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Abstract

In this thesis, accelerated finite difference method for solving singularly perturbed

boundary value problems with two small parameters is presented. First, the solution domain

is discretized. Then, the derivatives in the given boundary value problem are replaced by finite

difference approximations.The numerical scheme that provides algebraic systems of equations

is obtained. The system can easily be solved by Thomas algorithm. The consistency, stability

and convergence of the method have been established. The established convergence of the

scheme is further accelerated by applying the Richardsons extrapolation which yields sixth

order convergence. To validate the applicability of the proposed method, two model examples

have been considered and solved for different values of perturbation parameters and mesh

sizes. Both theoretical error bounds and numerical rate of convergence have been established

for the method. The numerical results have been presented in tables and graphs to illustrate;

the present method approximates the exact solution very well. Moreover, the present method

gives better results than some of numerical methods mentioned in the literature.
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Chapter 1

Introduction

1.1 Background of the Study

Numerical analysis is a branch of mathematics, which constitutes both science and art,

is a clich to specialists in the field but is often misunderstood by non-specialists. As a

Science, numerical analysis is concerned with the process by which mathematical problems

can be solved by the operation of arithmetic. It involves replacing quantities which cannot

be calculated arithmetically, e.g. derivatives, or integrals by approximations which permit an

approximate solution to be found. As an art, numerical analysis is concerned with choosing

the procedure (and suitably applying it) which is best suited to the solution of a particular

problem.

Numerical analysis plays a significant role and helps us to find an approximate solution

for problems which are difficult to solve analytically. In the field of computational mathe-

matics, numerical methods are most widely utilized to solve equations arising in the field of

physics, engineering and other sciences. One of the mathematical challenges is the design

and computation of numerical algorithm. But Scientists in the field of computational math-

ematics are trying to develop numerical methods using computers for further application

(Burden and Faires, 2011).

Differential equations can be grouped as an initial value problem as well boundary value

problems depending on the number of points to which conditions are imposed. For first order
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differential equations, only one condition is specified, so there is no distinction between Ini-

tial value problems and boundary value problems. For our purpose, we considered boundary

value problems, which are differential equations with conditions imposed at different points.

Methods involving finite differences for solving boundary value problems are types of numer-

ical methods that replace each derivative in the differential equation with an appropriate

difference approximation. The particular difference approximation and the step size h are

chosen to maintain a specified order of truncation error. Moreover the FDM works by replac-

ing the region over which the independent variable in the differential equation is defined by a

finite grid (also called mesh) of points at which the dependent variable is approximated. The

Taylor expansion is the most important tool in the analysis of finite difference methods. Here,

using Taylor expansion, we represent (approximate) derivatives of the differential equation

by the finite difference formulas at grid points to get a linear algebraic system to be solved

by Thomas Algorithm. There are several kinds of difference formulas to consider, but in gen-

eral their accuracy is directly related to the magnitude of h (typically small), (Li et.al. 2018).

1.2 Statement of the Problem

The systematic study of numerical methods for singular perturbation problems started

somewhat later in the 1970s. From this time onwards the research frontier has steadily ex-

panded, but the exposition of new developments in the analysis of these numerical methods

has not received its due attention.

One of the main reasons for studying singularly perturbed differential equations is that, in

many instances, the differential equations are singularly perturbed. Indeed, it is this feature

of equations that explains, theoretically, the physical phenomenon of boundary layers. The

mathematical manifestation of boundary layers is the presence of small parameters multiply-

ing the coefficients of some or all of the highest order derivatives in the differential equations

and such equations are said to be singularly perturbed. The singular perturbation problems
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are of common occurrence in many branches of applied mathematics and engineerings. These

types of problems are typically characterized by an arbitrary small parameter, called per-

turbation parameter, multiplied with some or all of the higher order terms in the differential

equation.

The justification for the name Singular Perturbation is that the nature of the differential

equation changes completely in the limit case, when the singular perturbation parameter

is equal to zero. For example, the conservation momentum and the conservation of energy

equations change from being nonlinear parabolic equations to nonlinear hyperbolic equa-

tions (Miller et.al. 2012). The nature of the two parameter problem was asymptotically

examined by OMalley (OMalley, 1967), where the ratio of µ to ε have significant role in the

solution, establishing a relation between and that directly influence the layer structure at

the boundary points x = 0, and x = 1. (Shishkin and Tivot, 1976) used an exponential

fitted finite difference scheme on a uniform mesh for solving two parameter singular per-

turbed boundary value problem, showed that the method is convergent independent of the

perturbation parameters and the number of mesh points. (Vulanovic, 2001) used the higher

order finite difference scheme on piecewise uniform mesh both of Shishkin and Bakhavalov

type for solving quasi-linear boundary value problems with two small parameters. (Lin and

Roos, 2004) consider linear two parameter singularly perturbed convection-diffusion problem

and use a simple upwind difference scheme on Shishkin mesh to establish almost first order

convergence, independent of parameters ε and µ. (Roos and Uzalec, 2003), also considered

the same problem and used stream-line diffusion finite element method (SDFEM) on a prop-

erly chosen Shishkin mesh, proving almost second-order point wise uniformly convergence

with respect to the perturbation parameters. The B-spline collocation method for solving

linear two parameters singularly perturbed boundary value problems on piece wise uniform

Shishkin mesh was investigated by (Kadalbajoo and Yadaw, 2008). They proved the uniform

convergence of the method, which is of second order.

3



Also (Tadele et.al. 2017) have developed stable central finite difference method to solve

the same problem, such that they proved that the method is fourth order convergent and

accurate to specified tolerance. Even if the method is convergent and accurate to a certain

tolerance, still there is a room to improve the accuracy and rate of convergence of the method

because of the treatment of singular perturbation problems is not trivial distributions and

the solution depends on perturbation parameter and mesh size h, (Doolan et.al. 1980).

Due to this, numerical treatment of singularly perturbed boundary value problems always

needs improvement. In this study, we applied accelerated finite difference method to solve

singularly perturbed boundary value problem with two parameters. It involve application

of Richardson extrapolation technique to an approximation scheme obtained by the finite

difference method in order to increase the accuracy of approximation solution as well as to

increase its rate of convergence.

1.3 Objectives of the Study
1.3.1 General Objective

The general objective of this study is to formulate accelerated finite difference method

for solving second order two parameter singularly perturbed boundary value problem.

1.3.2 Specific Objectives

The specific objectives of the study are

* To develop six order finite difference method for solving two parameter singularly

perturbed boundary value problems.

* To apply Richardson extrapolation method to increase the rate convergence of the

method.

* To establish the stability and convergence of the proposed method.

1.4 Significance of the Study

The results obtained in this research might help to:
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* Provide some background information for other researchers who work on this area.

* Introduce the development of accelerated finite difference method for solving two pa-

rameter singularly perturbed boundary value problems.

1.5 Delimitation of the Study

This thesis is delimited to develop accelerated finite difference method for solving two

parameters singularly perturbed boundary value problems of the form

−εy′′(x) + µa(x)y′(x) + b(x)y(x) = f(x), x ∈ (0, 1), (1.1)

subject to the boundary conditions

y(0) = α, y(1) = β, (1.2)

where ε and µ are perturbation parameters such that 0 < ε, µ � 1, a(x), b(x) and f(x)

are sufficiently smooth and bounded functions with a(x) ≥ a∗ > 0 and b(x) ≥ b∗ > 0 for

x ∈ [0, 1].
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Chapter 2

Literature Review

2.1 Two Parameter Singularly Perturbed Problems

The term singular perturbation was first introduced by (Friedrichs and Wasow, 1946)

presented at a seminar on non-linear vibrations at New York University. The singular per-

turbation problems (SPPs) are of common occurrence in many branches of applied math-

ematics and engineering including fluid mechanics, chemical reactor theory, elasticity, gas

porous, electrodes theory, heat and mass transfer process in composite materials with small

heat conduction and diffusion. These types of problems are typically characterized by an

arbitrary small parameter called perturbation, multiplied with some or all of the higher order

terms in the differential equation. The analytical solutions of such kind of problems exhibit

multi-scale phenomena, i.e., the solution vary rapidly in a narrow region called a boundary

layer and behave smoothly away from the layer (Pratibhamoy, 2013).

Singularly perturbed differential equation involving arbitrarily small parameters, µ, ε (say),

where 0 < ε, µ� 1 attract their attention from mathematicians, engineers as well as physi-

cists. It is well known that the solution of singularly perturbed boundary value problems

is described by slowly and rapidly varying parts. So there are thin transition layers where

the solution can jump suddenly, while away from the layers the solution varies slowly and

behaves regularly (Akram and Afia, 2013). The classification of singularly perturbed higher

order problems depend on how the order of the original equation is affected if one sets
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ε = 0, where ε is a small positive parameter multiplying the highest derivative occurring

in the differential equation. If the order is reduced by one, we say that the problem is of

convection-diffusion type and of reaction-diffusion type if the order is reduced by two. In

this study we have considered a differential equation commonly known as singular perturbed

boundary value problem in which the first and the second derivatives are multiplied by two

small parameters of the form in equations (1.1) − (1.2). To this problem, we have applied

an accelerated finite difference method to find its approximate solution.

2.2 Finite Difference Method (FDM)

In case of simple physical systems, the Boundary Value problems (BVPs) may be simple

enough to permit analytical solutions, however most physical processes of interest may be

quite complicated and their mathematical descriptions (BVPs) may be complex enough

not to permit analytical solutions. In such case, one could undertake simplification of the

mathematical description to a point that analytical solutions are possible. In this approach,

the simplified forms may not describe the actual behavior and sometimes this simplification

may not be possible.

In the second alternative, we abandon the possibility of analytical solutions all together as

viable means of solving complex practical problems and instead resort to numerical methods

for obtaining numerical solutions of BVPs. There are a number of methods to obtain the

numerical solution of BVPs. The finite difference method is one of such methods used to

solve BVPs numerically and constitutes the subject matter for this study. Regardless of the

method used for obtaining numerical solutions of the BVPs, all of the other methods have

one feature in common: in each case, the calculated numerical solution is an approximation

of the true or theoretical solution of the BVP. This is perhaps the reason that all numerical

methods for BVPs are referred to as methods of approximation.

In the development of the numerical methods for BVPs one must exercise at most care

in ensuring that the methods are general and are not problem dependent, as the host of
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BVPs in various areas of engineering, sciences, and mathematical physics is so vast. The

study, development, and implementation of problem dependent computational methods is a

never-ending with total lack of generality. When addressing numerical methods for BVPs in

addition to the fact that all such methods are methods of approximation there is one more

feature that is common in other methods: the BVPs described by the differential operators

must somehow be converted into a system of algebraic equations. The manner in which this

is accomplished differs in different methods of approximation. The nature of the coefficient

matrix in the resulting algebraic systems depends upon the method of approximation and

the nature of the differential operators. A solution of the algebraic system of equations

provides the approximate solution. Thus, in principle this process is rather simple but the

ingenuity of one method of approximation over the others lies in the manner in which this

is accomplished (Surana et.al. 2017).

(Kumar, 2012) used a finite difference scheme for singularly perturbed convection diffusion

boundary value problem with two small parameters on non-uniform mesh obtaining that

the scheme is uniformly convergent with respect to both singular perturbation parameters.

(Kadalbajoo and Kumar, 2008) developed a numerical method based on finite differences

with variable mesh for self-ad joint singularly perturbed two point boundary by reducing the

original problem to normal form and solved the reduced problem by finite difference method

taking variable mesh. (Lubuma and Patidar, 2006) designed a non-standard finite difference

scheme for self-ad joint singularly perturbed two-point boundary value problems by using

appropriate renormalization of the denominator of the discrete derivatives.

2.3 Richardson Extrapolation method

Richardson extrapolation is a technique where two computed solutions from different

values of the parameter(step size) h are approximated by an average to provide a better

approximation.Extrapolation can be applied whenever it is known that an approximation

technique has an error term with a predictable form, one that depends on a parameter h,
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(Burden and Faires, 2011). This technique can be extended to problems in more than one

dimension. This process will be illustrated in this section for finite difference approximations

to derivatives; the technique is known as Richardson extrapolation.

One of the objectives herein this study is to investigate the action of Richardson extrapola-

tion, as an acceleration technique to improve the accuracy and the order of convergence of

the finite difference method we used here (Munyakazi et.al. 2018).

Vulanovic et.al.(1986) used this technique for singularly perturbed reaction-diffusion problem

using Bakhvalov mesh. Its application to the numerical solution of the singularly perturbed

convection-diffusion problem was examined by (Natividad and Stynes, 2003). Using this

idea, (Mohapatra and Natesan, 2008) constructed a second order post processing technique

for solving a singularly perturbed delay differential equation. (Reinhard, 1989) also applied

a Richardson extrapolation to the difference solutions of partial differential equations those

can be expanded by even powers of the discretization parameter h , to increase the precision.

An interesting article regarding the history and application of extrapolation can be found in

(Joy, 1971).

Here, we have used fourth order Finite difference with Richardson extrapolation technique

on the singularly perturbed two parameter boundary value problems with uniform mesh to

reduce the nodal error, improve the accuracy and rate of convergence.

2.4 Numerical versus Analytical Methods

Although many methods exist for obtaining analytical solutions of differential equations,

they are primarily limited to special differential equations. When applicable they produce

a solution in the form of specified formula. However, in practical problems, a differential

equation is not amenable to solutions by special methods, and a numerical solution must

be sought. Even when a formal solution can be obtained, a numerical solution may be

preferable, especially if the formal solution is very complicated. A numerical solution of

differential equation is usually obtained in the form of a table; i.e a functional form of the
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solution remains unknown in so far as a specific formula is concerned. We often want a

numerical solution to a differential equation because (a) the closed form solution may be

very complicated and difficult to evaluate or (b) there is no other choice, that is, no closed

form solution can be found. Consider for example

y′(x) = e−
√
x2−sinx + ln | sinx+ tanhx3 | (2.1)

. The solution is obtained by taking the integral or ant derivative of the right-hand side

expression. It can be done in principle but not in practice. In other words, the function

y exists for which dy
dx

is the right-hand member of equation (2.1), but it is not possible to

write in terms of familiar functions, (Cheney and Kincaid, 2008). The analytical and numer-

ical methods to solve singular perturbation problems have been widely used in many fields

of fluid dynamics, reaction-diffusion processes, particle physics, and combustion processes.

These types of problems are represented by differential equations including which is assumed

to be a small parameter and solutions of the problems have non-uniform behavior when the

parameter ε→ 0.

Analytical solution is an exact solution to a problem that can be calculated symbolically by

manipulating equations. Manipulating means to work operate or treat with hand. But for

higher order or non-linear differential equations with complex co-efficient, it becomes very

difficult to find exact solution, i.e. finding analytical solution. Therefore we need numerical

methods for solving these equations. Numerical methods give an approximate solution to

an equation. An important advantage for numerical analysis is that a numerical solution

can be obtained even when analytical solution of the problem is not known. It is important

to realize that a numerical solution is always numeric but analytical methods usually give a

result in terms of mathematical functions that can be evaluated for specific instances. How-

ever, numerical results can be plotted to show some of the behavior of the solution.

Another important distinction is that the result from numerical analysis is an approxima-
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tion, but results can be made as accurate as desired. A variety of numerical methods to

solve singularly perturbed boundary value problem for ordinary differential equations are

available. Here in this study we have developed a numerical method, framed as accelerated

finite difference method for solving singular perturbed boundary value problems with two

parameter in which Richardson extrapolation technique has been used to accelerate the rate

convergence from fourth order to sixth order.
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Chapter 3

Methodology

This chapter consists; study area and period, study design, source of information, math-

ematical procedures.

3.1 Study site and Period

This study was conducted at Jimma university, department of mathematics from Septem-

ber 2018 to January 2020 G.C.

3.2 Study design

This research was conducted by mixed design, i.e. documentary review design and

experimental design.

3.3 Sources of Information

Books, journals, Published articles, and internet are some of the source that we have

used to perform this research. Experimental result was obtained by MATLAB software.

3.4 Mathematical Procedures

We collected the necessary information using documentary review and design, and then

we analyze it. Thus, to achieve the stated objectives, the study followed the following steps

1. Describing the problem,

2. Discretizing the solution domain,
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3. Replacing derivatives in differential equation by finite difference approximations and re-

write in tri-diagonal system form,

4. Apply Richardson extrapolation method,

5. Establishing the stability and convergence of the obtained scheme,

6. Writing MATLAB code for the obtained scheme,

7. Verification of the scheme by using numerical examples and results.
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Chapter 4

Description of the Method and
Results

In this section, we discuss description of the method, its stability and convergence. More

over we have considered two examples to validate the method, describing the results in tables

and figures.

4.1 Description of the method

Consider the following two-parameter singularly perturbed boundary value problem of

the form

−εy′′(x) + µa(x)y′(x) + b(x)y(x) = f(x), x ∈ (0, 1), (4.1)

subject to the boundary conditions

y(0) = α, y(1) = β, (4.2)

where ε and µ are perturbation parameters that satisfies 0 < ε, µ � 1. The coefficient

functions a(x), b(x) and source function f(x) are assumed to be sufficiently smooth with

a(x) ≥ a∗ > 0 and b(x) ≥ b∗ > 0 for x ∈ [0, 1], a∗,b∗, α and β are constants.

For the sake of simplicity we re-write Eq. (4.1) as

−εy′′(x) + p(x)y′(x) + q(x)y(x) = f(x), (4.3)
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where p(x) = µa(x) and q(x) = b(x).

Having that the solution y(x) has continuous higher order derivatives on Ω̄ = [0, 1], to

describe the scheme, we divide the interval Ω̄ = [0, 1] into N equal subintervals of uniform

mesh length h. Let xi be the mesh points, such that 0 = x0 < x1 < x2 < ...xN−1 < xN = 1,

where h = 1
N

and xi = ih, for i = 0, 1, 2, ...N .

Let us denote a(xi) = ai, b(xi) = bi, p(xi) = pi, q(xi) = qi, f(xi) = fi, y(xi) = yi, y
′(xi) =

y′i, y
′′(xi) = y′′i, and y(n)(xi) = y(n)i, related to a mesh point xi.

Expanding yi±1 by Taylors series expansion about the point xi for xi−1 and xi+1 gives

yi+1 = yi + hy′i +
h2

2
y′i
′ +

h3

6
y′i
′′ +

h4

24
y

(4)
i +

h5

120
y

(5)
i +

h6

720
y

(6)
i +O(h7), (4.4)

yi−1 = yi − hy′i +
h2

2
y′i
′ − h3

6
y′i
′′ +

h4

24
y

(4)
i −

h5

120
y

(5)
i +

h6

720
y

(6)
i +O(h7). (4.5)

Subtracting Eq. (4.5) from Eq. (4.4) and adding up both Eqs. (4.4) and (4.5) gives the

following two equations respectively.

y′i =
yi+1 − yi−1

2h
− h2

6
y′i
′′ − h4

120
y

(5)
i + τ1, (4.6)

y′i
′ =

yi+1 − 2yi + yi−1

h2
− h2

12
y

(4)
i + τ2, (4.7)

where τ1 = − h6

5040
y

(7)
i + O(h8) and τ2 = − h4

360
y

(6)
i + O(h6). Substituting Eqs. (4.6) and (4.7)

into Eq. (4.3) and considering it at discrete point xi gives

− ε

h2
(yi+1−2yi+yi−1)+

pi
2h

(yi+1−yi−1)+qiyi−
h2

6
piy
′
i
′′+

εh2

12
y

(4)
i −

h4

120
piy

(5)
i +piτ1−ετ2 = fi

(4.8)

For more clarity, let us re-write Eq. (4.8) as

− ε

h2
(yi+1 − 2yi + yi−1) +

pi
2h

(yi+1 − yi−1) + qiyi +D + τ3 = fi, (4.9)

where D = −h2

6
piy
′
i
′′ + εh2

12
y

(4)
i − h4

120
piy

(5)
i and τ3 = piτ1 − ετ2.

Since y(x) has continuous higher order derivatives, differentiating the continuous problem
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in Eq. (4.3) successively and considering the results of differentiation at the nodal pointxi

gives the following.

εy′i
′ = piy

′
i + qiyi − fi, (4.10)

εy′i
′′ = q′iyi + (p′i + qi)y

′
i + piy

′
i
′ − f ′i , (4.11)

εy
(4)
i = q′i

′yi + (p′i
′ + 2q′i)y

′
i + (2p′i + qi)y

′
i
′ + piy

′
i
′′ − f ′i ′, (4.12)

εy
(5)
i = q′i

′′yi + (p′i
′′ + 3q′i

′)y′i + (3p′i
′ + 3q′i)y

′
i
′ + (3p′i + qi)y

′
i
′′ + piy

(4)
i − f ′i ′′. (4.13)

Evaluating Eqs. (4.11)−(4.13) in terms of y′i and y′i
′, and then substituting into the D which

is given in Eq. (4.9) we get

D = (q′i
′(
h2

12
− h4

120ε2
p2
i )−

h4

120ε
piq
′
i
′′ − piq′i[

h2

12ε
+

h4

120ε3
p2
i +

h4

120ε2
(3p′i + qi)])yi

+((p′i
′+2q′i)(

h2

12
− h4

120ε2
p2
i )−

h4

120ε
pi(p

′
i
′′+3q′i

′)−pi(p′i+qi)[
h2

12ε
+

h4

120ε3
p2
i +

h4

120ε2
(3p′i+qi)])y

′
i

+((2p′i + qi)(
h2

12
− h4

120ε2
p2
i )−

h4

40ε
pi(p

′
i
′ + q′i)− p2

i [
h2

12ε
+

h4

120ε3
p2
i +

h4

120ε2
(3p′iqi)])y

′
i
′+

(
h2

12ε
+

h4

120ε3
p2
i +

h4

120ε2
(3p′i + qi))pif

′
i + (

h4

120ε2
p2
i −

h2

12ε
)f ′i
′ + (

h4

120ε
pif
′
i
′′) (4.14)

From Eqs. (4.6) and (4.7), we have the following finite approximations for y′i and y′i
′ as

y
′

i ≈
yi+1 − yi−1

2h
, y

′′

i ≈
yi+1 − 2yi + yi−1

h2
. (4.15)

Substituting Eq. (4.15) into Eq. (4.14) yields D written in terms of the difference terms yi

and yi±1. Again, putting this value of D in Eq. (4.9), and then after collecting like terms,

we get the following three term recurrence relation.

−Eiyi−1 + Fiyi −Giyi+1 = Hi, i = 1, 2, 3, ...N − 1. (4.16)

where

Ei =
ε

h2
+
pi
2h

+
p2
i

12ε
− 1

12
(2p′i + qi) +

h

24
((p′i

′ + 2q′i) +
pi
ε

(p′i + qi)) +
h2pi
40ε

((p′i
′ + q′i) +

p3
i

3ε2
)
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− h2p2
i

120ε2
(5p′i + 2qi)−

h3pi
240ε

(
pi
ε

(p′i
′ + 2q′i) + (p′i

′′ + 3q′i
′) + (p′i + qi)(

p2
i

ε2
+

1

ε
(3p′i + qi))),

Fi =
2ε

h2
+ qi +

p2
i

6ε
− 1

6
(2p′i + qi) +

h2

4
(
q′i
′

3
− piq

′
i

3ε
+

p2
i

15ε2
(2p′i + qi) +

pi
5ε

(p′i
′ + q′i) +

p4
i

15ε3
)

−h
2p2
i

60ε2
(3p′i + qi)−

h4pi
240ε

(
piq
′
i
′

ε
+ q′i

′′ +
p2
i q
′
i

ε2
+

1

ε
(3p′i + qi)q

′
i),

Gi =
ε

h2
− pi

2h
+
p2
i

12ε
− 1

12
(2p′i+qi)+

h

24
(
pi
ε

(p′i+qi)−(p′i
′+2q′i))+

h2pi
40ε

((p′i
′+q′i)+

pi
3ε

(2p′i+qi))

+
h2p2

i

120ε2
(
p2
i

ε
+ (3p′i + qi)) +

h3pi
240ε

((
p2
i

ε2
+

1

ε
(3p′i + qi))(p

′
i + qi) +

pi
ε

(p′i
′ + 2q′i) + (p′i

′′ + 3q′i
′),

Hi = fi − (
h2

12ε
+

h4p2
i

120ε3
+

h4

120ε2
(3p′i + qi))pif

′
i − (

h4p2
i

120ε2
− h2

12
)f ′i
′ − h4pi

120ε
f ′i
′′.

4.2 Richardson Extrapolation

Extrapolation can be applied whenever it is known that an approximation technique

has an error term with a predictable form, one that depends on a parameter, usually the

step size h. We combine two approximations obtained from the above scheme in Eq. (4.16)

using different values of the mesh sizes, h and h
2

to obtain a higher order approximation.

Such technique is known as Richardson extrapolation. It involves the linear combination of

two computed approximations of a solution (applied on two nested meshes) to accelerate

the rate of convergence of the method. The linear combination turns out to be a better

approximation.

In our case, from Eq. (4.9) we know that the local truncation error (TE) for the present

scheme is O(h4), which implies

|(TE)| = |y(xi)− YN | ≤ C(h4), (4.17)

where y(xi) and YN are exact and approximate solutions at a point xi respectively, C is

constant independent of mesh sizes h.

Let Ω2N be the mesh obtained by bisecting each mesh interval in ΩN and denote the ap-

proximation of the solution on Ω2N by Y2N .
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Consider Eq. (4.17) works for any h 6= 0, which yields

(y(xi)− YN) ≤ C(h4) +RN , xi ∈ ΩN . (4.18)

So that, it works for any h
2
6= 0 produces

(y(xi)− Y2N) ≤ C(
h4

16
) +R2N , xi ∈ Ω2N , (4.19)

where the remainder terms, RN and R2N are of O(h6) Combination of inequalities given in

Eqs. (4.18) and (4.19) clues to

15y(xi)− (16Y2N − YN) = O(h6). This suggests that

(YN)ext =
1

15
(16Y2N − YN), (4.20)

which is also an approximation of y(xi). Using this approximation to evaluate the truncation

error, we obtain

|y(xi)− (YN)ext| ≤ C(h6). (4.21)

Hence, Richardson extrapolation method accelerates the rate of convergence for the devel-

oped scheme from fourth order to sixth order.

4.3 Consistency of the method

Local truncation errors refer to the differences between the original differential equation

and its finite difference approximations at the grid points.They measure how well a finite

difference discretization approximates the differential equation (Zhilin and Tang, 2018).A

finite difference scheme is called consistent if the limit of truncation error TE is equal to zero

as the mesh size h goes to zero.

In this work the definition of consistency on the proposed method which is given in Eq.

(4.16) with the local truncation error of both Eqs. (4.17) and (4.21) is satisfied as

lim
h→0

TE = lim
h→0

Ch4 = lim
h→0

Ch6 = 0. (4.22)
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Thus, the proposed method is consistent.

4.4 Stability of the method

Consider the developed scheme in Eq. (4.16) and multiplying both sides of this equation

by h2 and then taking their limits as h goes to zero on the left side of Eq. (4.16) results the

coefficients Ei,Fi and Gi are given as

Ei = Gi = ε and Fi = 2ε. (4.23)

Considering Eq.(4.23) and after incorporating the boundary conditions, y0 = y(0) = α and

yN = y(1) = β into Eq. (4.16), we have a system, which can be written in matrix form

AY = B, (4.24)

where the matrices

A=



2ε −ε 0 0 . . . 0

−ε 2ε −ε 0 . . . 0

0 −ε 2ε −ε . . . 0

...
...

...
...

. . .
...

0 0 0 . . . −ε 2ε


, Y =



y1

y2

y3

...

yN−1


, and B =



h2H1 + εα

h2H2

h2H3

...

h2HN−1 + εβ


σHere the coefficient matrix A is a tridiagonal matrix. The co-diagonals of A contain Ei, Gi

such that for sufficiently small h (i.e.h→ 0), Ei 6= 0 and Gi 6= 0, ∀i = 1, 2, ..., N − 1. Hence,

A is irreducible (Varga, 1962). Again one can observe that,‖Ei‖ > 0, ‖Gi‖ > 0, ‖Fi‖ > 0,

and the sum of the two off diagonal elements is less than or equal to the modulus of the

diagonal element. i.e. ‖Ei +Gi‖ ≤ ‖Fi‖, ∀i = 1, 2, ..., N − 1.

This proves that the diagonal dominance of A. Hence,A is diagonally dominant. Under these

conditions, the Thomas Algorithm is stable for sufficiently small h, as shown in (Kadalba-

joo and Reddy, 1989). Moreover, as proved by Smith (Smith, 1985) the Eigenvalue of a

19



tridiagonal matrix (N − 1)× (N − 1) of matrix A are

λs = Fi − 2
√
EiGicos

sπ

N
= 2ε(1− cossπ

N
), s = 1, 2, ..., N − 1. (4.25)

Also, from trigonometric identity, we have 1 − cos sπ
N

= 2sin2 sπ
2N

, Hence the Eigenvalue of

matrix A can be re-written as

λs = 2ε(2sin2 sπ

2N
) = 4εsin2 sπ

2N
≤ 4ε (4.26)

A finite difference method for the boundary value problems is stable if A is invertible and

‖A−1‖ ≤ C, ∀(0 < h < r) (4.27)

where C and r are two constants that are independent of h (Smith, 1985). Since the matrix

A is symmetric, also its inverse A−1 is symmetric and the Eigenvalue of A−1 is given by 1
λs

,

we have

‖A−1‖ =
1

λs
=

1

4ε
≤ C, (4.28)

where C is a constant that is independent of h.

Thus the developed scheme in Eq. (4.16) is stable. A consistent and stable finite difference

method is convergent by Laxs equivalence theorem (Smith, 1985).

Hence as we have shown above, the proposed method is satisfying the criteria for both

consistency and stability which are equivalent to the convergence of the method.

4.5 Numerical Examples and Results

In order to test the validity of the proposed method and to demonstrate their convergence

computationally, we have taken two model examples of singularly perturbed two parameter

boundary value problems with and without exact solutions. The maximum absolute errors
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(AE) at the nodal points are given by

‖AE‖ = max
1≤i≤N−1

‖y(xi)− (YN)ext‖. (4.29)

and the rate of convergence (R) can be calculated by the formula

R =
log(YN)ext − log(Y2N)ext

log2
, (4.30)

where y(xi) and (YN)ext are exact solution and numerical solution respectively, at the nodal

point xi. And for the rate of convergence, YN and Y2N are the numerical solutions obtained

by the mesh size h andh
2

respectively.

Example 1: Consider the following singularly perturbed problem with two parameters

−εy′′(x) + µy′(x) + y(x) = cos(πx), 0 < x < 1,

subject to the boundary conditions, y(0) = 0 = y(1).

The exact solution is given by y(x) = âcosπx+ b̂sinπx+ Aeλ1x +Beλ2(1−x),

where â = επ2+1
µ2Π2+(επ2+1)2

, b̂ = µπ
µ2π2+(επ2+1)2

, A = −â 1+e−λ2

1−eλ1−λ2 ,

B = â 1+e−λ2

1−eλ1−λ2 , λ1 =
µ+
√
µ2+4ε

2ε
, λ2 =

µ−
√
µ2+4ε

2ε
.

Example 2: Consider the following singularly perturbed boundary valued problem with

two small parameters

−εy′′ − µ(1 + x)y′ + y = x,

subject to the boundary conditions, y(0) = 1, y(1) = 0.

The exact solution is not known,so that its maximum absolute errors is evaluated by double

mesh principle and the obtained result is given in Table 4.4.
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Table 4.1: Comparison of maximum absolute errors of example 1, at N = 128
µ ↓ ε = 10−2 ε = 10−4

Tadele et.al,(2017) Present method Tadele et.al,(2017) Present method
10−3 2.4810e-08 3.2951e-13 2.7138e-04 4.6820e-07
10−4 2.4656e-08 3.1597e-13 2.7139e-04 3.0187e-07
10−5 2.4641e-08 3.1464e-13 2.7148e-04 2.8916e-07
10−6 2.4640e-08 3.1475e-13 2.7240e-04 2.8793e-07

Table 4.2: Maximum absolute errors of example 1, when ε = 10−2

µ ↓ N=8 N=16 N=32 N=64 N=128 N=256
With Rich. extrap.

10−2 6.6644e-06 1.1701e-07 1.9475e-09 3.0695e-11 4.8062e-13 1.2323e-14
10−4 3.5604e-06 7.3962e-08 1.2665e-09 2.0139e-11 3.1586e-13 5.8842e-15
10−6 3.5358e-06 7.3621e-08 1.2611e-09 2.0055e-11 3.1553e-13 9.1038e-15

Without Rich. extrap.
10−2 1.9113e-03 1.2088e-04 7.6887e-06 4.8339e-07 3.0249e-08 1.8913e-09
10−4 1.4897e-03 9.6396e-05 6.3016e-06 3.9503e-07 2.4708e-08 1.5457e-09
10−6 1.4845e-03 9.6098e-05 6.2842e-06 3.9395e-07 2.4640e-08 1.5414e-09

Table 4.3: Rate of convergence of example 1, when ε = 10−2

µ ↓ N=8 N=16 N=32 N=64 N=128
With Rich. extrap.

10−2 5.8318 5.9089 5.9875 5.9970 5.2855
10−4 5.5891 5.8679 5.9747 5.9946 5.7463
10−6 5.5858 5.8674 5.9746 5.9900 5.1152

Without Rich. extrap.
10−2 3.9829 3.9747 3.9915 3.9982 3.9994
10−4 3.9499 3.9352 3.9957 3.9989 3.9986
10−6 3.9493 3.9347 3.9956 3.9989 3.9987
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Table 4.4: Comparison of maximum absolute errors of example 2 for µ = 10−4

N = 128 N = 256
ε ↓ Tadele et.al,(2017) Present method Tadele et.al,(2017) Present method
10−1 1.5028e-10 6.7041e-13 9.3899e-12 1.4366e-13
10−2 2.6712e-08 1.1866e-10 1.6698e-09 7.4319e-12
10−3 2.6776e-06 1.1636e-08 1.6766e-07 7.4407e-10
10−4 2.5620e-04 8.9014e-07 1.6587e-05 6.9979e-08

Table 4.5: Maximum absolute errors and rate of convergence of Example 2, when ε = 10−2,
before applying Richardson extrapolation

µ ↓ N=8 N=16 N=32 N=64 N=128
10−2 2.2886e-03 1.4419e-04 9.1114e-06 5.7428e-07 3.5905e-08

3.9884 3.9842 3.9878 3.9995 –
10−4 1.7311e-03 1.1174e-04 7.2421e-06 4.5391e-07 2.8439e-08

3.9535 3.9476 3.9959 3.9965 –
10−6 1.7244e-03 1.1135e-04 7.2195e-06 4.5251e-07 2.8350e-08

3.9529 3.9471 3.9959 3.9965 –

Figure 4.1: Effects of perturbation parameters on the physical behavior on the solution of
the problem at N = 32, when µ = 10−4 of Example 1.
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Figure 4.2: Effects of perturbation parameters on the point wise absolute errors at N = 32,
when µ = 10−4 of Example 1.

Figure 4.3: Effects of perturbation parameters on the physical behavior on the solution of
the problem at N = 32 and µ = 10−4 of Example 2.
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Chapter 5

Discussion, Conclusion and Future
Scope

5.1 Discussion and Conclusion

Accelerated finite difference method is presented for solving singularly perturbed two

parameter boundary value problems. To attempt this method, the given solution domain

is discretized and derivatives in the differential equation are replaced by appropriate finite

differences. This replacement gives systems of algebraic equations that can be solved by

Thomas algorithm. Applying Richardson extrapolation method causes to improve accuracy

of solution and accelerates rate of convergence. Consistency, stability and convergence of

the method have been investigated.

To validate the applicability of the method, two model examples have been considered

and solved for different values of perturbation parameters and mesh sizes. The obtained max-

imum absolute errors have been compared with results obtained by the method in literature

as shown in Tables 4.1 and 4.4. Effects of Richardson extrapolation on accuracy and rate of

convergence are verified in Tables 4.2 and 4.3 respectively. Tables 4.2, 4.4 and 4.5 show that

maximum absolute errors decrease rapidly as the number of mesh interval increases which

imply the convergence of the present method. Accelerated order of convergence from fourth

order to sixth order confirmed the theoretical description in Eqs. (4.17) and (4.21) by the

numerical rate of convergence given in Table 4.3. Figures 4.1 and 4.3 indicate the effects of
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perturbation parameters on the physical behavior of the problem for a fixed value of N and

µ, While Figure 4.2 used to show, the effects of perturbation parameters on the point wise

errors.

In general accelerated finite difference method has been developed and analyzed for solving

singularly perturbed two parameters boundary value problems. Consistency and stability of

the method investigated to guarantee convergence of the method. Theoretical descriptions

and experimental investigation for the rate of convergence are confirmed each other. Further,

the betterment of present method is, it produces more accurate solution than the existing

methods in the literature.

5.2 Future Scope

There are several published results related to finite differences with respect to the numer-

ical solution of mathematical problems, specially singularly perturbed problem with one or

two parameter(s).The researcher believe that the search for numerical method that involves

extrapolation technique is an interesting and effective work in numerical analysis. so, the

forthcoming postgraduate and PhD students of mathematics department can exploit this

opportunity and conduct their research work in this area.
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