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Abstract

The purpose of this research is to establish the existence and uniqueness of coupled

coincidence and coupled common fixed point results of mixed monotone mappings

in the setting of partially ordered metric spaces. The study procedure we used was

that of Liu et al. (2018). Our results extend and generalize several well-known

comparable results in literature. We also provided an example in support of our

main result.
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Chapter 1

Introduction
1.1 Background of the study

Definition 1.1 Let X be a non-empty set and T : X → X be a self map. A point x is

said to be fixed point of T if T x = x.

Fixed point theory is a powerful tool in modern mathematics. The origin of fixed
point theory lies in the method of successive approximations used for proving ex-
istence of solutions of differential equations introduced independently by Joseph
Liouville in 1837 and Charles Emile Picard in 1890. But formally it was started in
the beginning of twentieth century as an important part of analysis. The abstraction
of this classical theory is the pioneering work of the great Polish mathematician
Stefan Banach published in 1922 which provides a constructive method to find the
fixed points of a map. He developed a theorem called Banach Contraction Prin-
ciple which states as follows. Let X be a complete metric space and T : X → X

be a contraction mapping. Then T has a unique fixed point. This principle is one
of a very power test for existence and uniqueness of the solution of considerable
problems arising in mathematics. The Banach contraction mapping is one of the
pivotal results of analysis. Fixed-point theory is an important tool in the study in
functional analysis. It is also considered to be the key connection between pure and
applied mathematics. Its application is not limited to various branches of mathe-
matics but also in many fields such as, economics, Biology, Chemistry, Physics,
Statistics, Computer Science, engineering etc.

1



Banach contraction principle has been extended and generalized in different di-
rections. One of the generalizations is in the setting of partially ordered metric
spaces given by Ran and Reurings (2004). They generalized Banach contraction
principle in partially ordered sets with some applications to matrix equations. Also,
Nieto and Lopez (2007) and Agarwal et al.(2008) presented some new results for
contractions in partially ordered metric spaces.
Bhaskar and Lakshmikantham (2006) initiated the concept of coupled fixed point
for non-linear contractions in partially ordered metric spaces. Lakshmikantham
and Ciric (2009) established coupled coincidence and coupled common fixed point
theorems for two mappings F and g where F has the mixed g-monotone property.
Inspired and motivated by the research works of Liu et al.(2018), the purpose of
this research is to establish new coupled coincidence and coupled common fixed
point results for a pair of mixed monotone mappings in the frame work of partially
ordered complete metric spaces.

1.2 Statement of the Problem

In this study, we concentrated on establishing coupled coincidence and coupled
common fixed point results for a pair of mixed monotone maps satisfying certain
contractive condition in the stetting of partially ordered metric spaces.

1.3 Objectives of the study

1.3.1 General objective

The general objective of this research was to establish Coupled Coincidence and
Coupled Common Fixed Point results of mixed monotone mappings in the frame-
work of partially ordered Metric Spaces.

1.3.2 Specific objectives

This study has the following specific objectives
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• To prove the existence of coupled coincidence and coupled common fixed
point of mixed monotone mappings in partially ordered metric spaces.

• To prove the uniqueness of coupled coincidence and coupled common fixed
point of mixed monotone mappings in partially ordered metric spaces.

• To provide an examples in support of the main result.

1.4 Significance of the study

The result of this study may have the following importance

• It may give basic research skill to the researcher.

• It may be used as a reference for any researcher who has interest in doing
research in the area.

• It may be applied to solve existence of solution of some integral and differ-
ential equations.

1.5 Delimitation of the Study

This study was delimited to finding coupled coincidence and coupled common fixed
point results of mixed monotone mappings in partially ordered metric Spaces.
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Chapter 2

Review of Related literatures
Historically, the study of fixed point theory began in 1912 with a theorem given by
famous Dutch mathematician L. E. J. Brouwer. This is the most famous and impor-
tant theorem on the topological fixed point property. Brouwer proved fixed point
theorem as a solution of the equation f (x) = x. Later, he proved fixed point theorem
for a square, a circle, a sphere, a cube etc. An important generalization of Brouwer
is discovered in 1930 by J.Schauder which states that a continuous map on a convex
compact subspace of a Banach space has a fixed point. However, Banach has given
an abstract frame work for broad application well beyond the scope of elementary
deferential and integral equations, in which he recognized the fundamental role of
metric completeness. The amount of research and investigation of fixed point theory
greatly increased in 1970’s. Fixed point theorem using more generalized contrac-
tive mappings were done by several authors namely Abbas et al. (2012), Agarwal
et al.(2008), Bhaskar and Lakshmikantham (2006), Choudhury and Kundu (2010),
Luong and Thuan (2010), Nieto and Lopez (2007) and others. Fixed point theory
has a wide application in all fields of quantitative science. Therefore, it is quite
natural to consider various generalizations of metric space in order to address the
needs in various fields of quantitative science.
Existence of coupled fixed points in partially ordered metric spaces was first inves-
tigated in 1987 by Guo and Lakshmikantham. Also, Bhaskar and Lakshmikantham
(2006) established some coupled fixed point theorems for a mixed monotone map-
ping in partially ordered metric spaces. Lakshmikantham and C̀iric̀ introduced the
notions of mixed g-monotone mapping and coupled coincidence point and proved
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some coupled coincidence point and coupled common fixed point theorems in par-
tially ordered complete metric spaces which are more general than the result of
Bhaskar and Lakshmikantham. Furthermore, their works have been extended and
generalized by many authors in different type of spaces, we refer Fadila & Ahmad
(2013), Imdad et al.(2009), and Jhade and Khan (2015).

A number of articles on coupled fixed point, coupled coincidence point, and cou-
pled common fixed point theorems have been published. Abbas et al. (2010) intro-
duced the concept of w-compatible mappings to obtain coupled coincidence point
and coupled common fixed point for non-linear contractive mappings in cone metric
spaces. Common fixed point results for commuting mappings in metric spaces were
first deduced by Jungck (1988). The concept of commuting has been weakened
in various directions and in several ways over the years. One such notion which
is weaker than commuting is the concept of compatibility introduced by Jungck
(1988).

Inspired and motivated by the research works of Liu et al. (2018), the purpose
of this research is to establish new coupled coincidence and coupled common fixed
point results for a pair of mixed monotone mappings in the frame work of partially
ordered complete metric spaces.
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Chapter 3

Methodology

3.1 Study period and site

The study was conducted at Jimma University under the department of mathematics
from September 2018 to February 2020.

3.2 Study Design

In this research work we employed analytical design.

3.3 Source of Information

The relevant sources of information for this study were books, published articles
and related studies from internet.

3.4 Mathematical Procedure of the Study

In this research under taking, we followed the standard procedures. The procedures
are:

1. Establishing theorems

2. Constructing sequences
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3. Showing that constructed sequences are Cauchy

4. Showing the convergences of the sequences

5. Proving the existence and uniqueness of coupled coincidence points

6. Proving the existence of coupled common fixed points

7. Proving the uniqueness of the coupled common fixed points

8. Giving examples in support of the main findings
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Chapter 4

Preliminaries and Main Results
4.1 Preliminaries

Definition 4.1 (Khan et al., 1984). A function φ : R+ → R+ is called an altering

distance function if the following conditions are satisfied.

(i) φ is continuous and non-decreasing.

(ii) φ(t) = 0 if and only if t=0.

Throughout this thesis :
R denotes the set of real numbers;
R+ = [0,+∞).

φ denotes all altering distance functions.
Ψ denotes the set of continuous functions such that:
Ψ = {ψ ∈C(R+,R+)|ψ(0) = 0, and for any t > 0, ψ(t)> 0}.

Definition 4.2 Let (X ,d) be a metric space and T : X → X be a self-map, then T

is said to be a contraction mapping if there exists a constant k ∈ [0,1) called a

contraction factor such that

d(T x,Ty)≤ kd(x,y)

for all x,y ∈ X .

Definition 4.3 A set M is said to be partially ordered set if there is a binary relation

”4” defined on it such that:
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(i) If a 4 a for all a ∈M (Reflexivity);

(ii) If a 4 b and b 4 a for all a,b ∈M then a = b (anti-symmetry);

(iii) If a 4 b and b 4 c then a 4 c for all a,b,c ∈M (Transitivity).

The pair (M,4) is called partially ordered set.

Note:Two elements a ∈M and b ∈M are said to be comparable if a 4 b or b 4 a or
both.

Definition 4.4 Let X be a nonempty set, then (X ,d,4) is said be partially ordered

metric space if:

(i) (X,d) is a metric space and

(ii) (X ,4) is a partially ordered set.

Definition 4.5 (Bhaskar & Lakshmikantham, 2006). Let X be a partially ordered

set. A mapping F : X×X → X is said to have a mixed monotone property if F(x,y)

is monotone non-decreasing in x and monotone non-increasing in y, that is, for any

x,y ∈ X;

x1,x2 ∈ X, x1 4 x2⇒ F(x1,y)4 F(x2,y) and

y1,y2 ∈ X, y1 4 y2⇒ F(x,y1)< F(x,y2).

Definition 4.6 (Bhaskar & Lakshmikantham, 2006). An element (x,y) ∈ X × X

where X is any non-empty set is called a coupled fixed point of the mapping

F : X×X → X if F(x,y) = x and F(y,x) = y.

Definition 4.7 (Lkshmikantham and C̀iric̀, 2009). An element (x,y) ∈ X × X is

called:

(i) a coupled coincidence point of the mappings F : X ×X → X and g : X → X

if F(x, y) = g(x) and F(y, x) = g(y), and (gx,gy) is called coupled point of

coincidence.

(ii) a coupled common fixed point of the mappings F : X×X → X and g : X → X

if F(x,y) = g(x) = x and F(y,x) = g(y) = y.
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Definition 4.8 (Lkshmikantham and C̀iric̀, 2009). Let X be a partially ordered set.

A mapping F : X×X → X and g : X → X be two mappings;

(i) We say that F has the g -mixed monotone property if F(x,y) is g monotone

non-decreasing in x and non-increasing in y. That is, for any x1,x2 ∈ X and

y1,y2 ∈ X;

g(x1)4 g(x2)⇒ F(x1,y)4 F(x2,y) and

g(y1)4 g(y2)⇒ F(x,y1)< F(x,y2).

(ii) Let (X ,d) be a metric spaces the mappings F : X×X → X and g : X → X are

called compatible if

lim
n→∞

d
(

gF(xn,yn),F(gxn,gyn)
)
= 0 and lim

n→∞
d
(

gF(yn,xn),F(gyn,gxn)
)
= 0.

when ever {xn} and {yn} are sequences in X such that

lim
n→∞

F(xn,yn) = lim
n→∞

gxn and lim
n→∞

F(yn,xn) = lim
n→∞

gyn.

Definition 4.9 (Lkshmikantham and C̀iric̀, 2009). Suppose X is a non-empty set.

The mappings F : X×X→ X and g : X→ X are called commutative if g(F(x,y)) =

F(gx,gy) for all x,y ∈ X.

Definition 4.10 (Abbas et al., 2010). The mappings F : X×X → X and g : X → X

are called weakly Compatible if;

g(F(x,y)) = F(gx,gy) and g(F(y,x)) = F(gy,gx)

whenever gx = F(x, y) and gy = F(y, x).

Theorem 4.1 (Liu, Mao & Shi, 2018). Assume:

(H1) ψ ∈Ψ.

(H2) Let X be a partially ordered metric space and a mapping F : X×X→ X being
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a mixed monotone mapping, there exists a constant k ∈ (0,1) such that:

φ [d(F(u,v),F(x,y))+d(F(v,u),F(y,x))] ≤ kφ(d(u,x)+d(v,y))−ψ(k[d(u,x)

+d(v,y)])

for all x,y,u,v ∈ X and for each u 4 x and v < y. φ satisfies

φ(t + s)≤ φ(t)+φ(s), for all t,s ∈ [0,+∞).

(H3) There exists (u0,v0) ∈ X×X such that u0 4 F(u0,v0) and v0 < F(u0,v0). And

(H4) One of the following condition holds.

(a) F is continuous

(b) X has the following properties

(i) If a non decreasing sequence {un}→ u, then un 4 u for all n;

(ii) If a non increasing sequence {vn}→ v, then vn < v for all n.

Then there exist u,v ∈ X such that u = F(u,v) and F(v,u) = v.
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4.2 Main Results

Theorem 4.2 Let (X ,d,4) be a partially ordered complete metric space. Suppose

F : X×X→ X and g : X→ X are continuous such that F has the mixed g-monotone

property and commutes with g on X such that there exists x0,y0 ∈ X with gx0 4

F(x0,y0) and gy0 < F(y0,x0). The following conditions are satisfied.

(i) F(X×X)⊆ g(X).

(ii) F and g are weakly compatible.

(iii) There exists k ∈ (0,1) such that

φ [d(F(x,y),F(u,v))+d(F(y,x),F(v,u))] ≤ kφ(d(gx,gu)+d(gy,gv))−ψ(k[d(gx,gu)

+d(gy,gv)]) (4.1)

for all x,y,u,v ∈ X and for each gx < gu and gy 4 gv and

φ satisfies φ(t + s)≤ φ(t)+φ(s), for all t,s ∈ [0,+∞).

(iv) F have a comparable property such that (F(x,y),F(y,x))4 (F(u,v),F(v,u))

and (F(z, t),F(t,z))4 (F(u,v),F(v,u)) for all x,y,u,v, t,z ∈ X.

Then F and g have a unique coupled coincidence point. Consecutively F and g have

a unique coupled common fixed point.

Proof: By hypothesis there exists x0 and y0 ∈ X such that gx0 4 F(x0,y0) and
gy0 < F(y0,x0).
Since F(X×X)⊆ g(X), there exists x1,y1 ∈ X such that:

gx1 = F(x0,y0)

and
gy1 = F(y0,x0).

Again from F(X×X)⊆ g(X), there exists x2,y2 ∈ X such that gx2 = F(x1,y1) and
gy2 = F(y1,x1).
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Continuing this process we can construct sequences {gxn} and {gyn} in X such that
gxn+1 = F(xn,yn) and gyn+1 = F(yn,xn) for n = 0,1,2, · · · and since F has g-
monotone property, we have:

gx0 4 F(x0,y0) = gx1 4 gx2 4 ...4 F(xn,yn) = gxn+1 4 · · · .

Similarly

gy0 < F(y0,x0) = gy1 < gy2...< F(yn,xn) = gyn+1 < · · · .

If gxn = gxn+1 and gyn = gyn+1 for some n, then gxn =F(xn,yn) and gyn =F(yn,xn),
i.e., (xn,yn) is a coupled coincidence point of F and g and this completes the proof.
So, from now on, we assume that gxn 6= gxn+1 and gyn 6= gyn+1 for all n.
Since gxn−1 4 gxn and gyn−1 < gyn, then from (4.1), we have

φ [d(gxn+1,gxn)+d(gyn+1,gyn)] = φ [d(F(xn,yn),F(xn−1,yn−1))+d(F(yn,xn),F(yn−1,xn−1))]

≤ kφ(d(gxn,gxn−1)+d(gyn,gyn−1))−ψ(k[d(gxn,gxn−1)+

d(gyn,gyn−1)])

≤ kφ(d(gxn,gxn−1)+d(gyn,gyn−1)).

Since k ∈ (0,1) and φ is continuous and non-decreasing, we have:

d(gxn+1,gxn)+d(gyn+1,gyn)≤ d(gxn,gxn−1)+d(gyn,gyn−1). (4.2)

Thus (4.2) holds for each n ∈ N.
Let δn = d(gxn+1,gxn)+d(gyn+1,gyn).
It follows that the sequence {δn} is a monotone decreasing sequence of non-negative
real numbers and consequently there exists δ ≥ 0 such that:

lim
n→∞

δn = δ .

Now, We want to show that δ = 0.
Suppose on the contrary, that δ > 0.

13



Since φ is continuous, φ(δ ) = lim
n→∞

φ(δn).

φ(δ ) = lim
n→∞

φ(d(gxn+1,gxn)+d(gyn+1,gyn))

≤ k lim
n→∞

φ(d(gxn,gxn−1)+d(gyn,gyn−1))− lim
n→∞

ψ(k[d(gxn,gxn−1)+d(gyn,gyn−1)])

≤ kφ(δ )− lim
n→∞

ψ(kδn−1)≤ kφ(δ )

< φ(δ )( since k ∈ (0,1)).

Which is a contradiction. Hence δ = 0.
Now, we want to show {gxn} and {gyn} are Cauchy sequences.
Suppose at least {gxn} or {gyn} is not a Cauchy sequences, then there exists a pos-
itive constant ε such that for any k > 0, there exists nk > mk > k such that

sk = d(gxnk ,gxmk)+d(gynk ,gymk)≥ ε. (4.3)

where {gxnk} and {gxmk} are subsequences of {gxn}, and {gynk} and {gymk} are
subsequences of {gyn}.
Let nk be the smallest integer satisfying nk > mk > k and (4.3) holds. Thus

d(gxnk−1,gxmk)+d(gynk−1,gymk)< ε (4.4)

From (4.3), (4.3) and by the triangle inequality, we have:

ε ≤ sk = d(gxnk ,gxmk)+d(gynk ,gymk) ≤ d(gxnk ,gxnk−1)+d(gxnk−1 ,gxmk)+

d(gynk ,gynk−1)+d(gynk−1 ,gymk)

= d(gxnk−1 ,gxmk)+d(gynk−1,gymk)+δnk−1

ε ≤ sk < ε +δnk−1. (4.5)

Setting k→ ∞ in (4.5) we get :

ε ≤ lim
k→∞

sk < ε + lim
k→∞

δnk−1.

Since lim
n→∞

δn = 0, it implies that lim
k→∞

δnk−1 = 0. And hence lim
k→∞

sk = ε.
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Again by the triangle inequality:

sk ≤ d(gxnk ,gxnk+1)+d(gxnk+1,gxmk+1)+d(gxmk+1,gxmk)+d(gynk ,gynk+1)+d(gynk+1,gymk+1)

+d(gymk+1,gymk)

= δnk +δmk +d(gxnk+1,gxmk+1)+d(gynk+1,gxmk+1)

and then by sub-additivity of φ , we have:

φ(sk)≤ φ(δnk +δmk)+φ(d(gxnk+1 ,gxmk+1))+φ(d(gynk+1,gxmk+1)).

Then

φ(d(gxnk+1 ,gxmk+1))+φ(d(gynk+1,gymk+1)) = φ(d(F(xnk ,ynk),F(xmk ,ymk)))

+φ(d(F(ynk ,xnk),F(ymk ,xmk)))

≤ kφ(d(gxnk ,gxmk)+d(gynk ,gymk))

−ψ(k[d(gxnk ,gxmk)+d(gynk ,gymk)])

φ(sk) ≤ kφ(sk)−ψ(ksk)+φ(δnk +δmk)( since k ∈ (0,1))

φ(sk) ≤ φ(sk)−ψ(sk)+φ(δnk +δmk) (4.6)

Setting k→ ∞ in (4.6) we get :

lim
k→∞

φ(sk)≤ lim
k→∞

φ(sk)− lim
k→∞

ψ(sk)+ lim
k→∞

[φ(δnk +δmk)]

since δn→ 0, sk→ ε , and ψ is continuous, we have:

φ(ε) ≤ φ(0)+φ(ε)− lim
k→∞

ψ(sk)

φ(ε) ≤ φ(ε)− lim
k→∞

ψ(sk)< φ(ε),
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which is a contradiction.
Therefore {gxn}and {gyn) are Cauchy sequences. So,

lim
n,m→∞

d(gxn,gxm) = 0, lim
n,m→∞

d(gyn,gym) = 0.

Since X is a complete partially ordered metric space, there exist x,y ∈ X such that:

lim
n→∞

gxn+1 = lim
n→∞

F(xn,yn) = x, lim
n→∞

gyn+1 = lim
n→∞

F(yn,xn) = y.

From the commutativity of F and g, we have:

g(gxn+1) = g(F(xn,yn)) = F(gxn,gyn) (4.7)

g(gyn+1) = g(F(yn,xn)) = F(gyn,gxn) (4.8)

Now, our claim is gx = F(x,y) and gy = F(y,x).
Since F is continuous and letting n→ ∞ in (4.7) and (4.8), we get:

gx = lim
n→∞

g(gxn+1) = lim
n→∞

g(F(xn,yn)) = lim
n→∞

F(gxn,gyn) = F(x,y).

gy = lim
n→∞

g(gyn+1) = lim
n→∞

g(F(yn,xn)) = lim
n→∞

F(gyn,gxn) = F(y,x).

Hence (gx, gy) is a coupled point of coincidence and (x,y) is a coupled coincidence
point.
Now, we want to show the uniqueness of coupled coincidence point of F and g.
Let (x,y) and (z, t) are coupled coincidence point of F and g that is:
F(x,y) = gx,F(z, t) = gz,F(y,x) = gy,F(t,z) = gt.

Claim: gx = gz and gy = gt.

By assumption there exists (u,v) ∈ X×X such that (F(u,v),F(v,u)) is comparable
to (F(x,y),F(y,x)) and (F(z, t),F(t,z)).
Without loss of generality, we can assume that:

(F(x,y),F(y,x))4 (F(u,v),F(v,u))
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and
(F(z, t),F(t,z))4 (F(u,v),F(v,u)).

Put u0 = u and v0 = v and by hypothesis there exists (u1,v1) ∈ X ×X such that
gu1 = F(u0,v0),gv1 = F(v0,u0).

For n ≥ 1, continuing the process we construct sequences {gun} and {gvn} such
that

gun+1 = F(un,vn) and gvn+1 = F(vn,un)

for all n.
Further set x0 = x, y0 = y, z0 = z and t0 = t, then on the same way we define
sequences {gxn}, {gyn}, {gzn} and {gtn}.
Since (gx,gy) = (F(x,y),F(y,x)) = (gx1,gy1) and (F(u,v),F(v,u)) = (gu1,gv1)

are comparable, we have:
(gx,gy)4 (gu,gv).

By induction (gxn,gyn)4 (gun,gvn) for all n.
Then

φ(d(gx,gun+1)+d(gy,gvn+1)) = φ(d(F(x,y),F(un,vn))+d(F(y,x),F(vn,un))).

≤ φk(d(gx,gun)+d(gy,gvn))−

ψ(k[d(gx,gun)+d(gy,gvn)]) (4.9)

≤ φk(d(gx,gun)+d(gy,gvn))

φ(d(gx,gun+1)+d(gy,gvn+1)) ≤ φk(d(gx,gun)+d(gy,gvn)).

Since φ is non-decreasing and k ∈ (0,1):

d(gx,gun+1)+d(gy,gvn+1)≤ d(gx,gun)+d(gy,gvn).

which implies d(gx,gun)+d(gy,gvn) is a non-increasing sequence.
Then there exists r ≥ 0 such that lim

n→∞
[d(gx,gun)+d(gy,gvn)] = r.
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Taking the limit on (4.9) as n→ ∞, we get:

φ(r)≤ φ(r)−ψ(r).

It follows that
ψ(r)≤ 0.

From the property of ψ we have:

ψ(r) = 0

and
r = 0.

Therefore lim
n→∞

[d(gx,gun)+d(gy,gvn)] = 0
which in turn implies that:

lim
n→∞

d(gx,gun) = 0 and lim
n→∞

d(gy,gvn) = 0. (4.10)

Similarly, we can prove that

lim
n→∞

d(gz,gun) = 0 and lim
n→∞

d(gt,gvn) = 0. (4.11)

From (4.10), (4.11) and by the uniqueness of the limit, it follows that gx = gz and
gy = gt.
Hence, (gx,gy) is a unique coupled point of coincidence.
Since gx = F(x,y) and gy = F(y,x), by weakly compatible of F and g, we have:

g(gx) = g(F(x,y)) = F(gx,gy).

and
g(gy) = g(F(y,x)) = F(gy,gx).
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Denote gx = a and gy = b, then

g(a) = F(a,b) and g(b) = F(b,a). (4.12)

Thus, (a,b) is a coupled coincidence point.
Then with z = a and t = b, it follows that ga = gx and gb = gy.
That is

g(a) = a and g(b) = b. (4.13)

From (4.12) and (4.13), we have:

a = g(a) = F(a,b).

b = g(b) = F(b,a).

Therefore (a,b) is a coupled common fixed point of F and g.
To prove the uniqueness of the point (a,b), assume that (c,d) is another coupled
common fixed point of F and g. Then, we have:

c = gc = F(c,d),d = gd = F(d,c).

Since (c,d) is a coupled coincidence point of F and g, ,we have gc = gx = a and
gd = gy = b. Thus:

c = gc = ga = a.

and
d = gd = gb = b.

Hence, the coupled common fixed point is unique. 2

Theorem 4.3 Let (X ,d) be a partially ordered complete metric space and

F : X×X→ X and g : X→ X are maps where F has the mixed g-monotone property
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and for k ∈ (0,1) satisfying:

φ [d(F(x,y),F(u,v))+d(F(y,x),F(v,u))] ≤ kφ(d(gx,gu)+d(gy,gv))−ψ(k[d(gx,gu)

+d(gy,gv)]) (4.14)

for all x,y,u,v ∈ X and gx < gu and gy 4 gv. Suppose F(X × X) ⊆ g(X), g is

continuous and commutes with F and also suppose X has the following properties:

(a) If a non-decreasing sequence {xn}→ x, then xn 4 x for all n.

(b) If a non-increasing sequence {yn}→ y, then yn < y for all n.

If there exists x0, y0 ∈ X such that gx0 4 F(x0,y0) and gy0 < F(y0,x0),

then F and g have a coupled coincidence pint.

Proof: In the previous Theorem (4.2), we have proved {gxn}and {gyn} are Cauchy
sequences and since X is a complete partially ordered metric space, there exists
x,y ∈ X such that lim

n→∞
gxn = x and lim

n→∞
gyn = y. And from the continuity of g we

have:

lim
n→∞

g(gxn) = gx and lim
n→∞

g(gyn) = gy.

Since F and g commute to each other, we have:
g(gxn+1) = g(F(xn,yn)) = F(gxn,gyn) and g(gyn+1) = g(F(yn,xn)) = F(gyn,gxn).
Again {gxn} is a non-decreasing and gxn → x, and {gyn} is a non-increasing and
gyn→ y. So we have gxn 4 x and gyn < y.
Then by the triangle inequality we have:

φ(d(gx,F(x,y)) ≤ φ(d(gx,g(gxn+1))+d(g(gxn+1),F(x,y)))

= φ(d(gx,g(gxn+1))+d(F(gxn,gyn),F(x,y))

≤ φ(d(gx,g(gxn+1)))+φ(d(F(gxn,gyn),F(x,y)))

≤ φ(d(gx,g(gxn+1)))+φ(d(F(gxn,gyn),F(x,y))

+ d(F(gyn,gxn),F(y,x)))

≤ φ(d(gx,g(gxn+1)))+ kφ(d(g(gxn),gx)+d(g(gyn),gy))

− ψ(k[d(g(gxn),gx)+d(g(gyn),gy)]). (4.15)
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Taking n→ ∞ in (4.15), we get:

φ(d(gx,F(x,y)) ≤ 0.

This implies that F(x,y) = gx.
Similarly

φ(d(gy,F(y,x)) ≤ φ(d(gy,g(gyn+1))+d(g(gyn+1),F(y,x))),

= φ(d(gy,g(gyn+1))+d(F(gyn,gxn),F(y,x))

≤ φ(d(gy,g(gyn+1)))+φ(d(F(gyn,gxn),F(y,x)))

≤ φ(d(gy,g(gyn+1)))+φ(d(F(yxn,gxn),F(y,x))

+ d(F(gxn,gyn),F(x,y)))

≤ φ(d(gy,g(gyn+1)))+ kφ(d(g(gyn),gy)+d(g(gxn),gx))

− ψ(k[d(g(gyn),gy)+d(g(gxn),gx)]). (4.16)

Taking n→ ∞ in (4.16), we get;

φ(d(gy,F(y,x)) ≤ 0.

This implies that F(y,x) = gy. 2

Therefore, (gx, gy) is a coupled point of coincidence and (x, y) a coupled coinci-
dence point.
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Remark 4.1 If we take g = I (the identity map), then Theorem 4.2 will reduce to

Theorem 4.1.

Example 4.1 Let X = R be a set endowed with the usual order and usual metric

d(x,y) = |x− y| for all x,y ∈ X .

(R,4) is a partially ordered set and (R,4,d) is a partially ordered metric space.

Define the mappings F : X ×X → X by F(x,y) = x−2y
8 for all (x,y) ∈ X ×X and

g : X → X by g(x) = x
2 for all x ∈ X . Then

(i) F and g are continuous

(ii) For any x1,x2 ∈ X and for all x,y ∈ X

gx1 4 gx2⇒ F(x1,y) 4 F(x2,y) and gy1 4 gy2⇒ F(x,y1) < F(x,y2) which

implies F has g-monotone property.

(iii) There exists x0 = 0 and y0 = 0 such that x0,y0 ∈ X, gx0 4 F(x0,y0) and gy0 <

F(y0,x0) which means

g(0) = 0
2 = 04F(0,0) = 0−2(0)

8 = 0 and g(0) = 0
2 = 0<F(0,0) = 0−2(0)

8 = 0.

(iv) g(F(x,y)) = g(x−2y
8 ) = x−2y

16 and F(gx,gy) = F( x
2 ,

y
2) =

x
2−2( y

2 )
8 = x−2y

16 which

shows that g(F(x,y)) = F(gx,gy). In addition,

g(F(y,x)) = g(y−2x
8 ) = y−2x

16 and F(gy,gx) = F( y
2 ,

x
2) =

y
2−2( x

2 )
8 = y−2x

16 which

shows that g(F(y,x)) = F(gy,gx).

Hence F and g are commutative.

(v) Let φ(t) = 5t
4 , ψ(t) = t

5 and k = 15
16 , then

d(F(x,y),F(u,v))+d(F(y,x),F(v,u)) =

∣∣∣∣x−2y
8
− (

u−2v
8

)

∣∣∣∣+ ∣∣∣∣y−2x
8
− (

v−2u
8

)

∣∣∣∣
=

∣∣∣∣x−u
8

+
2v−2y

8

∣∣∣∣+ ∣∣∣∣y− v
8

+
2u−2x

8

∣∣∣∣
≤ 1

8
|x−u|+ 1

8
|y− v|+ 1

8
|y− v|+ 1

4
|u− x|

=
3
8
|x−u|+ 3

8
|y− v|

=
3
8
(|x−u|+ |y− v|) .
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and then

φ(d(F(x,y),F(u,v))+d(F(y,x),F(v,u))) =
5
4

(
3
8
(
|x−u|+ |y− v|

))
=

15
32

(
|x−u|+ |y− v|

)
.

and

d(gx,gu)+d(gy,gv) =
∣∣∣x
2
− u

2

∣∣∣+ ∣∣∣y
2
− v

2

∣∣∣
=

1
2
|x−u|+ 1

2
|y− v|

=
1
2
(|x−u|+ |y− v|).

kφ(d(gx,gu)+d(gy,gv)) =

(
15
16

)(
5
4

)(
1
2
(|x−u|+ |y− v|)

)
=

75
128

(
|x−u|+ |y− v|

)
.

Again

ψ(k[d(gx,gu)+d(gy,gv)] =
1
5

(
15
32

(|x−u|+ |y− v|)
)

=
3

32
(|x−u|+ |y− v|).

kφ(d(gx,gu)+d(gy,gv))−ψ(k[d(gx,gu)+d(gy,gv)] =
75

128

(
|x−u|+ |y− v|

)
−

3
32

(
|x−u|+ |y− v|

)
=

63
128

(
|x−u|+ |y− v|

)
.
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Hence

φ(d(F(x,y),F(u,v))+d(F(y,x),F(v,u))) =
15
32

(
|x−u|+ |y− v|

)
≤ kφ

(
d(gx,gu)+d(gy,gv)

)
−

ψ

(
k[d(gx,gu)+d(gy,gv)]

)
=

63
128

(
|x−u|+ |y− v|

)
.

There fore, all the hypothesis of the Theorem ( 4.2) holds. So, F and g have a unique
coupled point of coincidence and a unique coupled common fixed point which are
(g0,g0) and (0,0) respectively.
This is because g(F(0,0)) = F(g0,g0) = F(0,0) = 0.
Also, F and g are commuting and weakly compatible at (0,0).
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Chapter 5

Conclusion and Future Scope
In 2018, Liu, Mao and shi established the existence of coupled fixed point for map-
ping satisfying certain contraction condition in a complete partially ordered metric
space. In this thesis, we have explored the properties of partially ordered metric
spaces and also discuss the difference between partially ordered metric spaces met-
ric space. We established and proved existence and uniqueness of coupled coinci-
dence and coupled common fixed point results for a pair of mixed monotone maps
satisfying certain contractive condition in the stetting of partially ordered metric
spaces. Also we provided example in support of our main result. Our work ex-
tended coupled fixed point result of a single map to coupled coincidence point and
coupled common fixed point of pair of maps. The presented theorems extend and
generalize several well-known comparable results in literature.

There are several published results related to existence of fixed points of self-maps
defined on partially ordered metric space. There are also few results related to the
existence of coupled common fixed points for a pair or more maps in this space.
The researcher believes the search for the existence of coupled coincidence point
and coupled common fixed points of maps satisfying different contractive condi-
tions in partially ordered metric space is an active area of study. So, the forthcom-
ing postgraduate students of Department of Mathematics and any researcher can
exploit this opportunity and conduct their research work in this area.
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