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Abstract 

This paper presents Analysis of Magneto Hydrodynamics (MHD) Boundary Layer Nano fluid 

flow of Heat Transfer over a Nonlinear Stretching Sheet Presence of Thermal Radiation, 

Chemical Reaction and Partial Slip with Boundary condition. The basic partial differential 

equations are reduced to ordinary differential equations which are solved numerically using 

Keller-Box Method. This  study  reveals  that  the  governing  parameters,  namely,  the  

Chemical Reaction, the radiation parameters and Velocity Slip have major effects on the flow 

field, Velocity, Temperature, Concentration, skin friction coefficient, the heat  transfer  rate  and  

mass  transfer  rate. Comparison between the obtained results and previous works are well in 

agreement. 

Keywords: Heat transfer, Nano fluid, Chemical Reaction, Thermal Radiation, 

Velocity Slip boundary condition 

 

Nomenclature 

�     Temperature of fluid 

��     Magnetic field strength 

��     Specific heat 

��     Wall temperature 

��     Non-dimensional velocity 

��     Ambient temperature 

��     Skin friction coefficient 

��     Stretching velocity along x-axis  

�     Magnetic parameter 
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��     Nusselt number  

��     Eckert number 

��    Prandtl number 

��      Wall heat flux  

�     Stretching rate 

�     Thermal conductivity 

�,�      Velocity components in x and y directions respectively 

Subscripts  

�     Fluid 

��     Nano fluid 

�       Solid phase 

Greek symbol 

�� Velocities slip parameter                        ��     Surface temperature 

��      Thermal slip parameter               �     Dimensionless volume friction of nanoparticles 

��      Concentration slip parameter            �       Density of fluid 

�      Similarity variable 

�      Dimensionless temperature 

�       Stream function 

�       Dynamic viscosity 

�      Electric conductivity 

�      The ratio of the nanoparticle heat capacity and the base fluid heat capacity 
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Chapter one 

Introduction 

1.1. Background of the study 
 

The flow over a stretching surface is an important role in many engineering processes with 

applications in industries such as extrusion, melt-spinning, the hot rolling, wire drawing, glass 

fiber production, manufacture of plastic and rubber sheets, cooling of a large metallic plate in a 

bath, which may be an electrolyte, etc. (Sakiadis, 1961) analyzed boundary layer behavior on 

continuous solid surface.  (Hayat, 2008 )conducted convection flow over a non-linearly 

stretching sheet of a micro polar fluid using Homotopy analysis method. (Cortell, 2008) was 

investigated similarity solutions for flow and  heat  transfer  of  a  quiescent  fluid  over  a  non-

linearly  stretching  surface. (Vajravelu, 2001)  studied  flow  and  heat  transfer  in  a  viscous  

fluid  over  a  nonlinear stretching sheet without viscous dissipation. The study of magnetic field 

effects has important applications in physics, chemistry and engineering.  Industrial  equipment, 

such  as  magneto  hydrodynamic  (MHD)  generators,  pumps,  bearings  and  boundary layer 

control are affected by the interaction between the electrically conducting fluid and a magnetic 

field. The work of many investigators has been studied in relation to these applications. (Prasadet  

al.  2010)  analyzed the fluid properties on the MHD flow and heat transfer over a stretching 

surface by using Keller-box method.  

The Nano particles can be found in metals such as (Cu, Ag), oxides (Al2O3), carbides (SiC), 

nitrides (AlN, SiN) or nonmetals (graphite, carbon nanotubes). Nanofluids have novel  properties  

that  make  them  potentially  useful  in  many  applications  in  heat transfer including 

microelectronics, fuel cells, pharmaceutical processes and hybrid powered  engines.  

Nanoparticles provide a bridge between bulk materials, and molecular structure. The Nano fluid 

term was first used by (Choi, 1995).  Boundary layer flow of a Nano fluid over a non-linearly 

stretching sheet with boundary conditions of convective was investigated by (Makinde  and Aziz, 

2011 ).  (Sheikholeslami  et.al, 2015) investigated  Effect  of  electric  field  on  hydrothermal  

behavior  of  Nano fluid  in  a complex  geometry.  (Hamad, 2012) investigated  the  magnetic  
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field  effects  on  free convection  flow  of  past  a  vertical  semi-infinite  flat  plate  of  a  Nano 

fluid. (Sheikholeslami  and  Ganji, 2014)  investigates  on Nano fluids  and  heat  transfer  effects  

of  magnetic  fields 

Chemical reactions are classified as either homogeneous or heterogeneous.  Heat and mass 

transfer problems with chemical reactions are important in many processes of interest in 

Engineering and have received significant attention in recent years. These processes include 

drying, evaporation at the surface of a water body, energy transfer in a wet cooling tower and the 

flow in a desert cooler. The diffusion of species with chemical reaction in the boundary layer 

flow has enormous applications in pollution studies, fibrous insulation, oxidation and synthesis 

materials for instance. (Awang, 2008) investigated the series solution of flow over a nonlinearly 

stretching sheet with the chemical reaction and magnetic field.  Chemical  reaction  and  uniform  

heat generation  effects  on  stagnation  point  flow  of  a  Nano fluid  on  MHD  over  a  porous 

sheet was investigated by (Anwar I, et al, 2013 ). The radiation heat transfer is very important for 

its uses in different engineering areas such  as  gas  cooled  nuclear  reactors,  nuclear  power  

plants,  hypersonic  fights,  gas turbines and space vehicles etc. (Zhang et al., 2015) studied the 

effects chemical reaction and  thermal  radiation  on  Nano fluids  of  heat  transfer  through  the  

porous medium. Several  authors  are  examined  the  combination  of  chemical  reaction  and  

thermal radiation  on  Nano fluids  of  heat  transfer  over  a  stretching  sheet.  (Ramya  et.al, 

2016) investigated  on  influence  of  Chemical  Reaction  on  MHD  boundary  Layer  Flow  of 

Nano fluids over a nonlinear stretching Sheet with Thermal Radiation. (M.H. Yazdi et.al, 2011) 

were studied by Slip MHD liquid flow and heat transfer over non-linear permeable stretching 

surface with chemical reaction using the Dormand – Prince  pair  and  shooting  method.  

(Ramya et.al, 2016)Boundary layer Viscous Flow of Nano fluids and Heat Transfer over a 

Nonlinearly Isothermal Stretching Sheet in the Presence of Heat Generation/Absorption and Slip 

Boundary Conditions.  

Motivated by the above investigations the objective of the present study is to find a numerical 

investigation of Analysis of MHD Boundary Layer Nano fluid flow of Heat Transfer over a 

Nonlinear Stretching Sheet Presence of Thermal Radiation, chemical reaction and Partial Slip 

with boundary condition using the implicit finite difference method called Keller box method.  
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1.2. Statement of the problem 

This study was attempted to answers the following basic questions: 

  By using similarity transformations to convert a system of partial  differential equations 

into nonlinear ordinary differential equations 

 To apply appropriate  method to solve the coupled nonlinear ordinary differential 

equations obtained from partial differential equations using similarity transformations 

 Determining the roles of various parameters on the boundary layer Nano fluids flow over 

a nonlinear stretching sheet 

 Analysis of different parameters those affect velocity, temperature, concentration, skin 

friction coefficient and heat transfer rate 

1.3. Objective of the Study 

1.3.1. General objective of the Study 

The general objective of this study is to find numerical Analysis of Magneto Hydrodynamics 

(MHD) Boundary Layer Nano fluid flow of Heat Transfer over a Nonlinear Stretching Sheet 

Presence of Thermal Radiation, Chemical Reaction and Partial Slip with Boundary condition 

using Keller box method. 

1.3.2. Specific Objectives of the Study 

The study will have the following specific objectives:  

 Transforming the governing partial differential equations into nonlinear ordinary 

differential equations using similarity transformations. 

 To solve the nonlinear ordinary differential equations obtained from the partial 

differential equations by Keller box method. 

  Identify the role of various parameters on boundary layer flow behavior of Nano fluids 

over a nonlinearly stretching sheet. 

 Determining the effects of various parameters on velocity, temperature, concentration, 

skin friction coefficient, heat transfer rate and mass transfer rate. 
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 Sketching the graphs of various parameters effects on the velocity, temperature, 

concentration, skin friction coefficient surface, heat transfer rate and mass transfer rate 

using Mat lab. 

1.4. Significance of the Study 

The outcomes of this study have the following importance: 

 It will develop the researcher knowledge on applied mathematics research.  

 It may familiarize a researcher with scientific communication in applied mathematics. 

 It will serve for other researchers as a useful reference for future research on this area. 

1.5. Delimitation of the Study 

This study is delimited to the governing partial differential equations of Boundary layer flow of 

Nano fluid over a Stretching Sheet focus only on the constructing Keller box method to 

investigate numerical Analysis of Magneto Hydrodynamics (MHD) Boundary Layer Nano fluid 

flow of Heat Transfer over a Nonlinear Stretching Sheet Presence of Thermal Radiation, 

Chemical Reaction and Partial Slip with Boundary condition 

1.6. Definition of Important Terms 

Magneto hydrodynamics: The study of the interaction between magnetic fields and electrically 

conducting fluids. 

Boundary layer: Is a fluid character that forms in the flow of fluid through a body of surface. 

Laminar Flow: Occurs when a fluid flows in the parallel layers, with no disruption between the 

layers and no cross currents or edges perpendicular to direction of flow. 

Similarity transformations: The transformations which reduce the number of independent 

variables of a system of partial differential equations at least one less than that of the original 

equation are designated similarity transformations. 

A steady Flow: Is a flow in which the various physical phenomena like velocity, pressure and 

density at any point do not change with time. 
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Stream Function: Is a function �  which satisfies continuity equation and defined as:       

� =
��

��
,    � = −

��

��
 

Where, u = velocity component in x– direction 

V = velocity component in y– direction. 
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Chapter two 

Literature review 

  

2.1.Magnetohydrodynamics (MHD) 
 

Magneto hydrodynamics is the branch of quantum mechanics which deals with the motion of an 

electrically conducting fluid in the presence of a magnetic field. The word magneto 

hydrodynamic (MHD) is derived from: Magneto-meaning magnetic field, Hydro meaning Liquid 

and Dynamics which means movement. Other variants of nomenclatures are Hydro magnetics, 

magneto-fluid dynamics, magneto-gas dynamics and so on. The concept of MHD is largely 

perceived to have been initiated by (Faraday 1812) when he did the first quantitative observation 

of Magnetohydrodynamics. He did experiments with mercury as a conducting fluid flowing in a 

glass tube placed in magnetic field and observed that voltage was induced in direction 

perpendicular to both the direction of flow and magnetic field. He further showed that when an 

electric field is applied to a conducting fluid in the direction which is perpendicular to magnetic 

field, a force is exerted on the fluid in the direction perpendicular to both electric field and 

magnetic field. Since then a lot has been done on MHD and its related fields and (Rao. et al., 

1990) studied the heat transfer in porous medium in the presence of transverse magnetic field.  

The effects of the heat source parameter and Nusselt number were analyzed. They discovered 

that the effect of increasing porous parameter is to increase the Nusselt Number. (Kinyanjui et 

al., 2003) investigated MHD Stokes problem for a vertical infinite plate in dissipative rotating 

fluid with Hall current as (Sigey et al., 2004) presented an investigation on the numerical study 

on natural convection turbulent heat transfer in an enclosure. As it is known that, MHD is 

important branch of fluid dynamics. Many technological problems and natural phenomena are 

susceptible to MHD analysis. Engineers apply MHD principle, in the design of heat exchangers, 

in creating novel power generating systems, pumps and flow meters, thermal protection, braking, 

control and re-entry, in space vehicle propulsion. MHD convection flow problems are also very 

important in the fields of stellar and planetary magnetosphere’s, aeronautics, electronics and 
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chemical engineering. Hydromagnetic flow of Newtonian fluid and heat transfer over continuous 

moving flat surface with uniform suction has been studied by (Prasad et al., 2010) and (Kumari 

et al., 1990) studied the effects of induced magnetic field and heat source/sink on flow and heat 

transfer characteristic over a stretching surface. (Nazar et al., 2004) investigated the boundary 

layer over a moving continuous flat plate in an electrically conducting ambient fluid with a step 

change in applied magnetic field. The Magnetohydrodynamics(MHD) equations play an 

important role in many areas of astrophysics, space physics and engineering. Typical 

applications in those areas require one to capture flow on a range of scales in a way that is as 

dissipation free as possible. As a result, there has been considerable interest in bringing accurate 

and reliable numerical methods to bear on this problem.  

2.2. Thermal Radiation 

Radiative heat transfer has important applications in physics and engineering including in space 

technology and other high-temperature processes. Thermal radiation effects may also play an 

important role in controlling heat transfer in manufacturing processes where the quality of the 

final product may depend on heat control factors. High temperature plasmas, the cooling of 

nuclear reactors, liquid metal fluids, and power generation systems are some important 

applications of radiative heat transfer from a vertical wall to conductive gray fluids. In high-

temperature chemical operations such as in combustion and fire science, it may be necessary to 

simulate thermal radiation heat transfer effects in combination with conduction, convection, and 

mass transfer. The effect of radiation on heat transfer problems was studied by (Hossain and 

Takhar 1996) and ( Hamad et al., 2012) studied radiation effects on heat and mass transfer in 

MHD stagnation point flow over a permeable flat plate with convective surface boundary 

conditions and temperature dependent viscosity. They observed that the convective heat transfer 

parameter lowers the fluid velocity and the wall heat transfer rate. Radiation, however, increases 

the fluid velocity, temperature, and the heat transfer rate. (Singh et al. 2011) studied the effects 

of thermophoresis on hydro magnetic mixed convection and mass transfer flow past a vertical 

permeable plate with variable suction and thermal radiation. They observed that thermophoresis 

has a dominant effect on mass transfer in particle deposition processes. (Salleh et al., 2012) 

studied free convection over a permeable horizontal flat plate embedded in a porous medium 

with radiation effects and mixed thermal boundary conditions. They found that the velocity and 
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temperature decreased with an increase in the radiation parameter. A similar solution for laminar 

thermal boundary layer over a flat plate with a convective surface boundary condition was 

studied by (Magyari 2009). He found that the wall temperature decreased monotonically with 

increasing values of Pr for all values of ��. (Merkin and Pop 2011) studied the forced convection 

flow of a uniform stream over a flat surface with a convective surface boundary condition. They 

found that the heat transfer near the leading edge is to be dominated by the surface heat flux. The 

effect of transpiration on self-similar boundary layer flow over moving surfaces was studied by 

(Weidman et al., 2006). 

2.3. Boundary Layer Flow 

Prandtl introduced boundary layer flow layer theory in 1904 to understand the flow behavior of a 

viscous fluid near a solid boundary. Prandtl gave the concept of a boundary layer in large 

Reynolds number flows and derived the boundary layer equations by simplifying the Navier-

Stokes equations to yield approximate solutions. Prandtls boundary layer equations arise in 

various physical models of fluid mechanics. The equations of the boundary layer theory have 

been the subject of considerable interest, since they represent an important simplification of the 

original Navier-Stokes equations. These equations arise in the study of steady flows produced by 

wall jets, free jets, and liquid jets, the flow past a stretching plate/surface, flow induced due to a 

shrinking sheet, and so on. These boundary layer equations are usually solved subject to certain 

boundary conditions depending upon the specific physical model considered. There are three 

types of boundary layer flows: velocity boundary layer flow, thermal boundary layer flow and 

concentration boundary layer flow. 

2.3.1. Velocity Boundary Layer Flow 

The velocity boundary layer develops whenever there is flow over a surface. It is associated with 

shear stresses parallel to the surface and results in an increase in velocity through the boundary 

layer from nearly zero right at the surface to the free. 

2.3.2. Thermal Boundary Layer Flow 

The thermal boundary layer is associated with temperature gradients near the surface, and 

develops when there is temperature difference between the fluid free stream and the surface. 

Right at the fluid-surface interface, heat transfer occurs only through conduction. The thickness 
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of the thermal boundary layer is defined as that point at which the temperature difference 

between the fluid and surface is 99 percent of the temperature difference between the free stream 

fluid and the surface. 

2.3.3. Concentration Boundary Layer Flow 

The concentration boundary layer develops when there is a difference in concentration of a 

component between the free stream and the surface. A concentration profile develops, and the 

thickness of the concentration boundary layer is defined as that point at which the difference in 

concentration between the fluid and the surface is 99 percent of the difference in concentration 

between the free stream fluid and the surface. (Blasius, 1908) solved the Prandtls boundary layer 

equations for a flat moving plate problem and gave a power series solution of the problem. 

(Sakiadis, 1961) initiated the study of the boundary layer flow over a continuously moving rigid 

surface with a uniform speed. (Crane, 1970) was the first one who studied the boundary layer 

flow due to a stretching surface and developed the exact solutions of boundary layer equations 

with parameter. (Gupta and Gupta, 1977) extended the Cranes work and for the first time 

introduced the concept of heat transfer with the stretching sheet boundary layer flow. The 

boundary layer thickness, signified by, is simply the thickness of the viscous boundary layer 

region. Because the main effect of viscosity is to slow the fluid near a wall, the edge of the 

viscous region is found at the point where the fluid velocity is essentially equal to the free-stream 

velocity. In a boundary layer, the fluid asymptotically approaches the free-stream velocity as one 

moves away from the wall, so it never actually equals the free-stream velocity. 
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Chapter Three 

Methodology 

3.1 Study Design 

This study will employ mixed-design (documentary review design and experimental design) on 

numerical Analysis of Magneto Hydrodynamics (MHD) Boundary Layer Nano fluid flow of 

Heat Transfer over a Nonlinear Stretching Sheet Presence of Thermal Radiation, Chemical 

Reaction and Partial Slip Boundary condition 

3.2 Study Site and Period 

The study will be conducted in Jimma University under the College of Natural sciences in 

Mathematics department from September, 2018 to July, 2020. Conceptually, the study focuses 

on Analysis of Magneto Hydrodynamics (MHD) Boundary Layer Nano fluid flow of Heat 

Transfer over a Nonlinear Stretching Sheet Presence of Thermal Radiation, Chemical Reaction 

and Partial Slip Boundary condition.  

3.3 Sources of Information 

The relevant sources of information for this study will be books, published articles & related 

studies from   internet  

3.4. Procedure of the Study 

To achieve the stated objectives, the following mathematical procedures will be followed: 

 Transforming the governed partial differential equations to nonlinear ordinary differential 

equations by introducing similarity transformations. 

 Reducing the nonlinear ordinary differential equations to a system of first order 

equations.  

 Writing the reduced ordinary differential equations to finite differences.  
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 Linearizing the algebraic equations by using Newton’s method and write those in vector 

matrix form.  

 Solving the linear system by the block tridiagonal elimination technique.  

 Finally a sketch will be produced using MATLAB. 
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CHAPTER FOUR 

MATHEMATICAL FORMULATION, RESULT AND 

DISCUSSION 

4.1. Mathematical Formulation 

Consider a two dimensional, incompressible viscous and steady fluid flow of a water based 

nanofluid flow past a nonlinear stretching surface. The sheet is extended with velocity �� = ��� 

with fixed origin location, where  � is  a  nonlinear  stretching parameter, � is a constant, and � is 

the coordinate measured along with the stretching surface. The nanofluid flows at � ≥ 0 where � 

is the coordinate normal to the surface. The fluid is electrical conducting due to an applied 

magnetic field �(�)normal to the stretching sheet. The magnetic Reynolds number is assumed 

small and so, the induced magnetic field can be considered negligible. The wall temperature 

��and the nanoparticle fraction are assumed constant at the stretching surface. When  � tends to 

infinity, the ambient values of temperature and nanoparticle fraction are denoted by �� and ��,  

respectively. The governing equations of momentum, thermal energy and nanoparticles 

equations (Mabood et al.) can be written as 

 

   y v 

 �� 

 u 

 ���� 

                                                                        Stretching force                                                       

 

 x 

 � = ��� �(�) 

Fig.1 Geometry of the problem 
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The boundary conditions (Mabood et al.) are given by 

� = �� + ��
��

��
 ,� = 0,� = �� + ��

��

��
, � = �� + ��

��

��
  at � = 0 and 

� → ��, � → ��, � → �� at � → ∞                                                                                            (5) 

� =
�

(��)�
 is the thermal diffusivity. �=

(��)�

(��)�
  is the ratio between the effective heat capacity  of  

the  nanoparticle  material  and  the  heat  capacity  of  the  ordinary  fluid. Where �� = ���,�� 

is the velocity Slipfactor,�� is the thermal slip factor, �� is the concentration slip factor and  is 

the chemical rate constant. We assume that the variable magnetic field �(�)= ���
���

�  where �� 

is constant. 

Using Rosseland approximation for radiation, the radiative heat flux �� is given by 

�� = −
��∗���

��∗��
 (6) 

Where �∗ is the Stefan-Boltzmann constant, �∗ is the mean absorption coefficient, we assume 

that the temperature difference with the flow sufficiently small such that the term  �� may be 

expanded as a linear function of temperature. This is done by expanding �� in a Taylor series 

about a free stream temperature  �� and neglecting higher order terms we ge�� = 4��
�� − 3��

�  

Hence �� can be written as: 

���

��
= −

���∗��
�

��∗
��

��
              (7) 
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Similarity Transformation  

In order to Analysis of Magneto Hydrodynamics (MHD) Boundary Layer Nano fluid flow of 

Heat Transfer over a Nonlinear Stretching Sheet Presence of Thermal Radiation, Chemical 

Reaction and Partial Slip with Boundary condition; the following dimensionless similarity 

variables are introduced: 

 � = ��
�(���)

��
�
���

�  ,� =
����

�����
  � =

����

�����
           (8) 

With the velocity components 
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Where�  is the stream function, �(�) is the non-dimensional stream function, ��(�) is the 

velocity profile, �  is non-dimensional temperature profile and � is similarity variable. 

Using Equation (7) and (8) the continuity equation is satisfied as: 

��

��
+
��

��
= � �

���

��
��(�)+ �����(�)

��

��
� + �−�����

�(�)
��

��
� 

−�
��(� + 1)

2
�
���
� ���(�)

��

��
+
� − 1

� + 1

��

��
��(�) +

� − 1

� + 1
����(�)

��

��
� 

             = � ��������(�)+
���

�
���′′(�)��

�(���)

��
�
���

� � 

−�
��(� + 1)

2
�
���
�
��

��
���(�)+

� − 1

� + 1

��

��
��(�)+

� − 1

� + 1
����(�)� 

 = � ��������(�)+
���

�
�������(�)��

�(���)

��
�
���

� � 

−�
��(� + 1)

2
�
���
� ��

�(� + 1)

2�
�
���
� � �

2�

� − 1
��(�)+

� − 1

� + 1
����(�)� 

= � ��������(�)+
� − 1

2
�������(�)��

�(� + 1)

2�
�
���
� � 



  

15 
 

−
�(� + 1)

2
���� �

2�

� + 1
��(�)+

� − 1

� + 1
����(�)� 

= ����� ����(�)+
� − 1

2
�′′(�)�� −  ����� ����(�)+

� − 1

2
�′′(�)�� 

                    = 0. 

And also by using Equations (7) and (8)the governing partial differential equations of Equation 

(2), (3)and (4) are transformed into nonlinear higher order ordinary differential equations as 

follows: 

�
��

��
+ �

��

��
= �

���

���
−

�

��
��(�)� −

�

��
� 

Where;�
��

��
= ����������

�
+

���

�
�������������, 

 �
��

��
= − �������

� + 1

2
��� �� +

� − 1

� + 1
���� 

�
���

���
=
� + 1

2
����������� 

�

��
��(�)� =

�

��
��

��������� 

�

��
� =

�

��
����� 

Then substitute these from the above equation (2); 

⇒ ����������
�
+
� − 1

2
������������� + �− �������

� + 1

2
��� �� +

� − 1

� + 1
�����

=
� + 1

2
����������� −

�

��
����

������ −
�

��
����� 

⇒ ����������
�
+
� − 1

2
������������� −

� + 1

2
������������ −

� − 1

2
������������

=
� + 1

2
����������� −

�

��
����

������ −
�

��
����� 

⇒ ����������
�
−
� + 1

2
����������� =

� + 1

2
����������� −

�

��
����

������ −
�

��
����� 

⇒
� + 1

2
����������� −

� + 1

2
����������� + ����������

�
− �� �

�

��
����

���� +
�

��
���� = 0 

Dividing both sides by  
���

�
������� and rearranging we have 



  

16 
 

���� + ���� −
2�

� + 1
(��)� − ���� + ��� = 0 

Equation (3) also; 

�
��

��
+ �

��

��
= �

���

���
+ ����

��

��

��

��
+
��

��
× �

��

��
�
�

� −
1

(���)�

���
��

+
�

��
�
��

��
�
�

+
��
���

(� − ��) 

Where;  

�
��

��
=

���

�
����������(�� − ��) , 

�
��

��
= −

���

�
���������(�� − ��)−

���

�
����������(�� − ��) , 

�
���

���
= �

���

��
��������(�� − ��) , 

����
��

��

��

��
+
��

��
× �

��

��
�
�

�

=                 ���
� + 1

2�
�������(�� − ��)�

�(�� − ��)

+ �
��

��

� + 1

2�
�����(��(�� − ��))

� 

1

(���)�

���
��

=
1

������

16�∗��
�

3�∗
� + 1

2�
��������(�� − ��) 

�

��
�
��

��
�
�

=
�

��

���

��
�������(���)�, then substitute these from the above equation (3); 

⇒
� − 1

2
����������(�� − ��)−

� + 1

2
���������(�� − ��)−

� − 1

2
����������(�� − ��)

= �
� + 1

2�
��������(�� − ��)+ ���

� + 1

2�
�������(�� − ��)�

�(�� − ��)

+ �
��

��

� + 1

2�
�����(��(�� − ��))

� −
1

������

16�∗��
�

3�∗
� + 1

2�
��������(�� − ��)

+
�

��

� + 1

2�
�������(���)� +

��
���

(� − ��) 
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⇒ �
� + 1

2�
��������(�� − ��)+

� + 1

2
��������(�� − ��)

+ ���
� + 1

2�
�������(�� − ��)�

�(�� − ��)

+ �
��

��

� + 1

2�
�����(��(�� − ��))

� +
1

������

16�∗��
�

3�∗
� + 1

2�
��������(�� − ��)

−
�

��

� + 1

2�
�������(���)� +

��
���

(� − ��)= 0 

⇒ ��
� + 1

2�
����� +

1

������

16�∗��
�

3�∗
� + 1

2�
������ ���(�� − ��)+

� + 1

2
��������(�� − ��)

+ ���
� + 1

2�
�������(�� − ��)�

�(�� − ��)

+ �
��

��

� + 1

2�
�����(��(�� − ��))

� +
�

��

� + 1

2�
�������(���)� +

��
���

(� − ��)

= 0 

Dividing both sides by  
���

�
�����(�� − ��) and rearranging we have 

⇒ �
�

�
+

1

������

16�∗��
�

3�∗
� ��� +

� + 1

2
�������� + ���

� + 1

2�
���������(�� − ��)

+ �
��

���
�′�(�� − ��)+

1

��(�� − ��)
�������(���)�

+
2��

�(� + 1)(��)�
����

(� − ��)

(�� − ��)
= 0

⇒ ��� +
�

1 + �
��[��� + ����

��� + ���(�
�)� + ��(���)� + ��] = 0 

And equation (4);  

�
��

��
+ �

��

��
= ��

���

���
+
��

��
× �

��

��
�
�

− ��(� − ��) 

Where; 

�
��

��
=

���

�
����������(�� − ��),  

�
��

��
= −

� + 1

2
�������(�� − ��)�� +

� − 1

� + 1
���� 
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��
���

���
= ��

� + 1

2�
��������(�����)

 

��

��
× �

��

��
�
�

=
��

��

���

��
��������(�� − ��), then substitute these from equation (4);  

⇒ 
� − 1

2
����������(�� − ��)−

� + 1

2
�������(�� − ��)�� +

� − 1

� + 1
����

= ��
� + 1

2�
��������(�����)

+
��

��

� + 1

2�
��������(�� − ��)− ���(�� − ��) 

⇒ 
� − 1

2
����������(�� − ��)−

� + 1

2
�������(�� − ��)�

−
� + 1

2
�������(�� − ��)�

� − 1

� + 1
����

= ��
� + 1

2�
��������(�� − ��)+

��

��

� + 1

2�
��������(�� − ��)

− ���(�� − ��) 

⇒ −
� + 1

2
�������(�� − ��)�

= ��
� + 1

2�
��������(�� − ��)+

� + 1

2
�������(�� − ��)�

+
��

��

� + 1

2�
��������(�� − ��)− ���(�� − ��) 

⇒ ��
� + 1

2�
�������′(�� − ��)+

� + 1

2
�������(�� − ��)� +

��

��

� + 1

2�
��������(�� − ��)

− ���(�� − ��)= 0 

Dividing both sides by ��
���

��
�����(�� − ��)and rearranging we have 

��� + ����� +
��

��
��� − ����� 

Then substitute 

��� = −
�

���
��[��� + ������ + ��(��)� + ��(���)� + ��]in��� + ����� +

��

��
��� − ����� , 

it becomes  ��� + ����′ −
�

���
�� �

��

��
��� + ������ +

(��)
�

��
(��)�+

��

��
��(���)� +

��

��
��� −

����� 

 So equation (2), (3) and (4) are reduced to 

���� + ���� −
��

���
(��)� − ���� + ��� = 0      (10) 
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��� +
�

���
��[��� + ���

��� + ��(�
�)� + ��(���)� + ��] = 0  (11)  

��� + ����′ −
�

���
�� �

��

��
��� + ������ +

(��)�

��
(��)�+

��

��
��(���)� +

��

��
��� − �����     (12)  

Where ; 

� =
����

�

���(���)
 � =

���

�(���)(��)�
���� 

�� =
�

��
�� �� =

(��)���(�����)

(��)����
 

�� =
���

�(���)
���� �� =

(��)���(�����)

(��)��
 

�� =
��

�

��(����)
 ,                                                                             �� = ���

��(���)

�
�
���

�   

�� = ���,                                                                                      �� = ���
��(���)

�
�
���

� , 

�� =
�

�
 ,  �� = ���

��(���)

�
�
���

�  

� =
�

�����
 , �� =

�

��
 , 

�� =
��∗�

���∗���
                                                                                                                (13) 

With the following dimensionless boundary conditions; 

�(0)= 0,�′(0)= 1 + ���′′(0),�(0)= 1 + ���′(0),�(0)= 1 + ���′(0)  �� � = 0    (14) 

 �′(∞ )= 0,�(∞ )= 0,�(∞ )= 0 �� � → ∞ . 

More over;  

By using similarity transformations, the boundary conditions (5) were transformed as follow: 

� = �� + ��
��

��
 

�����(�)= ��� + ��
�

��
������(�)� 

�����(�)= ��� + ����� ��
�(� + 1)

2�
�
���
� � 

��(�)= 1 + �� ��
�(� + 1)

2�
�
���
� � ���(�) 

��(�)= 1 + ���
��(�) 
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��(0)= 1 + ���
��(0), at � = 0 

And  

� = �� + ��
��

��
 

�� + (�� − ��)�(�)= �� + ��
�

��
(�� − ��)�(�) 

(�� − ��)�(�)= �� − �� + ��(�� − ��)��
�(� + 1)

2�
�
���
� ��′(�) 

(�� − ��)�(�)= (�� − ��)�1 + �� ��
�(� + 1)

2�
�
���
� ��′(�)� 

�(�) =�� �′(�) 

�(0) =�� �′(0) at � = 0,� = 0 

And  

� = �� + ��
��

��
 

�� + (�� − ��)�(�)= �� + ��
�

��
[�� + (�� − ��)�(�)] 

�� + (�� − ��)�(�)= �� + ��
�

��
(�� − ��)�′(�)��

�(� + 1)

2�
�
���
� � 

(�� − ��)�(�)= �� − �� + ��
�

��
(�� − ��)�′(�)��

�(� + 1)

2�
�
���
� � 

(�� − ��)�(�)= (�� − ��)�1 + ���
�(� + 1)

2�
�
���
� �′(�)� 

�(�)= 1 + ���
�(�) 

�(0)= 1 + ���′(0)at� = 0,� = 0 

Where; 

�� = is the velocity slip factor, 

�� = is the thermal slip factor, 
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�� = is the concentration slip factor, 

And also  

 

�(�)= �(∞ )=
� − ��
�� − ��

=
�� − ��
�� − ��

= 0 

�(�)= �(∞ )→ 0 �� � → ∞  

 Similarly  

�(�)= �(∞ )=
� − ��
�� − ��

=
�� − ��
�� − ��

= 0 

�(�)= �(∞ )→ 0 �� � → ∞  

 

�,��,��,,��,��,��,�,��,��,��,��,�����  ��  are denote the Magnetic parameter, Prandtl 

number, Eckert  number  ,  the  Brownian  motion  parameter,   the  Lewis   number,  the 

thermophoresis  parameter, heat generation/absorption parameter, Chemical  reaction  parameter 

Permeability ,Velocity  slip  parameter,  thermal  slip parameter, concentration  slip parameter 

and Thermal radiation parameters respectively.  

The  special  interests  and  importance physical parameters  of  the  present  problem  of  

Nanofluid,  in  this  study skin-friction coefficient ��, local Nusselt number ��� and Sherwood 

number are defined as; 

��� =
��

���
� ,  ��� =

���

�(�����)
, �ℎ� =

���

��(�����)
 (15) 

Where 

�� = �� �
��

��
�is the wall shear-stress  

�� = − � �
��

��
�
���

is the heat flux at wall and  (16) 

�� = −�� �
��

��
�
���

is mass flux 

Using similarity transformation presented above, (15) can be reduced as 

 ��� =
��
����

 

= ��

�
��
��
�

�(���)�
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=
��

�

���

�����
��

�(���)

��
�
���

� ���(�)�since� =
��

�
 

= �
�

�����
�
� + 1

2
���(�) 

=
�
���

�
���(�)

����
, where ��� =

���

�
=

�����

�
 

������� = �
���

�
�′′(0), � = 0 

                                              And; 

��� =
���

�(�� − ��)
 

= � �
− k �

��
��

�

�(�� − ��)
� 

=

− �(�� − ��)���
�(� + 1)

2� �
���
� � ��(�)�

(�� − ��)
 

= − ��
�(� + 1)����

2�
���(�) 

= �
�����

�
�
� + 1

2
��(�) 

��� = �����
� + 1

2
��(�) 

������
��/� = �

� + 1

2
��(0),� = 0 

                                 Finally; 

 �ℎ� =
���

��(�� − ��)
 

= � �−�� �
��

��
�� 
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=
− �(�� − ��)

�� − ��
�
�(� + 1)

2�
�
���
� ��(�) 

= �����
� + 1

2
��(�) 

�ℎ����
��/� = �

���

�
��(0), � = 0  

Where the local Reynolds number is given by��� =
���

�
. 

4.2 Method of Solution 

Equations (10) – (12) subject to the boundary conditions (13) were solved numerically by Keller 

box method which is implemented in Matlab. The Keller box method is an implicit finite 

difference method that can be used to solve differential equations. This method has four basic 

steps: 

1. Converting Equations (2) – (4) into a system of first order nonlinear ordinary differential 

equations. 

2. By approximating the derivatives in system of first order equations with central 

difference approximations. 

3. Linearizing the nonlinear algebraic equations with Newton′s method and then casting as 

the matrix vector form. 

4. Finally solving the system of linear equations using block tridiagonal elimination scheme 

with the suitable initial solution. 

In this method the transformed differential equations (9) and (10) are written in terms of first 

order system ( Mitiku and Devaraj, 2017) for that introduce new dependent variable 

�,�,� ��� � such that 

 �� = � , 

 �� = �, 

�� = �,   (17) 

 �� = �,  

So equation (9) and (10) can be written as  

�� + �� −
��

���
�� − �� + ���� = 0 (18) 
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�� +
�

��
�

�
�
��[�� + ���� + ����

� + ���� + ��] = 0 (19) 

�� + ���� −
�

��
�

�
�

��

��
��[�� + ���� + ���

� + ���� + ��] − ����� = 0 (20) 

And the transformed boundary conditions for the problem are  

�(0)= 0,�(0)= 1 + ���(0),�(0)= 1 + ���(0),�(0)= 1 + ���(0)  �� � = 0  (21) 

 �(∞ )= 0,�(∞ )= 0,�(∞ )= 0 �� � → ∞ . 

Now, consider the net rectangle in � − � plane as show in figure 4.2 and the net points are 

defined as follow: 

�� = 0,���� + ��,� = 1,2,…� 

�� = 0,���� = 0,� = 1,2,… �     (22) 

Where;�� is the ∆�– spacing and ℎ�  is the ∆� –spacing. Here ℎ and � are the sequence of number 

that indicate the coordinate location. 

Now write the finite difference approximation of the ODE, Equation (17) for the 

midpoint(����,����) of the segment ���� using centered difference derivatives, this is called 

centering about (����,����) 

 

 � = �� = ���� 

  

  ��  �� �� �� 

  

 �
��

�

�

 ��  ℎ�   

   

   ����  ��  �� 

     ��  

 � = �� = 0 � 

 

Figure 4.2: typical grid structure for difference approximations. 

 

�� − ����

ℎ�
= �

��
�
�
=
�� + ����

2
 



  

25 
 

�������

��
= �

��
�

�

=
�������

�
 (23) 

 
�������

��
= �

��
�

�

=
�������

�
 

 
�������

��
= �

��
�

�

=
�������

�
 

An ODE of Equations (18), (19) and (20) are approximated by the centering about the midpoint 

(����,����) of the rectangle��������. 

�� + �� −
2�

� + 1
�� − �� + ���� = 0 

�� − ����

ℎ�
+ �

��
�
�
�
��

�
�
−

2�

� + 1
��

��
�
�
�
�

− �� + �������
�
= 0 

⇒ 
�� − ����

ℎ�
+ �

�� + ����

2
� �

�� + ����

2
� −

2�

� + 1
�
�� + ����

2
�
�

− �� + ��� �
�� + ����

2
� = 0 

⇒ �� − ���� + ℎ� �
�� + ����

2
� �

�� + ����

2
� − ℎ�

2�

� + 1
�
�� + ����

2
�
�

− ℎ��� + ���� �
�� + ����

2
� = 0 

⇒ ��� − ����� + �� − ���� +
��

�
����� + ����� + �� + ��������� + ����� + �� + ������ −

��

���

��

�
���� + ����� + �� + �����

�
− �� + ���

��

�
���� + ����� + �� + ����� = 0                (24) 

And 

�� +
�

1 + �
��[�� + ���� + ���

� + ���� + ��] = 0 

⇒
�� − ����

ℎ�
+

�

1 + �
�� ��

�� + ����

2
� �

�� + ����

2
� + �� �

�� + ����

2
� �
�� + ����

2
�

+ �� �
�� + ����

2
�
�

+ �� �
�� + ����

2
�
�

+ � �
�� + ����

2
�� = 0 

⇒ �� − ���� +
�

1 + �
ℎ��� ��

�� + ����

2
� �

�� + ����

2
� + �� �

�� + ����

2
� �
�� + ����

2
�

+ �� �
�� + ����

2
�
�

+ �� �
�� + ����

2
�
�

+
ℎ�

2
� �

�� + ����

2
�� = 0 
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⇒ ��� − ����� + ���� − �� +
�

���
�� �

��

�
���� + ����� + �� + ��������� + ����� + �� +

����� + ��
��

�
���� + ����� + �� + ��������� + ����� + �� + ����� + ��

��

�
���� + ����� +

�� + �����
�
+ ��

��

�
���� + ����� + �� + �����

�
+

��

�
����� + ����� + �� + ������ = 0    (25) 

And  

�� −
�

1 + �

��
��

��[�� + ���� + ���
�+ �� + ��] − ����� = 0 

�� − ����

ℎ�
−

�

1 + �

��
��

�� ��
�� + ����

2
� �

�� + ����

2
� + �� �

�� + ����

2
� �
�� + ����

2
�

+ �� �
�� + ����

2
�
�

+ �
�� + ����

2
�
�

+
ℎ�

2
� �

�� + ����

2
�� − ���� �

�� + ����

2
� 

�� − ���� −
�

1 + �
ℎ�
��
��

�� ��
�� + ����

2
� �

�� + ����

2
� + �� �

�� + ����

2
� �
�� + ����

2
�

+ �� �
�� + ����

2
�
�

+ �
�� + ����

2
�
�

+
ℎ�

2
� �

�� + ����

2
�� − ����ℎ� �

�� + ����

2
� 

��� − ����� + �� − ���� −
�

���

��

��
�� �

��

�
���� + ����� + �� + ��������� + ����� + �� + ����� +

��
��

�
���� + ����� + �� + ��������� + ����� + �� + ����� + ��

��

�
���� + ����� + �� +

�����
�
+ ��

��

�
���� + ����� + �� + �����

�
+

��

�
����� + ����� + �� + ������ − ����

��

�
���� +

����� + �� + ����� = 0                                                                                                          (26) 

 

Now linearize the nonlinear system of equation (23) - (26) using the Newton′s linearization 

scheme. That is, we assume for (� + 1)�� iterations. 

��
���,��

���, etc.          (27) 

Substituting equation (27) into the above equations and dropping the quadratic terms in 

���
�
 ,���� ,��

�
�,��

�
�,��

�
�
,���

�
,���� we obtain tridiagonal system of algebraic equations.         

��� − ����� −
��

�
���� + ������ = (��)� (28) 

��� − ����� −
��

�
���� + ������ = (��)� (29) 

��� − ����� −
��

�
���� + ������ = (��)� (30) 
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��� − ����� −
��

�
���� + ������ = (��)� (31) 

(��)���� + + (��)������ + (��)���� + (��)������ + (��)���� + (��)������ = (��)� (32)  

(��)���� + (��)������ + (��)���� + (��)���� + (��)���� + (��)������ + (��)���� +

(��)������ + (��)���� + (���)������  = (��)�                           (33)                                  

(��)���� + (��)������ + (��)���� + (�)���� + (��)���� + (��)������ + (��)���� +

(��)������ + (��)���� + (���)������ + (���)���� + (���)������  = (��)�                          (34)                 

Where  

(��)� = 1 +
ℎ�

4
��� + ����� 

(��)� = − 1 +
ℎ�

4
��� + ����� 

(��)� = (��)� =
ℎ�

4
��� + ����� 

(��)� = (��)� = −
��

�
�
��

���
��� + ����� + �� + ���� (35)  

(��)� = 1 +
�

1 + �

ℎ�

4
�� ���� + ����� + ��

ℎ�

4
��� + ����� + 2����� + ������ 

(��)� = − 1 +
�

1 + �

ℎ�

4
������ + ����� + ����� + ����� + 2����� + ������ 

(��)� = (��)� =
�

1 + �

ℎ�

4
����� + ����� 

(��)� = (��)� =
�

1 + �
��

ℎ�

4
����� + ����� 

(��)� = (��)� =
�

1 + �
��

ℎ�

2
����� + ����� 

(��)� = (���)� =
�

���

��

�
��Q (36) 

(��)� = 1 + ��
ℎ�

4
��� + ����� − ��

�

1 + �

ℎ�

4
����� + ����� 

(��)� = − 1 + ��
ℎ�

4
��� + ����� − ��

�

1 + �

ℎ�

4
����� + ����� 

(��)� = (��)� = ��
ℎ�

4
��� + ����� −

��
��

�

1 + �

ℎ�

4
����� + ����� 

(��)� = (��)� = −
�

1 + �

��
��

ℎ�

4
������ + ����� + ����� + ����� + 2����� + ������ 
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(��)� = (��)� = −
��
��

�

1 + �

ℎ�

2
����� + ����� 

(��)� = (���)� = −
��
��

�

1 + �

ℎ�

2
��� 

(���)� = (���)� = − ����
��

�
(37)  

(��)� = ���� − �� +
ℎ�

2
��� + ����� 

(��)� = ���� − �� +
ℎ�

2
��� + ����� 

(��)� = ���� − �� +
��

�
��� + �����  

(��)� = ���� − �� +
ℎ�

2
��� + ����� 

(��)� = ���� − �� −
ℎ�

4
��� + �������� + ����� +

2�

� + 1

ℎ�

4
��� + �����

�

+ �� + ���
ℎ�

2
��� + ����� 

(��)� = ���� − ��

−
�

1 + �

ℎ�

4
�� ���� + �������� + ����� + ����� + �������� + �����

+ ����� + �����
�
+ ����� + �����

�
+ 2���� + ������ 

(��)� = ���� − �� − ��
��

�
��� + �������� + ����� +

�

���

��

��

��

�
�� ���� + �������� + ����� +

����� + �������� + ����� + ����� + �����
�
+ ����� + �����

�
+ 2���� + ������ +

����
��

�
��� + �����          (38) 

With the boundary conditions;  

�(0)= 0,��(0)= 1 + ����(0),��(0)= 1 + ����(0),��(0)= 1 + ����(0)  �� � = 0   (39) 

 ��(∞ )→ 0, ��(∞ )→ 0, ��(∞ )→ 0 �� � → ∞  

Hence the linearized system of equations (28) – (36) can be written in the matrix 

Form as:     � = ��                                                                                                                   (40) 

Where   



  

29 
 

� =

⎣
⎢
⎢
⎢
⎢
⎢
⎡
��
��
��
��
��
��
��⎦
⎥
⎥
⎥
⎥
⎥
⎤

 � =

⎣
⎢
⎢
⎢
⎢
⎢
⎡
��
��
��
��
��
��
��⎦
⎥
⎥
⎥
⎥
⎥
⎤

 

The elements of matrix A are block matrix of order 7 × 7 

�� =

⎣
⎢
⎢
⎢
⎢
⎢
⎡

0
��
0
0

(��)�
(��)�
(��)�

0
0
��
0
0

(��)�
(��)�

0
0
0
��
0

(��)�
(��)�

1
0
0
0

(��)�
(��)�
(��)�

0
��
0
0

(��)�
(��)�
(��)�

0
0
��
0
0

(��)�
(��)�

0
0
0
��
0

(��)�
(��)�⎦

⎥
⎥
⎥
⎥
⎥
⎤

 , 

�� =

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎡ ��
− 1
0
0

(��)�
0
0

0
0
− 1
0
0

(���)�
(���)�

0
0
0
− 1
0
0

(���)�

1
0
0
0

(��)�
(��)�
(��)�

0
��
0
0

(��)�
(��)�
(��)�

0
0
��
0
0

(��)�
(��)�

0
0
0
��
0

(��)�
(��)�⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎤

 , 2 ≤ � ≤ � 

 

 

�� =

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎡0  
0  
0  
0  
0  
0  
0  

0  
0  
0  
0  
0  
0   
0 

0
0
0
0
0 
0 
0

− 1
0
0
0

(��)�
(��)�
(��)�

0
��
0
0

(��)�
(��)�
(��)�

0
0
��
0
0

(��)�
(��)�

0
0
0
��
0

(��)�
(��)�⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎤

 , for 1 ≤ � ≤ � 

 

 

   
     

     
   

1 1

2 2 2

1 1 1

. . .

. . .

. . .

J J J

J J

A C

B A C

B A C

B A
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�� =

⎣
⎢
⎢
⎢
⎢
⎢
⎡
��
1
0
0

(��)�
0
0

0
0
1
0
0

(��)�
(��)�

0
0
0
1
0
0

(���)�

 

 0   
0 
0
 

0 
0 
0  
0 

0
0
0
0
0
0
0

   0    
 0 
0
0
0
0
0

0
0
0
0
0
0
0⎦
⎥
⎥
⎥
⎥
⎥
⎤

, for 1 ≤ � ≤ � 

 

Here �� = −
��

�
  and �� =

⎣
⎢
⎢
⎢
⎢
⎢
⎡
���
���
�� �
���
���
���
��� ⎦

⎥
⎥
⎥
⎥
⎥
⎤

 ��� � = 1,  �� =

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎡
�����
�����
�����
���
���
���
��� ⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎤

,  ��� 2 ≤ � ≤ �, �� =

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡
(��)�
(��)�
(��)�
(��)�
(��)�
(��)�
(��)�⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

, 

��� 1 ≤ � ≤ � 

 

 

The solution of equation (41) can obtained using block elimination method which consists of 

forward and backward sweeps  

Forward sweep 

To solve equation (38), we use LU factorization for decomposing matrix A into a product of a 

lower triangular matrix L and an  upper triangular matrix U as follow (Chaltu etal.,2017, 

adhikarri and sanyal,2013), 

A = LU           (42) 

Where  

� =

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎡

[��]   
[��] [��]  

 [��] [��]
    

     
 …  
   …

   
   
   

    

 … … 
 ������  ������ 

 ���� ���� ⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎤

  ,  � =

⎣
⎢
⎢
⎢
⎢
⎢
⎡
[�] [Γ�]  

 [�] [Γ�]

  [�]
    

.    
    

[Γ�]    
    
        

… …  
…  …

   
   
   

    

   
 [�] �Γ����

  [�] ⎦
⎥
⎥
⎥
⎥
⎥
⎤
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[I] is the identity matrix of order 7 by 7 and [��] and �Γ�� are 7 by 7 matrices which elements are 

determined by the following equations: 

 [��] = [��][��][Γ�] − [��] 

���� = ���� − [��]�Γ���� � = 2,3,… . ,� (43) 

�����Γ�� = ���� � = 2,3,… . ,� − 1 

Backward sweep 

Equation (41) can be substituted into equation (42), and so we get  

��� = �  (44) 

If we define, �� = � (45) 

Then equation (44) becomes  

�� = �  (46) 

Where  

� = �w�w� .  .  .  w���w��
���

 (47) 

w� ��� 6 × 1 Column matrices. The elements W can be found by the solving equation            

(46) 

[��][w�] = [��] (48) 

�����w�� = ���� − �����w����,  � ≤ 2 ≤ � (49) 

Once the element of W are found, we can find the solution of eqn.(45) using the recurrent 

relations 

���� = �w��,  (50) 

���� = �w�� − �Γ��������,    1 ≤ � ≤ � − 1    (51) 

These calculations are repeated until convergence criterion is satisfied and calculations are 

stopped when����
(�)� < �, where � is the desired level of accuracy. In this study, the value of 

� = 10��. 
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4.3 Numerical Results and Discussion 

Table1. Comparison of −�′(0) for different values of Pr and n when Nb = Nt = Le = M =

Kp = Nr = Q = Ec =  ��  =  ��  =  ��  = 0. 

P r n (Mabood  
et al 2015) 

(Dodda et  al . ,  2016) 

 

(Chaltu et al,  
2017) 

Present results for different grid size (h) 

h=0.1 h=0.01 h=0.006 h = 0 . 1  h = 0 . 0 1  h = 0 . 00 6  

1 0   _   _   _   _ _   _ _  _   _ 0.6276567 0.6275566  0.6275560 

0.1   _   _   _   _ _   _ _  _   _ 0.6178463 0.6177554  0.6177548 

0.2 0.61131  0.6102 0.6102 0.6112 0 . 6 1 1 3 1 0  0.6102874 0.6102041  0.6102036 

0.3   _   _   _   _ _   _ _  _   _ 0.6042700 0.6041934  0.6041929 

0.4   _   _   _   _ _   _ _  _   _ 0.5993587 0.5992879  0.5992874 

0.5 0.59668  0.5952 0.5952 0.5966 0 . 5 9 6 6 8 8  0.5952701 0.5952043  0.5952038 

0.6     _   _ _  _   _ 0.5918109 0.5917496  0.5917492 

1   _   _   _   _ 0 . 5 8 3 8 6 6  0.5820296 0.5819817  0.5819814 

1.5 0.57686  0.5747 0.5747 0.5768 0 . 5 7 6 8 7 0  0.5747726 0.5747357  0.5747355 

2   _   _   _   _ 0 . 5 7 2 4 5 6  0.5701808 0.5701513  0.5701512 

3 0.56719  0.5647 0.5646 0.5671 0 . 5 6 7 1 9 1  0.5646906 0.5646704  0.5646703 

4     0 . 5 6 4 1 5 6  0.5615193 0.5615048  0.5615047 

5   _   _   _   _ _   _ _  _   _ 0.5594532 0.5594424  0.5594423 

6      0.5579999 0.5579919  0.5579918 

8     0 . 5 6 2 1 8 2  0.5560907 0.5560862  0.5560862 
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1 0 0.55783  0.5548 0.5549 0.5578 0 . 5 5 8 9 7 4  0.5548921 0.5548900  0.5548900 

 5             0   _   _   _   _ _   _ _  _   _ 1.6344894 1.6318473  1.6318303 

0.1   _   _   _   _ _   _ _  _   _ 1.6208116 1.6183021  1.6182859 

0.2 1.60757  1.6102 1.6077 1.6074 _   _ _  _   _ 1.6102210 1.6078109  1.6077954 

0.3   _   _   _   _ _   _ _  _   _ 1.6017539 1.5994214  1.5994063 

0.4   _   _   _   _ _   _ _  _   _ 1.5948172 1.5925470  1.5925323 

0.5 1.58658  1.5890 1.5867 1.5864 _   _ _  _   _ 1.5890234 1.5868044  1.5867901 

0.6       1.5819313  1.5819172 

1   _   _   _   _ 1 . 5 6 7 8 9 1  1.5701311 1.5680745  1.5680612 

1.5 1.55751  1.5596 1.5576 1.5574 1 . 5 5 7 5 3 9  1.5596844 1.5577146  1.5577019 

2   _   _   _   _ 1 . 5 5 0 9 5 1  1.5530377 1.5511221  1.5511098 

3 1.54271  1.5450 1.5431 1.5429 1 . 5 4 3 0 3 4  1.5450510 1.5431998  1.5431878 

4     _   _ _  _   _ 1.5404174 1.5386030  1.5385913 

5   _   _   _   _ _   _ _  _   _ 1.5373902 1.5355998  1.5355882 

6     _   _ _  _   _ 1.5352570 1.5334834  1.5334720 

8     _   _ _  _   _ 1.5324494 1.5306978  1.5306865 

1 0 1.52877  1.5306 1.5288 1.5286 1 . 5 2 8 7 9 1  1.5306839 1.5289461  1.5289349 

 

In order to validate the numerical results, we first compare the present result with the results 

obtained by (Mabood et al., 2015), (Dodda et al., 2016) and (Chaltu et al., 2017) in the above 

Table without the presence of magnetic field parameter, Slip parameter, permeability, Brownian 

motion, Thermophoresis number, chemical reaction parameter, Eckert number, thermal radiation 

parameter and Heat source/sink parameter. The values of −�′(0)from the table are found to be in 

a good agreement. 
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In this study, the system of nonlinear higher order ordinary differential equations (10) – equation 

(12) subject to boundary condition equation (13) were solved numerically employing Keller box 

method. By taking the step size ∆� =  0: 01 in � and within the interval [0; ��]. The effect of 

different parameters like power index (n), Slip parameter, Magnetic field parameter (M), 

Permeability (Kp), Eckert number (Ec), Heat source/sink parameter (Q), Thermophoresis (Nt), 

Lewis number (Le), Chemical reaction parameter (��), Prandtl number(��), Thermal radiation 

parameter (Nr) on velocity, temperature and concentration profiles, skin friction coefficient, 

surface heat transfer rate and mass transfer rate have been analyzed graphically. 

For instance, Figure 4.3 – 4.6 shows the effect of power index, magnetic field parameter, Slip 

parameter and Permeability on velocity profile respectively, while the other parameters are 

constant. 

Figure 4.3 indicates that the effect of power index on velocity profile. As we have seen from the 

figure, decreasing velocity profile due to increment of power index. From Figure 4.4, it is 

observed that effect of magnetic parameter on the velocity of the fluid. It is found that increasing 

of magnetic parameter decreases the velocity profile. The momentum boundary layer thickness is 

decreases with increasing the values of magnetic parameter. As the result of this aspect  is  that  

application  of  magnetic  field  to  an  electrically  conducting  fluid  gives  to  a resistive type 

force called the Lorentz force  which  opposes  the  fluid  motion. Figure 4.5illustratesthe effect 

of Permeability parameter on velocity profile. This shows that velocity profile decrease for 

higher values of the Permeability parameter. That is the boundary layer thickness decreases for 

large values of porosity parameter. Figure 4.6describes that the effect of velocity slip parameter 

(�)on the velocity.  As velocity slip parameter  (�) increases then there is a decrement in 

velocity profile.  It is  observed  that  slip  velocity  is  increases and consequently fluid velocity 

diminished because  of  the  slip  condition  at  the boundary.  The pulling of the stretching sheet 

can only partly be transmitted to the fluid. It is found that velocity slip (�)  has a substantial 

effect on the solutions.Figure 7 - 11 shows the effect of Prandtl number, Eckert number, Heat 

source/sink parameter, Thermophoresis parameter, and thermal radiation on temperature profile 

respectively, and the other parameters are constant. Figure 4.7 indicates that increase Prandntl 

number decrease temperature. Figure 4.8reveals that enhancement of Eckert number rises of 

fluids temperature. From Figure.4.9 indicates the presence of a heat source or a heat generation   

effect, which shows the thermal state of the fluid increase causing the thermal boundary layer to 
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increase. So, rise temperature of the nanofluid due to increase a heat source or a heat generation. 

In Figure4.10 and Figure 4.11, it is observed that increasing thermophoresis parameter and 

thermal radiation rises temperature of the fluid. Effects of Lewis number and Chemical reaction 

parameter on concentration of thenanoparticles are displayed on Figure 4.12 and 4.14 

respectively. From both Figures it is indicated that increasing each of the parameters reduces 

concentration of the nanoparticles. Figure 13 shows Brownian motion parameter on 

concentration of the nanoparticles. As  the  Brownian  motion parameter of the fluid increases, it 

leads to  a  decreases  in  the  concentration  inside the  boundary  layer. 

Fig. 4.15 shows that the effect of slip parameter and power index on skin coefficient friction. As 

we observed from the figure increasing in the Slip parameter and power index, it will be 

increasing the skin friction coefficient. Figure 4.16 describe the effect of magnetic parameter and 

thermal radiation on Nusselt number. The Figure tells us that the surface heat transfer rate 

decreasing with increasing both magnetic parameter and thermal radiation. The rate  of  heat 

transfer  reduces  with  higher  values  of M and Nr. Figure 17 describe that the effect of 

Permeability and Lewis number on Sherwood number, surface mass transfer rate is higher, in the 

case of increasing Permeability and Lewis number on the concentration nanoparticles. 
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Figure 4.3: Effect of power index (n) on velocity profile 

 

Figure 4.4: Effect of Magnetic parameter (M) on velocity profile 
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  Figure 4.5:  Effect of permeability parameter (Kp) on velocity profile 

 

Figure 4.6: Effect of Slip parameter (�) on velocity profile 
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Figure 4.7: Effect of Prandtl number (Pr) on temperature profile 

 

Figure 4.8: Effect of Eckert number (Ec) on temperature profile 
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Figure 4.9: Effect of Heat source-sink parameter (Q) on temperature profile 

 

Figure 4.10: Effect of thermophoresis parameter (Nt) on temperature profile 
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Figure 4.11: Effect of thermal radiation parameter (Nr) on temperature profile 

 

Figure 4.12: Effect of Lewis number (Le) on concentration profile 
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Figure 4.13: Effect of Brownian motion parameter (Nb) on concentration profile. 

 

Figure 4.14: Effect of Chemical reaction (��) on concentration profile. 
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Figure 4.15: Effect of Slip parameter and index power on skin friction coefficient. 

 

Figure 4.16: Effect of magnetic parameter (M) and thermal radiation parameter (Nr)on heat 

transfer rate 
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                Figure 4.17: Effect of permeability parameter (��) and Lewis number (Le) on mass        

transfer rate 

 

 

 

 

 

 

Chapter 5 

Conclusion and Scope for the future work 
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In this study, Analysis of Magneto Hydrodynamics (MHD) Boundary Layer Nano fluid flow of 

Heat Transfer over a Nonlinear Stretching Sheet Presence of Thermal Radiation, Chemical 

Reaction and Partial Slip with Boundary condition was considered and the governing nonlinear 

partial differential equation was transformed into higher order nonlinear ordinary differential 

equation and solved numerically by Keller box method.  

The velocity, temperature, and concentration profiles along a nonlinear stretching sheet presence 

of thermal radiation, chemical reaction and partial slip were studied and the results were shown 

graphically. The skin-friction coefficient, the rate of heat transfer and the rate of mass transfer 

were analyzed. 

From this study, we found that: 

1. Increasing the power index (n), magnetic parameter (M), permeability parameter (Kp) 

and Slip parameter (�) reduces velocity of theNano fluid. 

2. Increase Pradntl number (Pr) reduce temperature of the Nano fluid. 

3. Enhancement of Eckert number (Ec), heat source/sink parameter (Q), Brownian motion 

parameter (Nb) thermophoresis parameter (Nt) and thermal radiation (Nr) rise 

temperature of the Nano fluid. 

4. Increasing Lewis number (Le), Brownian motion parameter (Nb) and chemical reaction 

parameter (Rc) reduces concentration of the nanoparticles. 

5.  Increasing slip parameter (�) and index power (n) increase the skin friction coefficient. 

6.  Rising of thermal radiation (Nr) and magnetic parameter (M) reduce surface heat transfer 

rate. 

7. Increasing Lewis number (Le) and permeability parameter (��) rises themass transfer 

rate. 

 

5.2 Scope for the future work 
 

In this thesis, Analysis of Magneto Hydrodynamics (MHD) Boundary Layer Nano fluid flow of 

Heat Transfer over a Nonlinear Stretching Sheet Presence of Thermal Radiation, Chemical 

Reaction and Partial Slip with Boundary condition by employing the implicit finite difference 

scheme called Keller Box method. So, one can find the solution for the problem discussed above 
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by consider unsteady, turbulent flow, two dimensional MHD boundary layer flow of a viscous, 

incompressible, electrically conducting fluid over a nonlinear stretching sheet presence  of 

thermal radiation and partial slip with permeability ��in the presence of non-uniform transverse 

magnetic field. 

 

 

 

 

 

 

 

 

 

 

References 

 

Abel.M.S, K. Kumar, and R. Ravikumara (2011). “MHD flow and heat transfer with effects of    

       buoyancy, viscous and Joule dissipation over a nonlinear vertical stretching porous   

      sheet with  partial  slip. 

Aziz.A , O.D  Makinde,  and  A.Aziz,  Boundary  layer  flow  of  a  nanofluid  past  a stretching  

        sheet  with a convective boundary condition,  Int. J. Thermal Sci. 50 (7), 1326 (2011). 



  

46 
 

Anwar. I,  A.  Rehaman,  Z.  Ismail,  Md.  Z.  Salleh,  and  S.  Shafie,  Chemical reaction  and     

       uniform  heat  generation  or  absorption  effects  on  MHD stagnation-point flow of a  

       nanofluid over a porous sheet,World Appl. Sci. J.,\24 (10), 1390 (2013). 

Awang.S, Kechil,  I.Hashim,Series solution of flow over nonlinearly stretching sheet  with   

        chemical      reaction  and  magnetic  field,Physics  Letters  A,Vol 372,2258– 

        2263,2008. 

Bilal.M, S. Hussain, and M. Sagheer (2017). “Boundary layer flow of magneto-micropolar 

        nanofluid flow with Hall and ion-slip effects using variable thermal diffusivity,”  

        Bulletin            of the Polish Academy of Sciences: Technical Sciences 

ChaltuAssefa, Dr.MitikuDaba and Mr.HabtamuBayissa,(2017).’Apply block matrix elimination  

        to find the numerical solution of differential equations’’. 

Choi  S.U.S., Enhancing  thermal  conductivity  of  fluids  with  nanoparticles, ASME  

          International Mechanical Engineering Congress. San Francisco, USA, ASME, FED,  

         231/MD., Vol.66, pp      

Cortell. R, Similarity solutions for flow and heat transfer of a quiescent fluid over a nonlinearly         

          stretchingsurface,J. Mater. Proc. Tech. 203, 176 (2008). 

Eastman. J .A, Choi, S. Li, W. Yu, and L. J. Thompson.(2001). “Anomalously increased   

         effectivethermal conductivities of ethylene glycol based nanofluids containing copper     

         nanoparticles,” Applied Physics 

Elbashbeshy.E .M .A, T. G. Emam, and K. M. Abdelgaber (2012). “Effects of thermal radiation   

           And magnetic field on unsteady mixed convection flow and heat transfer over a 

Exponentiallstretching surface with suction in the presence of internal heat            

            generation/absorption,” Journal of theEgyptian Mathematical Society 

Hamad.M .A.A, I.  Pop,  A.I.Md.  Ismail,  Magnetic  field  effects  on  free convection  flow  of    

            ananofluid  past  a  vertical  semi-infinite  flat  plate, Nonlinear Anal. Real World   

            Appl. 12 (2011) 1338–1346. 

 Hamad M.A.A, M. J. Uddina, and A. I.M. Ismaila( 2012). “Radiation   effects on heat  and mass  



  

47 
 

            Transfer in MHD stagnationpoint flow over a permeable flat plate with  thermal 

            convective surface boundary condition, temperature dependent viscosity and thermal  

            conductivity,” Nuclear Engineering and Design. 

Hayat.T,  Z.  Abbas,  and  T.  Javed,  Mixed  convection  flow  of  a  micropolar fluid over a non- 

            linearly stretching sheet,Phy. Let. A 372(5), 637 (2008). 

Hossain.M.A and H. S. Takhar.( 1996). “Radiation effect on mixed convection along a vertical  

            plate with uniform surface temperature,”. 

Ibrahim.S.M, G. Lorenzini, P. Vijaya Kumar, and C. S. K. Raju (2017). “Influence of chemical   

            reaction and heat source on dissipative MHD mixed convection flow of a Casson 

            nanofluid over a nonlinear permeable stretching sheet,” International Journal of Heat and  

            MassTransfer. 

Kishan.N  and G. Deepa. (2012).  “Viscous dissipation effects on stagnation point flow and heat  

           transfer of a micro polar fluid with  uniform suction or blowing,” Advances in  

Magyari.E . (2009). “Comment on ‘A similarity solution for laminar thermal boundary layer  

          over a flat plate with a  convective surface boundary condition by A. Aziz, Comm.  

          Nonlinear Sci. Numer.Simul.Journal of Nanofluids. 

Mitiku D, Devaraj P., (2016)J. Nejirian MathSoci.35,245-256.’’presented the chemical reacting  

           varied convection flow through a permeable unsteady stretching surface with slip and      

           thermal radiation’’ 

Mohsen Sheikholeslami and DavoodDomiriGanji,Ferrohydrodynamicandmagnetohydrodynamic 

             effects  on  ferrofluid  flow  and  convective  heat  transfer, Energy 75 , 400-410,2014. 

Mohsen  Sheikholeslami,  Mohammad  Mehdi  Rashidi,Effect  of  space dependent  magnetic    

              fieldon  free  convection  of  Fe3O4–water  nanofluid, Journal of the Taiwan Institute    

              of Chemical Engineers, 56 ,6–15,2015. 

              NorfifahBachok,  AnuarIshak,  Pop,  Boundary  layer  stagnation-point  flow toward  a  

               stretching/shrinking  sheet  in  a  nanofluid,  ASME  Journal  of  Heat Transfer Vol.135,   

             Article ID: 054501,2013. 



  

48 
 

Prasad. K. V, K.Vajravelu, P.S.Datti, The effects of variable fluid properties on the hydro- 

           magnetic flow and heat transfer over a non-linearly stretching sheet, International Journal  

           of Thermal Sciences Vol.49, pp 603–610, 2010 

Ramya Dodda,  R.  SrinivasaRaju,  and  J.  AnandRao,Influence  of  Chemical Reaction  on   

          MHDboundary  Layer  flow  of  Nanofluids  over  a  Nonlinear Stretching Sheet with  

          Thermal Radiation,J. Nanofluids5, 880 (2016). 

Rashidi. M. M, N. V. Ganesh, A. K. Hakeemi, and B. Ganga(2014). “Buoyancy effect on MHD  

          flow of nanofluid over a stretching sheet in the presence of thermal radiation,” Journal  

          of Molecular Liquids. 

Sakiadis, Boundary-layer behavior on continuous solid surface: I. Boundarylayer  equations  for   

           two-dimensional  and  axisymmetric  flow,  American  Inst. Chemical Eng. J. 7 (1961)  

         26-28. 

Salleh. M. Z, N. Mohamed, R. Khairuddin, N. S. Khasi’ie, R. Nazar, and I. Pop. (2012). “Free  

             convection over apermeable horizontal flat plate embedded in a porous medium with  

            radiation effects and mixed thermal boundary conditions, 

            Maxwell and Oldroyd-B nanofluids past a stretching surface with non-uniform heat  

             source/sink,” Ain Shams Engineering Journal. 

Singh. N. P, A. K. Singh, A. K. Singh, and P. A Gnihotri..( 2011). “Effects of thermophoresis   

           onhydromagnetic mixed convection and mass transfer flow past a vertical permeable  

           plate with variable suction and thermal radiation,” Communications in Nonlinear  

             Science and Numerical Simulation. 

Sreelakshmi.K, G. Sarojamma, and J.V. Murthy. (2018). “Homotopy analysis of an unsteady  

               flowheat transfer of a Jeffrey nanofluid over a radially stretching convective  

              surface,”. 

Vajravelu,  K.Viscous  flow  over  a  nonlinearly  stretching  sheet,Appl.  Math.Comput., 124:  

                 281  288(2001). 4940  B.Sreekala, K.Janardhan, D.Ramya and I.Shravani. 



  

49 
 

Yazdi. M. H, S. Abdullah, I. Hashim , K. Sopian ,Slip MHD liquid flow and heat  transfer  over      

                  nonlinear  permeable  stretching  surface  with  chemical reaction ,  International   

                  Journal  of Heat  and  Mass  Transfer  54  3214–3225(2011). 

Zhang. C,  N.  Zheng,  X.  Zhang,  and  G.  Chen,MHD  flow  and  radiation  heat transfer  of   

                 Nanofluidsin  porous  media  with  variable  surface  heat  flux  and chemical  

                 reaction,Appl. Math. Model., 39 (1), 165 (2015). 


	Declaration
	Acknowledgment
	Chapter one
	Introduction
	1.1. Background of the study
	1.2. Statement of the problem
	1.3. Objective of the Study
	1.3.1. General objective of the Study
	1.3.2. Specific Objectives of the Study

	1.4. Significance of the Study
	1.5. Delimitation of the Study
	1.6. Definition of Important Terms

	Chapter two
	Literature review
	2.1.Magnetohydrodynamics (MHD)
	2.2. Thermal Radiation
	2.3. Boundary Layer Flow
	2.3.1. Velocity Boundary Layer Flow
	2.3.2. Thermal Boundary Layer Flow
	2.3.3. Concentration Boundary Layer Flow


	Chapter Three
	Methodology
	3.1 Study Design
	3.2 Study Site and Period
	3.3 Sources of Information
	3.4. Procedure of the Study

	CHAPTER FOUR
	MATHEMATICAL FORMULATION, RESULT AND DISCUSSION
	4.1. Mathematical Formulation
	4.3 Numerical Results and Discussion

	Chapter 5
	Conclusion and Scope for the future work
	5.1 Conclusion
	5.2 Scope for the future work

	References



