so that employing once more the adiabatic approximation scheme, we get

Pab = ‘C{y (P9 pb' — p® pa), (2.33)

Pre = 9’7 (Pbp — p0al p), (2.34)

Finally on account of Egs. (2.22) and (2.23), the equation of evolution of the density

operator for the cavity modes given by Eq. (2.7)turn out to be

dp(t Apl)
Pl g (QdTﬁ&—d&Tﬁ—ﬁdTﬁ—ﬁd&T)

dt
A CC
g (2bpbT — pbth — bibp)
Apy .
— '02 (2a pr _deTp pr T)
AplY) s s

(2bpa — pab — abp). (2.35)
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Two-Mode Squeezed Vacuum Reservoir
The density operator for a two-mode squeezed vacuum reservoir can be expressed as
pr) = [ 5:10:0:)(0:0:] S (r) (2.36)
where
Si(r) = er@Edimed) (2.37)

is the squeeze operator with the squeeze parameterr taken for convenience to be real

and positive, and ¢and d; represent the annihilation operators for the reservoir sub-

modes. With the aid of Eq. (2.37) and the identity operator I = S;(r)S! (r), we can write

as
(Cidy) = H(oioz-wj(r)dkmioi), (2.38)
in which
&(r) = S8H(r)e;Si(r) (2.39)
and
de(r) = SI(r)di(r)Si(r). (2.40)

Differentiating Eq.(2.40) and the adjoint of Eq.(2.41) with respect to r, we obtain

diéj = d[(r)d; (2.41)
”
and

d R

In order to decouple these equations, we differentiate Eq. (2.42) once more with respect

to r. We then get

36 = ). (243)
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The solution of this equation can be put in the form
¢i(r) = Ae"+ Be . (2.44)

Applying the condition » = 0, we see that

éj|r:0 - A + B - éiéijp (245)
d . it
aCj“:O = A — B = d (51 (246)
It then follows that
Lo
Lo gt

so that on account of these, Eq. (2.45) takes the form
¢i(r) = (¢ coshr + d! sinh )65 (2.49)
Following a similar procedure, we can easily verify that

~

de(r) = (d;coshr + ¢l sinhr)dy, (2.50)

In view of Egs. (2.49) and (2.50), we have

(é]czk) = H(O,OA@ZCZZ cosh?r + (CZTCZZ + ézéj) coshrsinhr + CZI sinh? 110;0;)0;;0;1.(2.51)

)

Applying the relation ¢;¢f = 1 + ¢l¢;, we find
(&5dy) = M6y, (2.52)

where M = sinh r cosh r. We assume that % is of the order of the central wave number £,

so that we can replace k by 2k, — k. In view of this, Eq. (2.53) can be rewritten as

(&5dp) = M6jopyk- (2.53)
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One can also easily establish in a similar manner that

(G) = (di) = (&¢x) = (did) = (&,d}) = (elel) = (dld}) = (eldy) =0,  (2.54)

(eldl) = Mdjau,-r, (2.55)
(eler) = (dldy) = Né, (2.56)
(&ely = (dyd}) (2.57)
in which
N = sinh®r (2.58)

We now proceed to drive the equation of evolution of the density operator for cavity
modes coupled to a two-mode squeezed vacuum reservoir.
In general, the reduced density operator for cavity modes coupled to a reservoir can be

expressed in Born approximation as

/

Do) = —il(Fsn(t)). p(0)] / 4 TrR(Hsp(t) sr(t) () R)
+/dt TrR(Hgr(t)p(t Y RHgg(t)
v/

dt TrR(Hgsp(t)p(t Y RHsg(t)

- / dt TrR(p(t YRHgr(t ) Hsr(t). (2.59)

We seek to obtain the equation of evolution of the reduced density operator for cav-
ity modes coupled to a two-mode squeezed vacuum. The Hamiltonian describing the
interaction of the cavity modes with the two-mode squeezed vacuum reservoir can be
written as

ﬁSR(t) = ZZ )\k(dTékei(wa—Wk)t _ déze—i(wa—w)t + gTdkei(wa—wk)t + B(}Le—i(wb—wk)tgz'ﬁg)
k
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where ¢, and d;, are the annihilation operators for reservoir submodes and ), is the

coupling constant. Using Eqgs.(2.60), one can write Eq.(2.61) as

—pt) = / dt (I(a"p(t")al? —2alp(t)a") + L(alap(t) + p(t)a'a — 2ap(t)a’
+Is(aatp(t) + p(t )aat — 2aTp(t))a) + L(ap(t) + p(t)a® — 2ap(t )a)
+I(0PA(1) + (D — 20T p(1)DT) + Te(bbp(t) + p(t )T — 2ap(t )bY)
+ (B0 A(E) + p(t )b — 26T p(¢)b) + Is(B*p(t ) + p(t )b* — 2bp(t)b)
+2Io(atdt p(t) + p(t)abt — bF p(t )bh)

!/

+2110(aféﬁ(t’ + ﬁ(t’)&*é —bp(ta" —atpt)b)

+2h2(abp(t’) + p(t)ab — bp(t)a — ap(t)b), (2.61)
where

L = Z My (CrCpr) Yel@awr)t 4w, — w )t (2.62)
I, = Z Ak ckc '@ — i(w, — w )t (2.63)
Z Ak, ckck e Hwa—wi)y 4 i(we — w;c)t/, (2.64)
L o= =Y Mg (chel e et i(w, —wy)t, (2.65)

kk
Z My (i ) et — i(w, + wp)t (2.66)
= =) M lelel et —i(w, — w )t (2.67)
o= =Y Ndyldhdy)e @m0t +i(w, — w)t (2.68)

kE
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I Z A (didl Ye et — (w, — wy )t (2.69)
Iy Z Ny (Gpdy e @m0t 4 j(w, — wy )t (2.70)
Ly = Z Medy (erd! ) e om0t — i(w, — w)t (2.71)
i o= = Mg (ehdy)e @m0t 4w, — wi)t (2.72)
Ly, = Z Ay e @)t 4 (W, — wy )t (2.73)

In view of Egs. (2.55), We easily see that
L = Ih=I1=1g=15LHy=1;=0. (2.74)
On account of Egs.(2.69),we have

L = —=(N+1)) Xeot—+t) (2.75)
k

Wa— wb

Now replacing w, by the average value w, = , and assuming the reservoir submode
frequencies to be closely spaced then the summation can be converted into integration.

We then write

/

I, = —(N+1) /OO dwg(w)NH (W) (w)e @) (t — 1), (2.76)

where g(w) is the density of the reservoir submodes. We expect wto vary little around
wo.In view of this, we can replace g(w)and\(w) by g(wp) and A(wp) and extend the lower

limit of the integration to —oo, so that

I, = —(N+ 1)g(wo))\2(wo)/ dwe @) (t —t') 2.77)
Moreover, upon setting ' = w — wy, we see that
I, = —(N+1)g(wo))\2(w0)/ dw' e't= £’ , (2.78)
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From which follows
I, = —k(N+1)5(t—1t) (2.79)
where
E = 2mg(wo) N (wo) (2.80)

is defined to be the cavity damping constant.Following a similar procedure, we can also

easily obtain
Iy = I;=—kN§(t—t), (2.81)
Ie = —k(N+1)0(t—1t), (2.82)
Iy = Lip=kM(t—t). (2.83)

Upon substituting Egs.(2.75), (2.80),(2.82),(2.83), and (2.84) into Eq.(2.62), we have

—p(t) = k / (df' (N +1)(2ap(t)a' —alap(t’) — p(t))a'a))
+N@2ap(t)at —a —aap(t') — p(t )aa")

+(N + 1)(2bp(t)ot = bTbp(t) — p(t )bta)

N (201 p(t )b — bb p(t') — p(t )bbT)
—oM b p(t)at + atp( ot — aTotp(t’) — p(t))atdh

—2M (bp(t))a + ap(t )b — abp(t') — p(t)ab)d(t —t), (2.84)

so that carrying out the integration, we get

d k A o
—pt) = 5(N +1)(2apa’ — atap — pata + 20pb" — bibp — pbib)

EN(QaT;sa —aa'p — paat 4 20" pb — bb'p — pobY)

—kM (a'pbt + b pat — atd'p — patdt + bpa + apb — bap — pba)  (2.85)
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This represents the equation of evolution of the reduced density operator for cavity
modes coupled to a two-mode squeezed vacuum reservoir. Taking into account Eqgs.
(2.45)and(2.85), the master equation for the cavity modes of a nondegenerate three-
level laser whose cavity mode coupled to a two-mode squeezed vacuum reservoir can

be written as

dp(t 1 e
WU L@+ k)20t — aalp— paa) + (ApDR(N + 1)) b — b — B1b)
—5[(Apac + EM)(2atpbt — blaTp — pblal) + (AplD) + k(20bpa — abp — pab)]
1 A PN PN
+5 (N + 1)(2apa’ — a'ap — pa'a) + N(2b'pb — bbTp — pob'))]
1 R R R JUR R
—ikM(szﬁaT —a'blp — pa’v' + 2apb — bap — pba) (2.86)
where
2 2
A= P (2.87)
gl

is the linear gain coefficient with v being the spontaneous atomic decay rate assumed

to be the same for all the three levels.

2.1.1 Stochastic Differential Equations

Next we wish to obtain stochastic differential equations associated with the normal or-
dering. The expectation value of an operator a evolves in time in the Schrodinger pic-
ture according to

N @ N
(A) = Tr( - A) (2.88)



2.1.1 Stochastic Differential Equations 17

Employing Eq.(2.86)and Eq.(2.88we see that

%(@ = %(Apg%) + kN)Tr (24" paa — aa' pa — paa’a)
+%(Ap£2) + k(N + 1))Tr(2bpbta — pbtba — bfbpa)
%(ApaC + EM)Tr(2a" pbTa — bial pa — pblata)
%(Apca + kM) Tr(2bpaa — abpa — paba)
g[(N +1)Tr(2apata — atapa — pa'aa) + NTr(20% pba — bb' pa — pbbTa)]
—gMTr(zéT;;aT& —abTa + 2apba — bapa — pbaa). (2.89)

Applying the cyclic property of the trace operation and the commutation relation

[a,af] = [b,b7]=1, (2.90)

we get
Ty = —Luay — LA ) @91)

where
fa = k—ApY, (2.92)
v = —ApY. (2.93)

Following the same procedure, it can also be easily verified that

d - 1~ 1 .
20 = —gne(b) + 5 ApL (), (2.94)
d, .o 52 0) (jtg
5107 = —pa{a”) — Apye (0'a), (2.95)
d 2o P2 ) (4t}
07 = (b’ + Apgg{a'd), (2.96)
d 1, atay — L A0 ath (©
%(a ay = —upgla'a) — éApac (a'd") + A,oac (ab) + Ap®) + kN, (2.97)
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fpn PPN 1 ~ 1
%<b*b> = —pbfh) + 5A,ogQ(bTaT) — 5,4,)5;2* + kN, (2.98)
d, 1 stin LA O atoy L g o g2
—<CL b) = __(:ua + :uc)<a b> + _Apac <CL 2> - _Apac <b >7 (2.99)
dt 2 2 2
d, - 1 7 1 (0) /At A 1 0) /717 1 (0)
E(ab> - _5(:“(1 + :uC) <CLb> + EApac <CL (I> - §Apac <b b> + §(Apac + 2kM)7(2100)
in which
1
Ha = k= Apld =k + Apl) pie = S 12k + A = pi)] (2.101)
d 1 1
Ty = Ly~ La008 2.102
d 1 1
— = —= —Ap9 (o 2.1
S8 = —gmelf) + 5 A0 ) 2103
d, 5 2 (0) / p*
(0 = —ha(a®) = Ape(6°6), (2.104)
d, o 2 (0) /- x
E(ﬁ > = _ﬂa<ﬂ > - Apac <O./ ﬁ>7 (2.105)
d, . Loy my L g (o 0)
E<a Oé> = —,U,a<Oé Oé> - §Apac <Oé ﬁ > + §Apac <Oéﬁ> + Apa(z + kN? (2.106)
d * * 1 (0) 7 ax  * 1 (0)x
E(ﬂ 6> = _MC<6 6> + §Apac <ﬁ «Q > + §Apac <O‘6> + kNa (2.107)
d * 1 * 1 (0) /. %2 1 (0)x 7 22
£<Oé ﬁ> = _§<:u’a + /’LC)<& ﬁ> + EAIOac <Oé > + §Apac <ﬁ >7 (2.108)
gtaB) = =5t pe)(af) + 5 Apacla’a) = 5 Apee (B°5) + 5 (Apg’ + 2kM|2.109)

the basis of Egs. (2.89) and (2.92), we can write(2.108)

Calt) = —gmalt) — 3 Apda’ (1) + fult), 2.110)
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d 1 1
ok _ = * - (0) /o *
Dty = L) — 5L + 1300 @11

where f,(t) and f3(t) are noise forces. The formal solutions of these equations can be

putin the form
t ! ’ !/
at) = a(0)e i + / dt et V?[—%Apé?ﬁ*(tHfQ(t )}, (2.112)
0

t

o0 = gt

, / 1 , /
At etet=t)/2 |:§Apac04(t ) + f;(t ):| , (2.113)
0

2.1.2 Correlations of Noise Forces

We proceed to determine the properties of the noise forces. We note that Eq. (2.92) and
the expectation value of Eq. (2.100) as well as Eq. (2.93) and the expectation value of
Eq.(2.101) will have the same form provided that

(falt)) = {fs(1)) =0. (2.114)
Applying the relation 4% (a?) = 2(a4«) along with Eq.(2.95)
0% = o) — A (5" a) + 2a(0) (1) 2.115)
Comparison of this equation with leads to
{a®)fa(t)) = 0. (2.116)
On account of Eq.(2.102) along with we see that
(@O fafte 2+ [ et A0 ) + o)1) =217

so that taking into account Eq.(2.104) and the fact that a noise force at a certain instant

does not affect the cavity mode variables at earlier time, we have

(fat) falt)) = 0. (2.118)
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Similarly, we can easily establish that

(o) fo®) = (falt)fa®) = 0. (2.119)
Furthermore, using Eq.(2.100) and its complex conjugate, we have
i(a*a) = —puu(a*a) — 1Ap(o)<oz*5*> (2.120)
dt ‘ 2" e '
Har () fa(t)) + (fo(O) fa(t)a(t)). (2.121)
Comparison of this equation with Eq.(2.96) shows that
(X fE(Da(t)) = ApQ + EN. (2.122)

(e «

we note that the property of the dirac delta function
t ! ’ ! 1
/ fE)o(t—t)de = éf(t) (2.123)
0
In view of Eq.(2.112) so that Eq. can be rewritten as
t t
/ e Ml 12X fu (b))t = / e Mt 12(ApO) L KNYO(t —t)dt  (2.124)
0 0
It then follows that
(fat)fa(D) = (AP + EN)S(t—1). (2.125)

It can also be established in a similar fashion that

(fa)falt)) = KNé(t—1) (2.126)
o)1) = (A2 + 2600t — 1) @.127)

The results described by Egs. (2.109), (2.113), (2.114), (2.119), (2.123) and (2.125) rep-

resent the correlation properties of the noise forces and f,(¢) and f3(¢) associated with

the normal ordering.
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2.1.3 Solutions of Stochastic Differential Equations

In the previous section we have found two Stochastic Differential Equations for «(¢) and

g ().

In this section we seek to obtain the solution of these coupled Stochastic Differential

Equations using matrix method.

On account of Eq.(2.108)and Eq.(2.109)

d 1
() = —o M)+ F(1),

Introducing a matrix defined by

and

being the eigenvectors of the matrix B, Eq.(2.121)can be written as

d 1 -1

(2.128)

(2.129)

(2.130)

(2.131)

(2.132)

(2.133)
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Multiplying both sides from the left by V! we see that

%(VlJ(t)) = —%R(Vlj(t)) + VIR (t), (2.134)
where
Lok + An+ ) 0
R = =V'Mmv 2R An+ ) (2.135)
0 T2k — An— )

in which A\, and )\_ are the eigenvalues of the matrix M. We note that Eq. (2.124) has a
well defined solution for A\, > 0and A_ > 0. The solution of this equation can be written

as
J(t—l—T) _ Ve%R(T)V—lj(t)_i_/ vef%R(TfT/)V_IF(t+TI))dT/. (2.136)
0

We next proceed to find the eigenvalues and eigenvectors of the matrix M. Applying the

eigenvalue equation
MV, = \V (2.137)
along with Eq (2.119), we find the characteristic equation

N = (tta + pte) A + (papte — ApD*Apl)) = 0. (2.138)

A = —(2k+AnL ). (2.139)

1
2

Taking into account Egs. (2.91), (2.100), and the relation

P+ oD = 1, (2.140)
n=p" —p, (2.141)
A = \/ A2 — 440" AP (2.142)

With the aid of Egs. (2.80),(2.90),(2.119), (2.131), and (2.132), we have

(A+ Nvy — 2400, = 0, (2.143)
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and taking into account the normalization condition:
2 2 _
vty = L (2.144)
we get
—2(Apte
P (Apac)
VA + a0y
A+ A
S + (2.145)

VAN + a0y

Similarly we can also easily show that the elements of the eigenvector corresponding to

A_ to be
2Ap((1%)
Vi =
VA= + 2=y
A— )
Voo =

VA= 22+ 4= A0

Now substitution of Egs. (2.136) and (2.137) into Eq.(2.112) yeids

—24p() 24,9
v = VA2 +a-ap0)2 /a2 a-apD)?
A+ A7 ?

VAZ1a(-Ap0)2 /A2 pa-ap)2

in which
Ay = A+ An

And the inverse of the matrix V is found to be

vl o=

1 A \/ A% +4(-Apid)2 —2Ap \/ A2+ 4(—Apl)?

Since Eq.(2.125) describes a diagonal matrix, we observe that

efi(2ﬁ+A77+/\)T 0

(26—An—N\)T

ST

0 e”

Ao \ 4,1/ 42 +4(=Ap2)2 —24001/ 42 + 4(= Ao

(2.146)

(2.147)

(2.148)

(2.149)

(2.150)
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) / efi(QﬁJrAnJr)\)(‘rf‘r,) 0
6*23(7_7) — s (2.151)
0 e—%(QK/—Aﬁ—A)T—T
From which follows
L . Ti(T) Ci(T
Ve 3RV i) Gl (2.152)

Co(1) Tu(1)

and
- Tyr—71) Cir—1
Ve sRE— WV _ it ) Gl ) , (2.153)
Co(t — 7") To(t — t/)
where
A+ A A—-A
Tyr) = 2520 —ber _ A7 AN Serans (2.154)
2An 2An
A+An A—An .
T _ (26+2An)T A~ A (k+2An+)T 2.155
5(7) 2An € 2An ¢’ 7 ( )
—Ap9 Ap)
e R T (2.156)
Apldr Ap*
Co(r) = 517) e Z—Tiez(nﬂhﬁh (2.157)
, A+ A / A—-A !
Tir—7) = ; N~y _ Tnne—é(nwnﬂ)v—r ), (2.158)
) A+ A n A—A !
Tyr—7) = ;477 M o= 3 An) (=) _ Tn”e—;(n)(m ) (2.159)
, —ApY o AptY /
Ci(r—1) = Af? e~ (®ME=T) | ALne_é(HAn)(T_T ), (2.160)
(0)% , (0)« ,
Colr —7) = APac by _ Abec —taerani—) (2.161)
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With the aid of Eqs. (2.121), (2.122), (2.123),(2.128), (2.144), and (2.145), we finally ob-

tain
alt+71) = Ta(t)+Ci(r)B* () + GL(t+ 1), (2.162)
B (t+71) = Tof*(t)+ Co(T)5*(t) + G_(t + 1), (2.163)
where
Gi(t+71) = /T[Tl(T — ) fulT 4+ t) + Cy (T — T/)fE(T/ +t)]dr | (2.164)
0
G_(t+71) = /T[TQ(T — ) falT +1) + Co(T — T/)fE(T/ +t)]dr (2.165)
0

Furthermore, upon setting ¢ = 0 and 7 = ¢, the cavity mode variables «(¢) and () take

the form

alt) = Ty(t)a(0) + Ci(H)3*(0) + G (¢), (2.166)

G5 (t) = Ti(t)a(0) + Co(t)a(0) + G_(t). (2.167)



Quadrature Squeezing

In this chapter we seek to analyze the quadrature squeezing properties of the two-mode

cavity light.

3.1 Quadrature Variance
A two-mode cavity light can be described by an operator
¢ = —(a+0b). 3.1

where 4 and b represent the separate modes.

On the other hand, employing the commutation relations

[a,a’] = [b,0"] =1 (3.2)
[af,a) = [pfo) =0 (3.3)
we have
[e,él] = 1 (3.4)
[6,¢] = 0 (3.5)

The squeezing of the two-mode cavity light can be studied applying the quadrature

operators defined by

&y = el 4¢ (3.6)
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e = (et —¢) (3.7)

where ¢, and ¢_are Hermitian operators representing the physical quantities called plus
and minus quadratures, respectively while ¢’and ¢ are the creation and annihilation

oprators of the two-mode cavity light. Usind Eq.(3.7)and (3.8),one can verify that
6.6 = 2i. (3.8)

We now seek to calculate the variance of the quadrature operators (3.4) and (3.6).

To begin with, making use of the commutation relations(3.8)we get
AL = 14 [(e) 4 (&) £2(67¢) + (612 + (&)2 £ 2(¢)2(e)?). (3.9)

We notice that all operators in Eq. (3.9) are in the normal order. Therefore, the c-

number equation corresponding to can be expressed as
Acl = 1+ (y=(t),7=(1)), (3.10)
in which
1) = —(a”(0) + (1) £ a(t) £ (1), 311

V2
On account of Eq.(3.11), we see that

(7£(t),7£(t)) = %((Oz(t),a(t))+<5*(t),ﬁ*(t)>2<04(75)75(t)
({a”(t),a(t)) £ 8% (t), B*(t) £ 2(B"(t), a(t))) + s.c.c., (3.12)

in which c.c. stands for complex conjugate. Using Eqgs. (2.104),(2.108), (2.109),(2.154),

(2.155), (2.156), (2.157), and assuming the cavity modes are initially in vacuum states

along with the fact that a noise force at a certain time does not affect the cavity mode

variables at earlier time, we easily find

(aft),B(1)) = (B(1),6(t) = 5(t), a(t) =0, (3.13)
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so that in view of these results, Eq. reduces to
(1= (®),7£(1)) = ({a(t), Q1)) + (a(t)57(1)) £ (o’ (1), a(t)) £ (6%, 5(2)).  (3.14)
Furthermore, taking into account Eq. along with its complex conjugate, we get

(@ (Dalt)) = (GHHG(1). (3.15)

With the aid of Egs.(2.154),(2.114),(2.115), and (2.116), we have

t

(a* (1) a(t) = / (r(t — )P fara + 50— )ar(t — ) f25)

0
Tt = it = ) fap + lar(t — € )PRN)E (3.16)

Applying (2.148) and (2.150) in Eq. (3.15) and then carrying out the integration, we get

A+ An[(A+ An) fora — 248 fog) — 2Ap80 (A + Anfap — 2405 kN

* _ —(k)t
(a(t), a(t) Y (1 + (1)
A+ An[(A = An)fora — 2Apk fap] — 2408 (A = An) fap — 246 kN]
4A2n2(2k + An) /2

(1 + el 2"
A= Anl(A+ An) fora — 2Apl fup] — 2405 [(A + An) fap — 2496 kN]
4A%% (K + An)

(1 + e—(n+%)t)
AL S = 240 fus] — 240 (A + An)fus — 24p2KN
4A%0%(k + An)

(1+ e(”*A")t)

(3.17)

Following a similar procedure, we also find

At An[A kN — 240" fog) — 2Ap50 (A f1 — 2ApLY" fa*al

. _ 1 — —(k+an)t
(5 (1)5(0) 1 An) (1=
_A + A?’][A,k'N . 2Apl(1%)*faﬂ] — 2Ap((1%) [A+f;,6’ — QAPEL%)*]CC(*O(] (1 o e—(n—}—An)t))
4A20%(k + An)
A= An[ALRN — 2490 fos) — 2400 [A_f2, — 2401 faral (1 — o ansann
4A%0%(k + An/2)

LA+ An[ARN - 240" fap) — 24080 [AL £ — 2ApL0" faral

1—e ™31
4A20%kK (1—-e7)3.18)
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and
A+ An[A fap — 2ApWkN] — 24080 (AL fora — 2Ap £ Lo
(a(t)B(t)) = " (1 — e ztrin
4A%2(k + An/2)
_ A AnlAfup — 2400 KN] 240 1A fora — 2400 05] | oy
4A%0%(k + An)
A= An[Afus - 2ApS kN — 2Ap [A fara — 2Ap f75) (1 — o0y
44%0*(K)
+A + AN[A_ fap — 2ApS0kN] — 2400 [A_ fara — 2Ap0 1] (1= e-b0s a0,
4A%n%(k + An/2)

(3.19)

At stades state Eqs.(3.17),(3.18),([3.19)takes the form
. A+ An[(A+ An) fara — 2409 £.5] — 2400 A + Anfus — 2400 kN
<C¥ (t),Oé(t»ss _ [( ) /3] [ 8 ]

4A’n°kK
A+ An[(A— An)fara — 2400 fag) — 24950 [(A — An) fup — 24p5 kN
4A2%(k + An/2)
A= An[(A+ An) fora — 2405 fas) — 24950 [(A+ An) fus — 24950 kN
4A4%n* (k + An)
LALA_fata = 24000 fup] = 240" (A + An) fap = 249 KN] o o0
4A%202(k + An) '
oA @5 1 oA O g e oA O
OB = A+ An[A kN — 2Apac” fap] — 2Apac [A fo5 — 2Apac faal
= 4A212(k + An)
A+ Ag[A_EN — 249" fag] — 240 [Ay fi5 — 2490 fa*a]
4A% (K + An)
A= Ag[A RN = 2490 fag) = 240 [A_ f35 — 2Ap8" fara]
4A20%(k + An/2)
A+ An[A kN — 2ApQ" fag) — 24000 (AL f2, — 2490 faral,
n 3.21)
4A%n%k
_ (0) _ (0) * (0) px
(@)B(1))s = A+ An[A; fap — 2Apac kN] — 2Apac [A4 fora — 2Apac [5g)
@ = 4A%0%(k 4+ An/2)
At An[A_ fap — 2ApR0EN] — 2400 [A_ fara — 2405 f1 5]
B 4A%202(k + An)
A= An[A_ fop — 2ApS0kN] = 240l (A fara — 240 f2)
N 4422 (k)
A+ An[A_fos — 24p0kN] — 24p Q1A Fara — 24p2 f2
N NA- fap p ] pac [A-fa*a p faﬁ].(s.zz)

4A%20%(k + An/2)
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where ss stands for steady state

To simplify our task it is more convenient to introduce parameter 7 as follows

PO = 1_777 (3.23)
PO 1% (3.24)
SO 17_772 (3.25)
n = 2 —pl, (3.26)

We notice that the steady state solutions Egs. are valid only for non-negative
values of n, thatis, 0 < n < 1.

The atomic coherence introduced by the superposition of atomic states is given by Eq.
2.99).

We clearly see that the atomic coherence is maximum when there is equal probabilities
of finding for an atom to be in the upper or lower level and it is zero when all atoms are
initially in lower level.

It worth mentioning that the degree of squeezing of the two-mode cavity light produced
by the three-level cascade laser highly depends on the atomic coherence.

We note that the c-number equations corresponding to Egs.(2.79)-(2.90) which are in

the normal order,now substitution of Egs. (3.18), (3.19), (3.20), and the complex conju-
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gate of Eq. (3.21) into Eq. (5.13) leads to

L1 (A A 2Ap D [(A% £ 2400 £5, o F (A" + 2400%) fu 5]
4A%n? 2K
(A= An 2400 (A% + 245" kN F (4} + 24012) ;,ﬁ}

(v=(t),7=(t)) =

2K
R (Ve 24050 (A £ 24050 far o F (A% + 240807 fu 5]
4A%n? 2k + 2An
(A+ An F 20 )[(A% + 2400 kN F (A" +24p0) f7 ]
2k + 2An
L LU= 240 ) (A% £ 24050) far o F (A% + 24050%) fo 5]
2A2%n? 2k + An
LA+ Ay 2ApS)[(A™ + 2Ap0 kN F (A% + QAPSp)f*,g]]

_|_

2k + An
+c.c. (3.27)

On account of Egs.(3.19),(3.22),(3.23),(3.28) to gether with Eq.(3.4),the quadrature vari-

ances of the two-mode cavity light turn out to be

A2 - gL [lA+ Ay 2Ap\0%|2 LA An= 2Ap\0* |2
= 2A22 2K 2k + 2An
(A A £ 2400)) (A — An £ 2A4p50") (A An £ 24900 (Aan £ 24p) fo'a
2k + An 2k + An
N 1 [|A— Ap+ 24002 N |A+ An+ 240592
2A%n? 2K 2k + 2An
(A An+ 24080 (A — An+ 24pR")  (A+ Ap+ 248" (A + 2401 N
2k + An 2k + An
1 [(A+ Ap£24p0) (A — Ap + 24p50°) (A — An +24p07)
:F2A2n2 2k + 2An
(A= An+ 2400 ) (A = Ap £ 24pR")  (A+ ApF 248" (A + an £ 249" ;
2K 2k + An o
0%y _ (4 _ (0) ONF (0)
1 [(A4+An+2Apsd ) — (A — An+ 2Apac) N (Ay + Apac ) (A — An £+ 2Apac)
oAz, o 2 + 24
(At A+ 2400) (A + an £ 2Ap%) (A7 £ 2Ap80)(A — Ay + 240 £ @28
2k + An 2k + An epr =
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Aci = 1+

1[|E+B|* |F+B?

5[ 2K 2k + 2An
(E£B)(F+B (E£B)(F+B)

a 2k + An a 2k + An
1[|F+B]* |E+B?

+E{ 2k 2k + 2An
(E+B)(F+F (E+B)(F+B

2+ Ap a 2k + An
1 [(E+£B)(F+ B)(F+B)
5{ 2k + 2An
(F+B)(F+B (F+B)(E+)B

B 2K 2+ Ap ]faﬂ

}foz*oz

[

1[(E£B)—-(F+B) (E+B)(FxB)

:FE[ 2K 2k + 2An

_(E+B)(ELB) (F:EB)(F+B)]f*
2k + An 2k + An ap-

in which

C = 24%°
E = A+ Ay,
F = A— Ay,
B = 2ApQ)" =2Ap)
fara = (AL =1n)+2xN)/2 = Apl) + kN,
fap = fig=(AVT—n? +4xM)/4
fas = 24p%) + kM) /2.

A = 2kand\y =2k + An

(3.29)

(3.30)

(3.31)

(3.32)

(3.33)

(3.34)

(3.35)

(3.36)

(3.37)
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Now experecing Eq.(3.20),(3.21)and (3.22) interims of n as

KA(1 —n)(4k + 3An + A)
4[k(k + An)](2k + An)
26(2k + 2An + A) + A%(1 + n)]2kN
Ak(k + An)](2k + An)
[—AV/T =022k + Ay + A)26M
4[k(k + An)](2k + An) '

(@ (1), a(t))ss =

(3.38)

. k(A1 —n%) + (A1 —n?)[2k + An — A]2kM + [A*(1 — n)]2kN
(B OB} = Tinr - A T A0

[A%\/1 — n?]2kN

T qe (e + An)| (25 + A7) (3.39)
(3.40)
(@) = (B°()) = (o' (1)B(t)) = 0. (3.42)

Hence on account of Egs.(3.29)-(3.42),the quadrature variances of the two-mode cavity

light at a steady state turn out to be

26A(1 —n)(2k + 2An + A) — 4k A% N
Ak(k + An)](2k + An)

i?/{(A\/i)(Qm + An+ A)

A[k(k + An)](2k + An)

+4/§[(2/€ + An)(2k + An)(N £ M) + A%(\/1 —n?)(N F M)]
A[k(Kk + AR)|(2k + Ak) '

Ak = 1+

(3.43)

We clearly shows that in Fig.3.1, we plot the variance of the minus quadrature versus
n for different values of the linear gain coefficient(A). We note from this figure that the
two-mode cavity light exhibits a two-mode squeezing.We also see that the degree of
squeezing increase with the linear gain coefficient which is in a complete agreement

with previous studies [9,13,16,20].
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Figure 3.1: Plot of the quadrature variance of the two-mode cavity light at steady state[
Eq. [3.43]versus 7 for different values of the linear gain coefficient when » = 0.5,and
k= 0.8.

The plots in Fig. 3.1 represent the quadrature variance for different values of lin-
ear gain coefficients,r = 0.5 and x = 0.8. As depicted in the Fig.3.1 we note that the
quadrature variance attained its small values for larger gain coefficients and slightly
small values of .

This implies that the quadrature squeezing increases with linear gain coefficients for
n between 0and 0.85. The minimum value of the quadrature variance is found to be
Ac% = 0.1487 and occurs at n = 0.1 for A = 100, x = 0.8, r = 0.5,. This result indi-
cates that the maximum squeezing for the above value is found to be 85.13% below the

coherent-state level.
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Table 3.1: : Maximum squeezing occurs for n = 0.1, x = 0.8,r = 0.5 and different values

of linear gain coefficient (A).

n | Maximum squeezing | Maximum squeezing occurs for

0.26 72.73% A=5
0.13 83.05% A =50
0.1 85.13% A =100

Table 3.2: Maximum squeezing occurs for A = 100, x = 0.8, n = 0.09 and different values

of squeezed parameter (1).

n | Maximum squeezing | Maximum squeezing occurs for

0.18 65.3% r=20
0.12 79.2% r=20.3
0.09 87.4% r=20.6

I 01 02 03 04 04 18 07 08 09 1

Figure 3.2: Plot of the quadrature variance of the two-mode cavity light at steady
state[3.43]versus 7 for different values of the squeeze parameter » when A = 100,and
k= 0.8.



Photon Statistics

In this section we study the statistical properties of the cavity modes produced by a
nondegenerate three-level laser coupled to a two-mode squeezed vacuum reservoir.

We first obtain, using the anti-normally ordered characteristic function defined in the
Heisenberg picture, the Q function for the cavity modes then applying the resulting Q
function, we calculate the mean photon number ,the mean photon variances and the

photon number correlations.

4.1 Photon Statistics of the Cavity Modes

The Q function for a two-mode cavity light can be expressed as

Q(Oé,ﬁ,t) = _2 _z_wq)A<Z7w7t)ez a—za’twf-wp 3 (41)
7 T T
where
Dy(z,w,t) = TT(p(O)e_Z*d(t)eZ&T(t)e_w*i’(t)ewlA)T(t)) (4.2)

is the antinormally ordered characteristic function defined in the Heisenberg picture.

Employing the Baker-Hausdorff identity, we can rewrite Eq. (4.2) in the normal order as
Sy(z,w,t) = e_z*Z_“’*“’Tr(p(())e_z*d(t)eZ&Jr (t)e_‘”*é(t)e‘“y(t)) (4.3)
so that the corresponding c-number equation is

(I)A(Z, w, t) — efz*sz*w<eza*(t)fz*a(t)+wﬂ*(t)fw*ﬁ(t)). (4.4)

36
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Now taking into account Egs. (2.165) and (2.166) along with their complex conjugates,
Eq. (4.4) can be put in the form

(I)A(Za w, t) _ 6—z*z—w*w<ezoc*(t)—z*oc(t)-i—wﬁ*(t)—w*ﬁ(t)>‘ (4.5)

where
Q' (t) = pi(t)a(0) + qu(t)B7(0) + Gi(t), (4.6)
B(t) = paA(t)B(0) + ga(t)a” (0) + G5 (1) (4.7)

With the aid of Egs. (2.133), (2.151), (2.152), (2.153), (2.154), (2.157), and (2.158), it can

be easily established that

%@/(t» _ %Ma(a'(t»+%y_<ﬁ'(t)>,label80 (4.8)
CHW) = gl (0 + 30 (50, 4.9)

We see that Egs. (2.91) and (4.9) are linear differential equations for o’ (t) and 3 (¢). On
the other hand, taking into account Eqs. (4.14), (4.15) and (2.147), and the assumption

that the cavity modes are initially in a vacuum state, we have

(1) = (B()=0. (4.10)

Thus we observe that o' (t) and 3'(¢) are Gaussian variables with a vanishing mean. In

view of this, Eq. (4.5) can be expressed as [32]

Da(z,w,t) = e 77w

xexp K%(za’(t) — 2 () + wB () — W (t))?ﬂ @.11)
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or

Dy(z,w,t) = e:z:p{ — 2 2(1 + (@*(t)a't))) + %(22<a/*2(t)> + 22(a'?)

ey 5'24 (4.12)

Now on account of Eq. (4.6), we have

(@2(1) = ((pa0) + q1(£)B*(0))%) + 2((prax(0) + g1 (£)3*(0))G1 (1))
+(G1(1)G1(1)). (4.13)

With the aid of Egs. (2.164), (2.117), and along with the assumption that initially

the cavity modes are in vacuum state and the fact that a noise force at a given instant

does not affect the cavity mode variables at earlier time, we obtain

(@?) = 0. (4.14)
Similarly, we easily get
(372() = (870’ (1) =0, (4.15)
(B (05 (1) = (G3Gi(1)), (4.16)
(a*(t)a' (1)) = (G1(t)G4(1)), (4.17)
BB 1) = (GIG:() (4.18)

Hence on account of Eqgs. (4.14), (4.15), (4.16), (4.17), and (4.18),the characteristic func-

tion can be put in the form

q)A(Z; w, t) — efaaz*erz* (w*b)Jrz(wb*)efaﬂw*“” (4.19)
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where
ao = 1+ (GGt (4.20)
ag = 1+ (G3()Ga(1)), (4.21)
b = (G5(t)Ga(t)) (4.22)

With the aid of Egs. (2.165), (2.166), (2.125),(2.126), (2.127), and (4.18), we can write
(4.20), (4.21), and (4.22) as

KA(L —n)(4k + 3An + A)
A[r(k + An)](2x + An)
[26(26 + 247 + A) + A%(1 + n)]26N
Alk(k + An)](2x + An)
[—AVT=7)(26 + An + A)26M
Alk(k + An)] (2K + An) (4.23)

v~ 14 k(AT —102)2 + AT — 122k + An — A]26N
g ik + An)](2x + An)
[2k(2k + 2An — A) + A%2(1 — n)|2eM
Ak(k + An)](2k + An)

Ao —

(4.24)

and
/{(A + /1 — n2)(2n + An + A) + [(2,{ + An)z . A2]2/§M
Alk(k + An)](2k + An)
[(A%/1 = n2)]26N
A[k(k + An)](2k + An) (4.25)

Now using Eq.(4.19) in Eq (4.1), we have

b pu

1 d*z d?
Qa,p,t) = — _z_wexp{ — aq2" 2+ 2" (a + w'b) — z(a — wb*)}
Ty T T
Xeacp{ —agw'w +w'f — wﬂ*}, (4.26)
Employing the relation
d2 1 b B 2 b2
[raatta i mte = ot S e

(4.27)
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so that carrying out the integration with the help of Eq. (4.27), the Q function is found

to be
VaUg — Vv
Qa,Bt) = L
T
xexp| —vga*a+ a(pt +vf) +a*(p+vBT) —v.B* B+ B¢ |, (4.28)
where

Qg

Vo = m, (4.29)
Vg = ﬁ, (4.30)
vo= ﬁ (4.31)
p = vg—v, (4.32)
q = Uy — . (4.33)

4.1.1 Mean Photon Number Sum and Difference

We next proceed to calculate the mean and variances of the photon number sum and
difference of mode a and mode b applying the Q function. We define the operators

representing the photon number sum and difference of mode a and mode b by
he = ala£bib. (4.34)

Then the mean of the photon number sum and difference can be written in terms of

the Q function as

ny = /dQOdeﬁQ(a,ﬁ, H@at B —1F1). (4.35)
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On account of Eq.(4.28), we see that

ny = Yalg — VY ; v Uep*q/dQOédZﬁ(oz*oz 56 -1F1)

T
% e—vﬁ\a|2+a* (p+vg)+a(p*+v*B)—valB81*+B8%¢+Bq* _ (4.36)

This equation can be rewritten as

* 2 2
_ L Vg VU e 0 n 0 =1
1 2 ¢ (8p*8p 0q*0q +
« /d2ad256—vﬁla2+a*(p+v5)+a(p*+vﬁ*)+a(p*+v*ﬂ)—vaIBI2+q+B*q6q*. (4.37)

Upon carrying out the integration with the help of Eq.(4.27), we obtain

. 82 82 N * * * * %
ny = e’ 9 + —1F |exp VaP P UST GV PIH VPG , (4.38)
Op*0p  0q*0q VU — U*V

from which follows

Ry = fg -+, (4.39)
where
B, = — 2 (4.40)
UaUg — V¥V
A, = —2 (4.41)
UaUg — V¥V

are the mean photon numbers of mode a and mode b. With the aid of Egs.(4.27),(4.28),
and (4.24) we can write

— KA(L —n)(4k +3An+ A)
“ 0 Ak(k + An)](2k + An)
2k (26 4 2An + A) + A%(1 +n)]26N
4[k(k + An)](2k + An)

[—AV1—n?)(26 + An + A)26M
A[k(k + An)](2k + An) : (4.42)

+

and

 RAVT =) + (AT — )26 + Ay — A]26M
o= Alr(k + A)](2k + An)
26(2K + 2An — A) + A%(1 — n)]26N
A[k(k + An)](2k + An) '

(4.43)
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On account of Eqgs. (4.41) and (4.42), the mean of the photon number sum and differ-

ence can be written in the form

2A(1 — 1) (25 + An) + (1 £ 1)k A%[1 — 1?
4[k(k + An)](2x + An)
N [(1£1)[26(26 + 24n) + A?] + (1 F 1) A2k + An]]2N
4[k(k + An)](2k + An)
DA TR+ (F DAIRs - A T2,
Alk(k + An)](2k + An) '

This represents the mean of the photon number sum and difference of the cavity modes
for a nondegenerate three-level laser and coupled to a two-mode squeezed vacuum
reservoir.
2cA(1 —n) (26 + An) + 2(kA%[1 — n?])

A[k(k + An)](2k + An)

n [(4k? + 4k An) + A%(4k + An)] + (2 — A%\/1 — n2)2kM
A[k(k + An)](2k + An) :

(4.45)

_ 2RA(1 —n)(2k + An) + 2A(2k + An)|26N + [2A(2k 4 An)]2eM (4.46)
T 4[k(r + An)](2x + An) '

Fig.4.1 shows that a relatively better squeezing can be achieved for large values of the
linear gain coefficient A. And Fig.4.2 indicates that the degree of squeezing increases

with the squeeze parameter r.

4.1.2 The Photon Number Variance Sum and Difference

Next we proceed to calculate the variances of the photon number sum and difference
of mode cand mode b. The variances of the photon number sum and difference defined

by
Ant = ((aa +b'b)%) — (ata + bTb)? (4.47)
can be expressed as

AnZ = An?+ Ani £ 2ng, (4.48)
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Figure 4.1: Plot of the mean photon number sum of the two-mode cavity light at steady
state [Eq{4.45]versus 7 for different values of the linear gain coefficient when » = 0.5,and
k= 0.8.

Figure 4.2: Plot of the mean photon number difference of the two-mode cavity light
at steady state[EqJ4.46]versus 7 for different values of the squeezed parameter » when
A =100,and x = 0.8.
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in which

An? = ((a'a)) —n? (4.49)
is the photon number variance of modea,

An? = ((b'b)) — n? (4.50)
is the photon number variance of mode b, and

neg = {(a'ab’d) — n.b (4.51)
with 72, = (ata) and i, = (b'b). Using the commutation relation [d, af] = 1,we can write

An? = (a*a™) —n? —3n, — 2. (4.52)

The first term on the right side of Eq.(4.52) can be expressed in terms of the Q function

as

(a%a'?) = / da?dBFQ(a, B, t)a*a’. (4.53)

On account of Eq.(4.1)and ,we have

2912 Valg — V"
a“a 1
(@at) o
/d2ad25a2e—vﬂal2+a*a*(p+vﬁ*)+a(p*+vﬁ)—vaﬂ|2+ﬁ*q+ﬁq*. (4.54)
or
949 UaUg — U*
@af) = ==
o 2ad? Ba’ *+ara* (prvf*)+a(p* +up)—valB|*+B"¢+0q"
><a 25,2 d“ad” fa e~ vslol* o (prufT)ta(p tuf)—va TTPa - (4.55)
p“Op*

Hence carrying out the integration, we get

84 u * * * U * %
(@2a'?) = {vpp+vaq q +v*pg +vp'q } (4.56)

= exr
Op?0p*? VaUg — UV
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Then performing the differentiation, we find

2 2

92 2 4 o o * N *
(dQ&TQ) = Ya - v - Vab + U(i + VaP ¥ VG (4.57)
UaUg — UV VaUg — U*U | UqUg — V*U VaUg — V*V
With the aid of Egs.(4.30), (4.31), and (4.38), we can write as
(a%a') = 2(n, +1)? (4.58)
Therefore,substitution of [Eq.(4.54)] into [Eq.(4.48)] yields
An? = 72+ N, (4.59)
Following the same procedure, we easily obtain
An; = i+ (4.60)
and
KA+ /1 =12 26+ An+ A) + [(26 + An)? — A2k M
Ng =
’ Alr(k + An)](26 + An)
(A1 —n?))2eN |
(4.61)
Alk(k + An)](2k + An)
Hence combination of Eqgs. (4.41), (4.42), (4.43), and (4.49) results in
An’ = P2+, + 0 + 0y + 200 (4.62)
An? = P2+ n, +ni+ a, — 2/b? (4.63)

Fig.4.3.shows that the variance of the photon number sum increase with the amount
of the linear gain coefficient increases.

Fig.(4.4) shows that the variance of the photon number sum in the absence of squeezed
vacuum reservoir and in the presence of squeezed vacuum reservoir.

Fig.(4.5) shows that the variance of the photon number difference increase with the
linear gain coefficient A increase.

Fig.(4.6) shows that the variance of the photon number difference in the absence of

squeezed vacuum reservoir and in the presence of squeezed vacuum reservoir.
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Figure 4.3: Plots of the variance of the photon number sum [Eq4.62] versus 7 for x =

0.8, = 0.5and for different values of the linear gain coefficient.

Figure 4.4: Plots of the variance of the photon number sum [Eq. {4.62] versus n for A =

100, k = 0.8,and r = 0.5and for different values of the squeezed parameter r.
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a2

Figure 4.5: Plots of the variance of the photon number different [Eq}4.63| versus 7 for

x = 0.8, = 0.5and for different values of the linear gain coefficient.

Figure 4.6: Plots of the variance of the photon number difference[Eq. [4.63] versus 7 for

A =100,x = 0.8,and for different values of the squeezed parameter r



Photon Entanglement

In this chapter, we wish to study entanglement properties of the two modes cavity light.
It is known that a state of a system p of two modes a and b is said to be entangled or not

separable if it is not possible to express in the form
= il 51
j

(a

where p; ) qand pl(-b) a bare assumed to be the normalized density operators of modes
a and b, respectively, with Pi > 0 and _, P; = 1. A maximally entangled continuous
variable state can be expressed as a co-eigenstate of a pair of Einstein- Podolsky-Rosen
EPR-type operators (34) such as &, — #,and p, + p,. Thus the sum of the variances
of these operators is reduced to zero for the maximally entangled continuous variable
state .According to Duan et al. [29] criterion, a quantum state of a system is said to be

entangled if the sum of the variances of the two EPR-like operators of the two modes

U = Tg— Tp (5.2)
U = Pg+ pplabeldd (5.3)
where
. r ..
T, = —2(a + aT), (5.4)

(b+ b, (5.5)
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Pa = ﬁ(fﬂ—d), (5.6)
i . R

y = — (b1 —b 5.7

Py \/5( )7 ( )

are quadrature operators for mode « and mode b,satisfy
A+ Au? < 2 (5.8)

Furthermore,the variance of these quadrature operators can be put,in terms of the ¢

number variables associated with the normal ordering,in the form

A = Au? =1+ (a*(t)at))ss + (B O)BE)) s — 2({a(t) B()) ss. (5.9)

Thus in view of Eq. (5.8) together with (3.37),the sum of the variances of « and © can be

expressed as
AV + Au? = 2A (5.10)

Now making use of Egs.(3.38)together with (5.10),we see that

A(1—?)(2N + 1) = 24%(M + N)(/(1 = n?))
2(2k + An)(k + An)
2(N — M)(2k + An)? — 2M A?
2(2k + An)(k + An)
N (2k + A1+ 1)) (2k + An — A\/1—1?)
2(2k + An)(k + An)

AP+ A2 = 2

(5.11)

We immediately note that this particular entanglement measure is directly related to
the two-mode squeezing. This direct relationship shows that, whenever there is a two-
mode squeezing in the system, there will be entanglement in the system as well.This
is attributed to the fact that the coherent fields do not introduce an additional atomic
coherence to the system, and the same is true in the case of squeezing.Using criterion
that a significant entanglement between the states of the light generated in the

cavity of anondegenerate three-level cascade laser can be manifested due to the strong
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correlation between the light emitted, when the atoms decay from the upper energy
level to the lower via the intermediate energy level. Based on criterion (5.8), we clearly
see from Fig.5.1 that the two states of the generated light are strongly entangled in the
steady state.

The entanglement disappears,when there is no atomic coherence, and it would be
stronger for certain values of the atomic coherence for every value of the linear gain co-
efficient. It can easily be seen that the degree of entanglement increases with the rate,
at which the atoms are injected into the cavity, A is less than 2 for all values of except for
n = 1, hence the entanglement criterion is satisfied.This indicates that the state of the
system is entangled at steady state provided that there is injected atomic coherence.
Moreover, the degree of entanglement increases with the linear gain coefficient. On
the other hand comparison of Fig 5.1 and 5.2 shows that there is a strong entanglement
of the two modes in the cavity when there is a substantial degree of squeezing. This
strong entanglement is observed for relatively small values of  , that is, when slightly
more atoms are in the lower level at the initial time.It is also easy to see that the en-
tanglement disappears when the squeezing vanishes. This is due to the fact that the

squeezing and entanglement are directly related as given in Eq.(5.7).



Figure 5.1: Plots of Av? + Au? of the two-mode cavity light at steady state[Eq.(5.11)] vs

nfor x = 0.8, r = 0.5, and for different values of the linear gain coefficient.

Table 5.1: Maximum Entanglement occurs for » = 0.5, x = 0.8 and different values of A.

n

Maximum Entanglement

Maximum Entanglement occurs for

0.25
0.15
0.1

45.5%
67%
70.3%

A=5
A =50
A =100

From Fig.5.1 we note that a relatively better Entanglement can be achieved for large

values of the linear gain coefficient A.
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1 BE%/’
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Figure 5.2: Plots of the entanglement of the two-mode cavity light at steady state [Eq.

(5.11)]vs n for A = 100, = 0.8 and for different values of the squeeze parameterr.

Table 5.2: Maximum Entanglement occurs for A = 100,x = 0.8,and different values of r.

n | Maximum Entanglement | Maximum Entanglement occurs for

0.15 30.7% r=20
0.12 58.5% r=20.3
0.09 74.8% r=0.6

Fig.5.2 indicates that the degree of squeezing increases with the squeeze parameter
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5.1 Photon Number Correlations

The photon number correlation for two mode light can be defined as

9(na,mp) = <7<Z>Zii> (5.12)
(& (0)57 (1)) = {a(t)B(?)) (5.13)

and
(ariy) = (@ (D)a(t)b (£)b(1)). (5.14)

We realize that the operators in Eq.(4.38)-(4.41) are in the normal order. There-
fore,Eq.(5.14), The correlation of the photon number at steady state can be expressed

in terms of the ¢ number variables associated with the normal ordering as

_ (@B
Yoww) = LT i al0) (5 @50 19

We realize that the operators in Eq.(4.38)-(4.41) are in the normal order. Therefore,

Eq.(5.15),The correlation of the photon number at steady state can be expressed in

terms of the ¢ number variables associated with the normal ordering as
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B k(AT —02)2[2k + An + A]

Joam) = A ) + Am 2+ A_J2kM)

k(A1 —12)22k + An + A]
[A2(1 — 0)]2kN[A\/T — n2](2k + An + A)2kM

(2k + A?)2kM
(k(A\/T = n2) + (A1 = ) [2k + An — AJ2kM + [A2(1 — 1)]2kN)
(2k + A%)2kM
[ A1 =022k + An + A)2kM

k(A\/T—n2)22k + An+ A

k(AT —12) + (A1 = n?)[2k + An — Al2kM
k(A1 —12)22k 4 An + A

+
[A2(1 — 7)]2kN + [A2\/1 — 2]2kN
2k + An + A%)2kM

K(AVT — n2) + (A1 — )2k + Ay — AJ2kM + [A2(1 — 7)]2kN + [A2\/T — p%]2kN

This represent the photon number correlation for a two mode cavity light for a nonde-
generate threelevel laser coupled to a two-mode squeezed vacuum reservoir at steady
state.

We see from Fig.5.3 shows that the correlation of the photon number decreases with
increasing injected atomic coherence.Moreover, as shown in Fig.5.3 shows that the
squeezing is maximum at vicinity of = 0.15 for A = 10, where the correlation of the
photon number is a little above 2. We also found that for , very close to 1 the correlation
of the photon number would be significantly large, since the mean photon number of
the light in mode b is very close to zero when initially almost all atoms are populated in
the lower level.

Furthermore, Fig.5.1 clearly shows that the correlation of the photon number increse.
However, we have found out that the degree of squeezing increases with the linear gain
coefficient. We hence infer from these results that the correlation between the pho-
ton numbers tend to be minimum in regions where the squeezing is maximum and the

presence of squeezed vacuum reservoir

(5.16)
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Figure 5.3: Plots of photon number correlation of the two-mode cavity light at steady
state versus [Eq. (5.17)] n for A = 100,~x = 0.8 and for different values of the squeeze

parameter r.

5.1.1 Normalized Second-order Correlation Functions

In this section we analyze the second-order correlation function for the separate mode
as well as for the superposition of the two modes. Moreover, we calculate the linear
correlation coefficient between the cavity modes. The normalized second-order corre-

lation function for the two-mode cavity light can be expressed as

: (et al) (0B
o) = e D) (57 (0)

Since Eqgs.(2.90)and (2.93) are linear differential equations, we see that ¢ and b are Gaus-

(5.17)

sian variables. Moreover, on account of Eq.(2.101),a and bare Gaussian variables with

vanishing mean. One can then express Eq.(5.17)in the form

(a(®)8(t)ar($)5"(1)) + ()" (5.18)
t

g?na,nb)(o) = 1+
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This represent the normalized second-order correlation functions for a two mode cav-
ity light for a nondegenerate threelevel laser coupled to a two-mode squeezed vacuum

reservoir at steady state.

5.1.2 Fluctuations of Intensity Difference

In this section we wish to calculate the variance of the intensity difference and compare

with that of a coherent light. The variance of the intensity difference defined by.

Ip = ne—my (5.19)
then
Ip = af(tat) — b (£)b(t) (5.20)
The fluctuations of intensity difference can be

ATh = (a™(t){a®(t)) + 2(a" (t)a(t))” + (B7(1) (1)) + 2(8" (1) B(1))*
—2(a(t)B7(1))* — 2(a" (t)a(t)) x (B (t)(t))
=2(a”(t)B(1))* + (o (t)a(t)) + (8" (1)B(1), (5.21)
We note that 4 and b are gaussian variables with vanishing mean.For such types of vari-
ables, we can express Eq.(5.21)Since the cavity mode operator and are a Gaussian vari-

ables.On account of Eq.(5.21)the steady state variance of the intensity difference be-

comes.

Al = (a"(t)a®))[1 + (@ (H)alt)] + (B (1)) x [L+ (B ()8(1)] — 2{a(t)B(t))*
(5.22)

In Fig. 5.4,we observe that even though the nature of the fluctuations are different,
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ANT2

Figure 5.4: Plots of the variance of the intensity difference of the two-mode cavity light
at steady state [Eq45.22] versus n for x = 0.8, = 0.5 and for different values of the linear

gain coefficient.

they show qualitatively similar behavior. That is, when the intensity difference fluctu-
ations is less than one, the two-mode light exhibits both squeezing and entanglement.
However, when the intensity difference fluctuations increases to the coherent level, the

squeezing and entanglement decreases and even disappears for values of 7 close to one.



conclusion

In this thesis we have studied the squeezing and entanglement properties of the cavity
modes produced by a nondegenerate three-level laser whose cavity mode coupled to a
two-mode squeezed vacuum reservoir.

First We have derived the master equation in the linear and adiabatic approxima-
tion.Then we have obtained stochastic differential equations associated with the nor-
mal ordering and noise force correlations.

Applying the solutions of the resulting differential equations, we have calculated the
quadrature variances,photon entanglement,photon number correlations,normalized
second order functions and intensity difference of the two mode cavity light at steady
state.

We have found for a linear gain coefficient of 100 for a cavity damping constant () of
0.8 and squeezed parameter r of 0.5 the maximum squeezing at a steady state and at
threshold 85%. We have also seen that the squeezed parameter of » = 0.6 for a cavity
damping constant of 0.8, for linear gain coefficient of 100 and for n of 0.13 the maximum
entanglement at a steady state 87.4%.

It is found that the squeezed parametric and the squeezed vacuum reservoir increase
the degree of squeezing as well as entanglement.We have also seen that the degree of
squeezing increases with the linear gain coefficient for small values of  and almost
perfect squeezing can be obtained for large values of the linear gain coefficient and

squeezed parameter.We have determined employing the Q function the mean photon
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number sum and difference and the variance of the photon number sum and difference
for the cavity modes.

The mean photon number increases considerably due to the squeezed vacuum reser-
voir, and squeezed parameter.

Our analysis showed that the quadrature squeezing is enhanced due to the injected
atomic coherence for certain initial conditions.

Almost perfect squeezing can be achieved for relatively large squeeze parameter and
linear gain coefficient. We have established that the squeezing and entanglement in
the two-mode cavity light is directly related. As a result, an increase in the degree of
squeezing directly implies an increase in the degree of entanglement and vise versa.

In addition,our calculation of the photon number correlation shows that when corre-
lation between the states of the emitted light is stronger, the correlation between the
photon number tends to be smaller. Contrary to this fact the variance of the intensity
difference is found to be relatively larger in a region where the squeezing and entangle-

ment are significant.
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