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Abstract

In this thesis, we study the squeezing and statistical properties of light
produced by degenerate squeezed three level laser and one mode
subharmonic generator. We first obtain, the master equation, with the aid of
the master equation, we determine c-number Langevin equations for a
degenerate squeezed three level laser and one-mode subharmonic generator.
With the help of solutions of c-number Langevin equations, we also obtain the
antinormally ordered characteristic function defined in the Heisenberg
picture. The resulting characteristic function is used to determine the
Q-function of the light beams produced by degenerate squeezed three level
laser and a one-mode sub-harmonic generator. Finally we superposed the two
Q functions. Employing the resulting Q-function, we calculated the photon
statistis and quadrature fluctuation.And we have seen that squeezing is

enhanced for the superposed light beams.
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Introduction

There has been a considerable interest in the analysis of the squeezing and sta-
tistical properties of the light generated by three-level lasers [1,2,3]. A three-level
laser may be defined as a quantum optical system in which three-level atoms in
a cascade configuration, initially prepared in a coherent superposition of the
top and bottom levels, are injected in to a cavity coupled to a vacuum reser-
voir via a single-port. One interesting features of a three level laser involves the
coupling of the top and bottom levels of the atoms by injecting a strong coher-
ent light in to the cavity. When a three-level atom in a cascade configuration
makes a transition from the top to the bottom level via the intermediate level,
two photons are generated. If the two photons have the same frequency, then
the three-level atom is called degenerate three-level atom otherwise it is called
non degenerate. Three-level lasers in which the crucial role is played by the co-
herent superposition of the top and bottom levels of the injected atoms have
been studied by several authors [1, 6]. These studies show that this quantum
optical system can generate light in a squeezed state under certain conditions.
A three-level laser with the top and bottom levels of the atoms injected in to the

cavity coupled by a strong coherent light can also generate light in a squeezed



state [7 ,8]. Ansari et al. [1]. Here we consider a degenerate three level laser in
which the injected atoms are initially prepared in the top level and with the top

and bottom levels of the atoms coupled by a strong coherent light.

Squeezing is one of the interesting non classical feature of light that has been
attracting attention and studied by many authors [1,11]. In squeezed light the
noise in one quadrature is below the vacuum coherent level at the expense of
enhanced fluctuations in the other quadrature, with the product of the uncer-
tainties in the two quadratures satisfying the uncertainty relation. Squeezed
lights have potential applications in low noise communications and precision
measurements [13, 14]. Squeezed light can be generated by quantum optical
processes such as parametric oscillation [1-10], second harmonic generation
[9,12,15], and four-wave mixing [9,15].

The concept of laser has been studied by different authors. TM Mainman of
higher research laboratory scientist was first to experimentally demonstrate laser
by flashing light through a ruby crystal in 1960. Three level lasers produced by
the superposition of the top and bottom levels of the injected atoms have been
studied by several authors [1, 6]. These studies show that this quantum optical
system can generate light in a squeezed state under certain conditions. Ansari
[1] has calculated the quadrature variance of the cavity mode for a degenerate
three level laser employing the steady state solutions of the equations of evolu-
tion of the expectation values of the cavity mode variables. He has found that
the cavity mode is in a squeezed state if the probability for the injected atoms

to be in bottom level is larger than the probability for the atoms in the top level.



And almost perfect squeezing can be obtained for slightly more probable for
the atoms to be in the bottom level and for large value of linear gain coeffi-
cient. Using c-number langavin equation, Fisseha K. [16] has shown that the
light produced by a degenerate three level laser is a squeezed state when the
probability for the injected atoms to be the bottom level is greater than that of
the upper level. And the degree of squeezing increases with the linear gain coef-
ficient. A subharmonic generator has been considered as an important source
of squeezed light. It is one of the most interesting and well characterized opti-
cal devices in quantum optics. In this device a pumped photon interacts with
a nonlinear crystal inside a cavity and is down converted into two highly corre-
lated photons.If these photons have the same frequency, the device is called
a one mode subharmonic generator, otherwise it is called a two mode sub-
harmonic generator. The quadrature squeezing and photon statistics of the sig-
nal mode produced by one mode subharmonic generator coupled to a squeezed
vacuum reservoir have been analyzed by a number of authors [11, 12, 14]. One
mode sub harmonic generation is one of the most interesting and widely stud-
ied quantum optical process. In this process a pump photon of frequency 2w is
down converted into a pair of signal photons each of frequency w. A theoretical
analysis of the statistical and squeezing properties of the signal mode produced
by one-mode subharmonic generation has been made by a number of authors
[11, 12, 14, 15]. Among other things, it has been predicted that the signal mode
has a maximum squeezing of 50% below the vacuum state level [4-7].

In this thesis, we study the photon statistics and quadrature squeezing of the

light produced by degenerate squeezed and subharmonic light.



2. Degenerate Squeezed Three Level Laser

In this chapter we seek to find the master equation and c-number Langavin
equation for the cavity mode produced by degenerate three level laser. Using
the solution of c-number Langavin equation,we find the antinormally ordered
characterstic function. Employing the antinormally ordered characterstic func-
tion, we obtain the Q-function. Then applying the Q-function, we calculate the
mean photon number, the variance of the photon number, the quadrature vari-

ance and quadrature squeezing.

2.1 The master equation

The interaction of a three level atom with the cavity mode in the rotating wave
approxi- mation and in the interaction picture can be described by the the Hamil-

tonian [18, 20].

H = ig((]a><b\+|b><d)a—dT(|b><a|+|C><b|))=

(2.1)
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Figure 2.1: Schematic diagram of degenerate squeezed three level laser

where g is the coupling constant and a is the annihilation operator for the cavity

mode. We take the initial state of a three level atom to be

‘wA(O» = Ca(())’&> +Cc(0)|c>7 (22)

where C,(0) and C.(0) are probability amplitudes for the three level atom to be
in the upper and bottom levels respectively. The initial density operator for a

single atom has the form

pa(0) = pulla)(al + pLdla) (el + oI} al + AL e)(cl, (2.3)

where p{)) = |C,|2% 5% = C,Cr, %) = C.Cx, p) = |C|2. Suppose par(t, ;) is the
density operator for a single atom plus the cavity mode at a time t, with the atom
injected at a time ¢; such that (t — 7) < ¢; < t. The density operator for all atoms

in the cavity plus the cavity mode at time t can then be written as

par(t) = 1o par(tt;)Al;, (2.4)
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where r, the rate atoms are injected into the cavity. Now converting the sum-

mation over integration as At; — 0,we have

t
par(t) = Ta/ par(t,t)dt,
t—T1

(2.5)
and on differentiating with respect to t, there follows
d N A~ A~ t a ~ / /
EPAR(t) = 1a(par(t,t) — par(t,t — 7)) + 714 apAR(t,t )dt . (2.6)
t—7

We observe that p4r(t,t) is the density operator for the cavity mode plus the

atom injected at time t. This density operator can thus be expressed as

par(t,t) = pa(t)p(d), (2.7)

with p(¢) being the density operator for a cavity mode alone. We also note that
par(t,t — 7) represents the density operator for an atom plus the cavity mode at
a time t, with being removed from the cavity at this time.This operator can also

put in the form
par(t,t — 1) = pa(t —7)p(t). (2.8)

Now in view of Egs.(2.7) and (2.8), one can write Eq.(2.6) as

d . . . Lo /
Gian = 1alpa) = palt =)0 +ra [ Span(t.t )t
t—7

/

(2.9)

In the absence of damping of the cavity mode by vacuum reservoir, the density

operator p4x(t,t') evolves in time according to

0 . , PN ,
apAR@at ) = —Z[H, pAR(tat )}7 (210)

so that using this and taking in to account Eq.(2.5), one can put Eq.(2.9) in the

form

d . /
2iPar(t) = 1a(pa(t) = pa(t = 7))pw) — ilH, par(t, t)]. (2.11)
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Furthermore, tracing over the atomic variables and taking into account the damp-

ing of the cavity mode by a vacuum reservoir, we have

db N 1
d_ft) = —iTrall, pap()] + 5r(2apa! — pala — a'ap), (2.12)

we have used the fact that
TTﬁA(t> :T’I“ﬁAR(t—T) =1. (213)

Employing Eq.(2.1) the master equation for the cavity mode can be put in the

form

d . T S N N NI o P
prid G(Pap@" — @' pap + Prc’ — @' prc + @ppa — Pral + apet — Pebl

1
+§f<a(2dﬁ&T — pata — a'ap), (2.14)

in which the matrix element p, is defined by

pas = (alparlB), (2.15)

with a, 8 = a, b, c. On the other hand, we see from Eq.(2.11) that

%paﬁ = ra({alpa(0)18) — (apalt — 7)B))A(E)

~i((aHpar|B) — (aparH|B)) — Vhas, (2.16)

where the last term is included to account for the decay of the atoms due to
spontaneous emission. Here v, considered to be the same for all three levels,is
the atomic decay rate. We assume that the atoms are removed from the cavity
after they have decayed to a level other than the middle or bottom level. We then

see that

{alpa(t —7)|B) =0, (2.17)
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hence Eq.(2.16) reduces to

d . A
han = Talalpa(0)|8)p(t) — i{aH parlB) = (apart|8)) = Vpap.

(2.18)

Appliying Eq.(2.28) and taking in to account Egs. (2.1) and (2.3), one readly ob-

tains

d

%ﬁab = g(ﬁach + &ﬁbb& - ﬁaa&) - 71@11)7 (219)
d . o )
%pbc - g(apcc — Prra@ — a pac) — Y Pbe, (220)
d 5O 54 a(prdl + 4 5
JpPaa = TaPod P+ 9(Pab@" + @Pra) — VPaa; (2.21)
d. 5O 5 1 alidr. — i) —
JpPac = TaPac P+ 9(apve — Pral) — YPacs (2.22)
d . P T PP N -~ .
b = (o’ + apep — Q' Pab — Pral) — Y Pubs (2.23)
d . 5O 5a(at o+ 0d) — i
ZiPec = Tabe £9(a' poe + Pep@) — Y Pee- (2.24)

Upon dropping the g-terms and applying the adiabatic approximation scheme,

we get from Egs.(2.21), (2.22), (2.23) and (2.24) that

ﬁaa = rapaap, (225)
7

Pop = 0, (2.26)
Faful

laac = 2= ’ (2.27)

7

~(0) ~

pee = 2L (2.28)
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Now combination of Egs. (2.19), (2.25), (2.26) and (2.27) as well as (2.20), (2.26),

(2.27) and (2.28) leads to

d rag
A, __@a (0) hat ~(0) A 2.29
TpPab = —Z(Pee Pa" = Pag Pa) — YPab, (2.29)

d rog
A~ — a A~ A A o N AT A~ o A .. 2‘30
ae = (Pec@p — Pact’ ) — b (2.30)

Finally, on account of Egs. (2.29) and (2.30), the master equation for the cavity

mode given by Eq.(2.14) takes the form

d 1
_p:

yr 2Ap33>(2ana — paat — aa'p)

1

+§(Aﬁcc + K)(2apa’ — pata — atap)
ac A AA ~ ~ At A

P9 (et + af2p — 24t pat)

+a%p — 2apa), (2.31)

where A = 2"7‘3‘]2 is the linear gain coefficient. Next we wish to find the approxi-
mate solution of the c-number Langavin equation for the degenerate three level

laser.

C-number Langavin equation
Employing relations
i(A) = Tr(gpA),
with the aid of Eq.(2.31) it can be readly verified that

—a(t)) = SP(O)TT(QG ()pa(t) — pla)al (t) — a(t)a’ (1)p)

b5 (e + W)Tr(20(1)50 (1) — pal(1)a(r) — &l (1)a())

Tr(pa™(t) + a*(t)p — 2a(t)pa(t)), (2.32)
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) = —ula, 233
SHa0a(0) = ~5 @) + A2, 234
9t wa(n) = —nla (0a) + Ao 2.35

where 11 = A(pea — Paa + K)-
We see that the c-number Langavin equation corresponding to Egs. (2.32), (2.33),

(2.34) and (2.35) is given by

%(a(t)) = —Lla(), (2.36)
lata(n) = Lalaln) + 402, 2.37)
o (a(t)) = —ulo” (Bale) + ArY, 2.39

At steady state, solutions of Egs.(2.36), (2.37) and (2.38) have the form

and

(0)

(0 (£)a(t)) s = 252

On the basis of Eq. (2.36), we can write

Lat) = -La@)+ f0), (2.39)
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where f(t) is a noise force vanishing mean. It can be readily established that

() = Aplst—1t), (2.40)
and
(O f(E)) = ApDs(t—1t). (2.41)

Now we introduce a new variable
ax(t) = o™ (t) £ alt). (2.42)

This implies that

Coslt) = —nf20x (1) + (1) £ S0) (2.43)

We observe that this equation has no well behaved soluion for
Kk < A(paa—pec). Therefore we can write the solution for k > A(p..—p..) by setting
Kk = A(paa — pec) as a threshold condition. The formal solution of Eq.(2.43) can

be written as

aslt) = az(o)e 2+ [ (2 g0 ).

0

(2.44)
In a view of Eq.(2.42), we find

a(t) = AL(t)a(0) 4+ Bi(t) — B_(t), (2.45)
Ap(t) = e p/2,

Bi(t)=1/2 [, e—ht=t)/2 (f*(t) + f(t)) dt’.
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Assuming the cavity mode initially to be in a vacuum state, the expectation

value of Eq.(2.45) can be written as
(a(t)) = (By(t)) — (B-(1))
t /
— / e HE2(F(1))dt (2.46)
0

In a view of Egs.(2.36),(2.39) along with Eq.(2.46),it can be easily verified that

(a(t)) = 0.

(2.47)

We see that «(t) is a Gaussian variable with zero mean.

2.2 The Q function

Now we seek to obtain the Q-function for a light produced by degenerate three
level laser. The Q-function can be expressed by using the anti-normally ordered

characteristic function as
* 1 2 * ¥ a—zax
Qa" a,t) = — | d°2¢.(27, z,t)e , (2.48)
T

where ¢, (2%, z,t) is the anti-normally ordered characteristic function. It can be

defined as
Ga(2*, 2,1) = Tr(ﬁefz*&ez‘ﬂ).
Employing the identity
A — oBeAgldBl
we obtain

Ga(2", 2,t) = e_ZZ*Tr(ﬁeZ&Te_Z*d). (2.49)
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Since « is a Gaussian variable with zero mean Eq. (49) can be

written in the form of

Ga(2", 2t

e exp({ax?)2? /2 + (a®)2%% /2 — 22" (aa™)).

(2.50)

Now we define a new parameter as follows

and

one easily find,

and

up on setting P = |p

that

$a(2", 2, 1)

phd =1—1/2

P 4+ 0 =1,

~(0 ~(0) A(0
|p((zc)|2 = pga)pgc),

P =1+n/2.

el = v/T=72/2,

¢, By taking into account the above relations,we see

expl—azz* + (20" + 2*?b) /2], (2.51)
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_ A(l —n)
a; =1+ AT TR’ (2.52)
and
. Al —n) i
b = —2(1477 n K)e . (2.53)

Hence, introducing Eq. (51) into Eq. (48) and carrying out the integration, the

Q-function for the cavity mode formed at a steady state to be

Qa*, a,t) = (v” _;jv*)l/? exp(—uaa® + (a®v* + a*?v)/2), (2.54)
in which
= ﬁ (2.55)
and
v = ﬁ (2.56)

By setting § = 0°, then v* = v, hence we see

2 o 2\1/2
Q(a*, a,t) = (w” — %) exp(—ua*a — %(O&Z + a*?), (2.57)
T
where
by

= 2.58
YT (2.58)

with b, = b;

2.3 Photon Statistics

The statistical properties of a light beam is described in-terms of the mean pho-
ton number,the variance photon number,quadrature variance and the photon
number distribution.Hence, we calculate the mean photon number, the variace
photon number of the light generated by degenerate squeezed three level laser

employing the Q- function [18].
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2.3.1 The mean Photon number

The mean photon number for the degenerate three level laser in-terms of Q-

function can be defined as

n= /anQ(a*, ) (a*a - 1).

Performing integration over Eq. (2.59) using the identity

dQZ ’ ’
—exp (azz* +bz+ct+ A2+ B z*z)
T

_[ 1 }5 VM+A§+EE

S — >0
@2 —4A'B @2 — 4A'B } ¢

we readly obtain

_ u
us —v

The mean photon number at steady state turns out to be

Al -n)
N 2(An + k)

2.3.2 The Variance of photon number

The variance of the photon number can be given by
(An)? = (A% — 7>

It then follows

(An)* = m+70 + (a(t))ss{a(t))ss,

(2.59)

(2.60)

(2.61)

(2.62)

(2.63)

(2.64)

so that using and its complex conjugate, the variance the photon number at

steady state can be written as

s Al —n)(A+ An+ k)
(An)ss - 2(A77+ H_,)Q

(2.65)
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) (2.66)

2.4 Quadrature fluctuation

Next we calculate the quadrature variance and squeezing.

2.4.1 Quadrature variance

The quadrature variance of single mode light is described by the minus and plus

quadrature operator as,

a, = a+al (2.67)

a_ = i(a' —a), (2.68)

where a, and a_ are Hermitian operators representing the physical quantities
called plus and minus quadratures, respectively.Therefore the quadrature can

be expressed interms of the quadrature operators as

(Aay)? = (@2) — (ax)% (2.69)
Then tends to
(Aday)? = 1+ (a®) + (a™) + 2(a'a), (2.70)
and
(Aa_)* = 1+2(a'a) + (a™) — (a?). (2.71)

Then we can evaluate the expectation value of 42 using the Q-function of Light

beam as
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(@2 = [ PaQ(a,a’)o?

where o? is the c-number variable corresponding to the operator a*>. Using
Eq.(2.54),we have
1 d2 2 *2
(@®) = (u* —v?)? —aexp( — uaa” + U%) o’ (2.72)
m
Upon carrying the integration, we readily get
9 v
= ——. 2.73
@) = oy 2.73)

By substituting Egs. (2.69),(2.70) and (2.71) into (2.67),the quadrature variance

becomes
Aas)? = 1427 2 2
Hence
K+ A(l +(1—7?)2 cos@)
(Aay)® = y {1 — e“‘"“)t} . (2.75)

2.4.2 Quadrature squeezing

One can obtain the squeezing as

S, =1—(Aay)? (2.76)

In aview of Eq.(2.74), the squeezing can be written as

[1 - e(A"+”)t] . (2.77)



18

24

Quadrature fluctuation

(na)?

Figure 2.2: Plots of (Aa.)? at steady state versus n for k = 0.8, § = 0, and for

A=5,2575

At a steady state it turns out
9
v (2.78)

S+:2+2ﬁ+m.



One Mode Sub-harmonic Light

We first describe the Hamiltonian of the system. Using the Hamiltonian, we
calculate c-number Langavin equation and the Q-function for the signal mode

produced by one mode sub-harmonic generator coupled to a vacuum reservoir

via a single port mirror.

Pump mode NLC Signal vacuum reservoir

—1>

Figure 3.1: Schematic diagram of one mode subharmonic generator

19
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3.1 C-number Langavin equation

In one mode sub-harmonic generator, a pump photon of frequency 2w is down

converted into a pair of single photons each of frequency w [19,20].
H = i3(a*—aP), (3.1)

where ¢ = A\g and a is the annihilation operator for the signal mode and X is
coupling constant between signal mode and driving mode. On the other hand
the master equation for a one mode subharmonic generator coupled to vacuum

reservoir can be put in the form [17].

d . €, 1o, o o o
ZPo = §(GT2P(75) —a’p(t) — p(t)a’ + pya®)
K os et — atas sbata
+§(2ap(t)a —a'ap(t) — p(t)a'a). 3.2)
Employing the relation
Lawy = Tr(pn A 33)
dt BV aE '
with the commutation relation
[a,a'] = 1, (3.4)
we readily find
d " K . “ T
Slat) = —5at)) —ea®)’), (3.5)
and
d, ... 2 St
E(a(t)a(t)) = —r(a”) —2¢((a(t)'a(t))) —e. (3.6)
d

—{a'(at)) = —e(@®(t)) — (@) — wlal (H)a(t)). (3.7)
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The c-number Langavin equation corresponding to operators in normal order-

ing can be put in the form

d K ,
Lot = —5ta(n) ~ cla(t)), .9
%(a(t)a(t)) = —r(a(t)®) — 2ela(t) alt)) — (3.9)
d (a(t)*a(t)) = —rla®)a(t)) — ela(t) ¥* a) — e(a(t)?), (3.10)

dt

On the basis of Eq. (3.7), one can write

La@) = —ga(t) —eat(t) + (1), (3.11)

where f(t) is a noise force, the properties of which remains to be determined.We

note that Eq.(3.7) and the expectation value of Eq.(3.10) will have identical form

if
(f(t)) =0 (3.12)
applying the relation
dAtAt = AtdAt dAtAt 3.13
S ADAR) = (A[)ZA®) + (7 AR)A(), (3.13)
we have
%(a(t)a(ﬂ) = —w(a(t)’) = 2¢(a(t)a(t) + 2(alt)(f(1)))- (3.14)

Compression of Egs.(3.8) and (3.13) shows that

() ft)) = —. (3.15)

The formal solution of Eq.(3.10)

(®)

a(t) = a(0)e™™? 4 /

0

e~r(t=t) /o ( —ea*(t) + f(t’)) dt’. (3.16)
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Multiplying from the left at both sides by f(t), we find

—€

iy = [ (s )t = (=5, 3.17)
; 2

/ /

/ et — O)(F g NdE = D, 3.19

we assert that

’

(f(g(t)) = 2Ds(t 1), (3.19)

where D is a constant or some function of time t, we see that

(f)ft)) = —ed(t—1), (3.20)

Following the same procedure, one can readily obtain the correlation properties

of the noise force as in the form

(@O f ) = (fF@)fE)) =0 (3.21)

It worth that Egs.(3.11),(3.17) and (3.19) describe the correlation properties of
the noise force f(t) associated with the normal ordering . In order to obtain the

formal solution of Eq.(3.10) we introduce a new variable defined by
ar(t) = at)" £ alt). (3.22)

It can then be verified employing Eq.(3.10) and its complex conjugate

d At

Where

At = K=+ 2e. (3.24)
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According to Eq.(3.23) and (3.24),the equation of evolution of «_ does not have
a well-behaved solution for £ < 2¢. We then identify £ = 2¢ as the threshold

condition. For 2¢ < k, the solution of Eq.(3.23), can be written as

t
ary = &i(o)e—l/zxit+/ e’\i(t_t/m(f*(t’)if(t'))dt/. (3.25)
0

Now with the aid of Egs.(3.22) and (3.25) we readily get

alt) = Ay (t)a(0) + A_(t)a(0)* + By (t) — B_(1), (3.26)
in which
A(t) = %(e?l/\”:l:ez’l’\t) (3.27)
B.(t) = % / te%”i(t*” {f*(t’) — f(t’)} dt’, (3.28)
0

3.2 The Q function

We now proceed to calculate the Q function for the signal mode applying the
anti-normally ordered characteristic function in the Heisenberg picture.

1 .
Qa*,a,t) = — / Bpo (2", 2, t)e? 0%, (3.29)
T

The characteristic function is defined as
Ga(z,t) = Tr(poye” et ). (3.30)
By applying the identity
eAeB = eAeBe[A’B], (3.31)

we find

ba(z,1) = eZ*ZTr(ﬁ(@)e”“)em*(f)). (3.32)
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Replacing the cavity mode operators by a c-number function in Eq.(3.32), we

obtain

Ga(z,t) = ez*z<exp(zoz* — z*a)>. (3.33)

We have shown that «(¢) is a Gaussian variable with zero mean. One can easily

establish

ba(2,t) = ez*zex(%<(za* — z*a)2>). (3.34)

It can be verified that

(@) = (687

(a*a) = (87p),

B = By — B, (3.35)
(B%) = (BL)+(B2) —2(B4-), (3.36)
(B%) = (BL) + (B2) +2(B46-), (3.37)

(B*B) = (BL) — (B2),
In a view of Eq.(3.25) one can check that

(B£) = 1/2 [y M (t —t)/2[f*() & f(t)dt]
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(B2) = 1/4 fy e V2HO2ar gt [ () f(2)
PV ED) + FEVFE) + P ) + )]
(B2) = 1/4 [y e ORI () f(E)
(P )dt dt”

(B2) = 1/4 [ e 2= _e5(t — 1) — et — t')]dt’ di”

Further more integrating by using the identity

[ dad(x — y)eY

This implies that
(82) = 5501 - )
Similarly
(B2) = 5x=(1— )
(B+6-) =0
We recall that

(6%) = (8%) = (B1) + (B%) — 2(B,6-) (3.38)
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(5% = 51— ) = 52 (1— )

(B*B) = (B1) + (B2)

—€

ooty €t
2/\+(1 e + (1 —e"). (3.39)

(5°6) o

In a view of Egs. (3.38) and (3.39), Eq. (3.30) takes the form

1 5 —e€

_ ,—Zz v T e A S TRt 4
+Z*2_—6(1 _ eA—t) _ __€<1 _ ek—t))
W 2\
. * * __E At __E oAt
22%z2a (2/\+(1 e ") + 2/\_(1 e ™). (3.40)

This expression leads to

bo(22 + 2*2)

ba(2,t) = exp[—agz"z + 5 ], (3.41)

Gy =1— —(1— )+ (1 - (3.42)
2 2); 2)\_ '
o TC oty T ot

by = (2/\+(1 e )+ 2/\_(1 e’ ™) (3.43)

Finally, substituting Eq.(3.41) into Eq.(3.29) and carrying out the integration, the

Q-function for the signal mode turns out

1 l * 2 *2

Q(a*,a,t) = [ — m¥]Feap(2 +"ga rta >% (3.44)
v
where
a2

| = 3.45
@ — 1) (5.45)
moo 2 (3.46)
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3.3 Photon statistics

Here we wish to calculate the mean photon number and quadrature variance

for single light beam produced by one mode sbharmonic generator.

3.3.1 The mean photon number

The mean photon number of the signal mode is can be defined as
(n) = / d*aQ(a*, a)n(a*, a). (3.47)
where
ne(a®, o) = o, a—1, (3.48)

is the c-number function corresponding to the operator function n(af, @) in the
anti-normal order. On account of Eqgs (3.44) and (3.48) Eq. (3.47) can be written
as

1 d?
n= (- mQ)é Taea:p[ —laa* +m(a® +a?)/2](a,a—1).  (3.49)

This can be put in the form

£ [
d,dm s

exp| — laa® + na 4+ ma* + m(a*? + o?) /2] 1, (3.50)

n=m=0
Therefore, carrying out the integration using Eq.(2.60) and appling the condi-
tionn =m = 0, we get

LY (3.51)

12 —m?2

Now on account Eq.(3.45)and Eq.(3.46), we easily find

n=a—-1 (3.52)
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and in view of Eq. (3.42), the mean photon number takes the form
M= ———(1—eM) + —— (1= ). (3.53)
20, 2)_

Thus at steady state, we see that

22

3.3.2 The variance of the photon number
The variance of photon number for the signal mode can be defined as
(An)* = ((a'a)?) —n>. (3.55)
Using the Commutation relation, we see that
(An)? = (a*a'?) —7n® —3m — 2. (3.56)
So that employing the Q-function, we have
(a%a™) = / d*aQ(a, t)a*?a’. (3.57)

This can be put in the form

1o gt d*a
~25F2\ 12 _ 2\ 2 -
@) = (F-m’) dpde |
exp| — laa® + pa + ga* + m(a*” + a*) /2] pmgo — L (3.58)
Upon carrying out the integration using Eq.(2.60),we get
d* —lpg +m(p® + ¢*)/2
~2472\

<aﬂ>_»%mfwﬂ FR— Jpgo = L (3.59)

Performing the differentiation and applying the condition z=r=0, one easily finds

202 + m?

(@) =
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Thus taking into account Egs.(3.45) and (3.46), we readily find
(a%a™) = 2a* + b°. (3.61)
Now with the aid of Egs.(3.52) and (3.61), Eq.(3.56) can be put in the form
(An)? = a®>+ b —a. (3.62)

Finally, applying Eqgs.(3.42)and (3.43), the variance of the photon number turns
out to be

2 2

€ 2 € 2
(An)? = —[1—e ™ 4 — 1 —e ™!
Sl g -
to (=) = (1) (3.63)
- +
At a steady state takes the form

We assert that the photon statistics of the light produced by one mode subhar-

monic generator is superpoissonian.

3.4 Quadrature fluctuation

In this section we will calculate the quadrature variance and quadrature squeez-

ing for a single light mode.

3.4.1 Quadrature variance

Now we proceed to calculate the quadrature variance for the signal mode pro-

duced by one mode subharmonic generator.

(Aax)® = 1+ (¢ (a£(¢t), (@£ (1) :). (3.65)
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where :: stands for normal ordering. The two quadratures are given by

a, = (a' +a) (3.66)
and

a_ = i(al —a). (3.67)

This quadrature variance can be written in-terms of c-number variables associ-

ated with normal ordering as
(Dap)? = 1+(ay(t), ay(t)), (3.68)
in which

a,(t) = o"+a. (3.69)

(Bas)? = 1)+ {ar)’. (3.70)
We note that
(o (t)). = 0. (3.71)
Hence Eq.(3.70) can be put in the form

(DAay)? = 14+(a?). (3.72)

In addition, using Eq. (3.23),we easily see

d
E<O‘2i(t)> = —A{ady) + e [ (1) +2{arn f(1)). (3.73)

In view of Egs. (3.12), (3.15) and (3.15), we note that

(@) f (1) = (a(t)"f(1)) =0. (3.74)
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Now with the aid of Eq.(3.71) along with Egs. (3.15) and (3.74), we readily find

(agpm (1) =—3 (3.75)

and

£
(o f(1) = *3 (3.76)
Therefore, in view of the results Eq. (3.73) can be rewritten as
L2 (1) = —Apla2 () -2 (3.77)
SHad () = —Aulad(t) - 2=, .
A formal solution of this can be written as
t !
(@2 (1)) = (a2(0))e ¢+ /O e M _9¢]ar, (3.78)

with the cavity mode initially in a vacuum state, this equation turns out to be
(agp(t)) = —=[1 —e M. (3.79)
Now combination of Eq.(3.72) and Eq. (3.79) yields

(Day(t)? = 1+

il E P W
+ _)‘i[l e . (3.80)

Moreover, taking into account Eq.(3.76),at steady state and at threshold, we see

that

(Day (1) = %

(3.81)
3.4.2 Quadrature squeezing

Quadrature squeezing is defined by

Sy =1-(Aay)* (3.82)
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In a view of equations (3.81) and (3.82), we have

—= 1—— .
s, > (3.83)

We observe that the signal mode is in squeezed state and the squeezing occurs
in the plus quadrature. The squeezing increases with time and reaches its max-

imum value at steady state.

We note that at steady state and at threshold there is a 50% squeezing of the

signal mode



The Superposition of Degenerate Squeezed Three

Laser with Subharmonic Light

Here we seek to study the statistical and squeezing properties of the superposed
light mode produced by degenerate three level laser and one-mode subhar-
monic generator. To this end, first we determine the Q function for this light
mode. With the aid of the resulting Q function, we calculate the photon Statis-

tics and quadrature squeezing.

4.1 The Q function

The Q-function is used to describe the superposition of the two light beams with

the same frequency. The Q function, defined by
. Lo
Q(OK ,O(,t) = ;<a|p2|a>v 4.1)

where Q is the c-number function corresponding to normally ordered density
operator divided by 7. Suppose p(a', @) is the density operator for a certain light
beams. Then upon expanding it in the normal order and applying the com-

pleteness relation for a coherent states, one easily finds[20].

33
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po= % / dzﬁ%%zﬁ*’“\ﬂﬂﬁ\al, 4.2)
where
l 8 l
18)(Bla" = (ﬁ+85*> 18)(B]- (4.3)
There follows
1 0
y = — | &2 Cr5** — ) ) .
o= [ ES s o @

This expression for the density operator can be put in the form

b= 2 [ E83 Cust 5+ S DB OID(-5), @5
kl

We now realize that the density operator for the superposition of the first light

beam and another one is expressible as

. 1 o O oo
p2 = ;/dQ’)/Z’Y (v + 87*> D(7)pYD(—), (4.6)

so that in a view of Eq. (4.5),we have

N o l 2 2 xk il *m 8 n (a—ﬁ—“/)
o= g [ Bt g T g e

x g @ ataTfraly (4.7)

Introducing Eq. (4.7) into (4.1) and carrying uot the integration, the Q function

for a pair of superposed single-mode beams can be given by

Q(Oé*,Oé) = 1/dZBdQWQ(ﬁ*,Oé—")/)Q(’}/*,CK—5),

™

expl—a’a — " —y"y+ oS+ af" + oy +

ay* — By = By (4.8)
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where
1
QB a—mt) = =) Cufla—7) (4.9)
kl
and
" x _ l *Mm o n
Q'(v,a—B,t) = W%Omnﬂ (o — )" (4.10)

Up on setting # = 0 into Eq. (2.53), we note that v* = v. Therefore the Q-fuction
for the degenerate squeezed three level laser can be written as

[UQ _ v?] 1/2

* o _ = 1 o * * _E 2 _2 2_2 *
QB a—7) = - e:cp{ ufB o + uf*y 5% + vary 57 25(}4.11)

On the hand, the Q function for the one mode sub harmonic light is written as

. 12 _ m2]1/2
Qly'ra—p) = L=
T
ea:p[ —Iv'a+1vp — %oﬂ + maf — %52 — %7*2} . (4.12)
Now introducing Eqgs. (4.11), (4.12) in to Eq. (4.8), we have
2 _ ot 1V2[2 — m2]L/2
T
* v 2 v *2
exp|a oz+§oz —504 x Iy x Iy, (4.13)
in which
d2
I = 766361?[ — BB —uaf® + gﬂ*z - %52 +mafl+af*+a’f| (4.14)
and
dQIY * 'U* 2 * * * * m *2 * *
L = [ —ewp| =7 v+ 57 +ufy —viay —lay" +18y" — Sy +aTy + oy

—B%y — ﬁv*} : (4.15)
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Thus performing the integration over -, we have

2 _ L 2)1/2(]2 _ 2)1/2 2
Q(a*, a,t) = [(u v) P = m) a} ea:p{ —lac*a + (vm® — m + l%)% — imaaof}
T
w I, (4.16)
where

d2ﬁ * 2 2 *
Iy = [ —exp| — (u+1—ul +vm)af* B+ | (v +m+ v+ vm?)aaf + (I + vm)a*af

s

+ ((l —ul)aaf* + (m — um)a*aﬁ*) + (21}[ —om?*vl® + v — m)aﬁz)

+<—2mu—m02 —mu2+v—m)a62}, (4.17)
where

a = exp[(;}. (4.18)

1 —wvm)

Upon carrying out the integration over /3, we readly find

* . (u2 B U2>1/2(m2 B l2)1/2 _p(t) * Q(t) 2 Q<t) *2
Qla*, a,t) = T e:cp{ @) oo — 2r(t)a — 27’(25)& }4.19)
p(t) = W*(® —1—m?) +u(m?® —1%) +0*(l — > + m?), (4.20)
qt) = v*m+m?v— 2o —u’m (4.21)

r(t) = v? =20 + P(v? — 1) + 2om +m? — v*m?

+2u(l* =1 —m?) +u?(2l — I +m? - 1). (4.22)

4.2 Photon Statistics

In this section we calculate the mean photon number and the variance of the
photon number for the superposition of degenerate three level laser and one

mode subharmonic light beams.
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4.2.1 The mean photon number

Next we seek to calculate the mean photon number for the superposition of
degenerate squeezed three level laser and one mode sub-harmonic light beams.
To this end, the mean photon number is expressible interms of the Q function
as

(a'a) = %/dQOzQ(a*,a?t)[a*,a— 1]. (4.23)

Upon substituting Eq. (4.19) Eq.(4.23), we find

2 _ ,,2\1/2 2_[21/2 d d _
<&Td> _ (u U) (m ) |:__/d2€xp(_pa*a+ia2

ri/2

—Qia*Q 4+ wa + za*) — 1] (4.24)
,

Upon performing the integration over «, we find

s d d Py — Low? — L2
(a%} = %%exp[r pfr p 2r 1, (4.25)
72 T 72
in which
(u? —v?)(m? = 1*)r 1/2
P — ¢ =1,
(4.26)

is the normalization constant which is equal to unity

Upon carrying out the differentiation with respect to w and z we readly obtain

(4.27)

Substituting Egs. (4.20), (4.21) and (4.22) into (4.27), we see that

Sty U )
(a'a) = u2—v2+l2—m2_2

(4.28)
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Then introducing Egs. (2.52) and (3.44), we get

(a'a) = [a1—1+a2—1].

(4.29)

Finally, putting the values of a; and a, Eq. (4.29) the mean photon number tuns

out as

A(l —n) 2¢2

= . 4.30
2(An + k) i K2 — 4€? (4.30)

From this we see that the superposed mean photon number is the sum of the

mean numbers.

4.2.2 The variance of the photon number

Next we proceed to obtain the variance of the photon number for the light mode
produced by degenerate three level laser and one-mode subharmonic genera-

tor.
(An)? = ((éTe)?) — (éfe)2. (4.31)
Employing the commutation relation
[6,¢1] = 2, (4.32)
we have

(An)? = (ee?) +2(cfe) — (ee). (4.33)

(An)? = (&)(e?) + 2(cTe) — (¢Te)2. (4.34)

(@) = ) {(@e) (4.35)
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(@eh) (@) = (@ + ) (e + ), (4.36)

where
¢ = c{%—cg (4.37)
cC = C+cCo (4.38)

Employing the the Q function, one can write

2\ (12 2\ 1/2 2 72 _
(up —v)(* =m )} /d od 5€xp(_pa*a _ ﬂ(og +a?
T

AT T _
eley = L= - a
—fa— BB+ o+ ap)a” [T (4.39)
Integrating Eq. (4.40)with respect to 5, we obtain
2\(72 2\71/2 12
S (R () Sy g B
eley = [Le=) e[| Ea
+ofa 4 yat — 2i(oz2 +a?—afa— xa*)] (4.40)
r z=y=0
Upon integrating Eq. (4.40) with respect to a , we see that
2\(72 2\71/2 2 2
Af T (ug — v*)(I* —m?) r 12 d —rq(z +y)
(Ciey)) = (5—=) exr 2 . 2
r p°+q dxdy p°+q
(4.41)
Taking out differentiation, we readily get
2\ (72 2),.71/2
oy | (e =) (P —m?)r] T —2rg
(eie)) = { R g (4.42)
In a view of Eq. (4.26) Eq.(4.42) can be written as
(G — (4.43)
P+
Employing Eqgs. (4.20), (4.21) and (4.22), we see that

RN
Gl = p et g
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Using Egs. (2.55), (256),(3.45) and (3.46) yields
(@) = 8(ar+an) (4.45)

By substituting the value of a; and a,, the variance of the photon number turns

out

A(l —n) 2¢2 17 A(l —n) 22
An)? = 2
(An) 8|:2(A77—|—/<Q) + K2 — 4¢? - 2(An + k) + K2 — 4¢?

Al —n) 2¢2 1?
H s+ ] (4.46

Unlike the mean photon number, the variance of the photon number is not the

sum of the mean photon number of the individual light beams.

4.3 Quadrature Fluctuation

Employing the Q function, we seek to calculate, the quadrature variances and

squeezing.

4.3.1 The quadrature variance

The quadrature variance is given by

(Acy)® = (61, ¢4), (4.47)

where

ey = et +e (4.48)

and

oo = (et — @), (4.49)
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in which ¢ is the annihilation operator for the superposed twin light modes.
Since a and b are Gaussian variables with zero mean, ¢ is also a Gaussian vari-

ables with zero mean.Therefore, we readily find

(1) = 0. (4.50)

Upon introducing Eq.(4.50) into Eq.(4.47), we get

(Acy)? = (&), (4.51)
then we see that
(Acs)? = 2+2(cfe) £2(c1). (4.52)
where
(&) = (&%) (4.53)
and
[6,¢l] = 2. (4.54)

Substituting Egs. (4.37) and (4.38), we have

R AE (1 =)
An+k
2€
K £ 2¢

(AC:E)Q =

+1F (4.55)

4.4.2 The quadrature squeezing

Quadrature squeezing for a superposed light beams can be defined as

S, = 1—(Acy)? (4.56)
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In a view of Egs. (4.55) and (4.56) We obtain
Ap—A(1+ (1 =)'
S+ =
An+k
2
41— =€ (4.57)
K+ 2¢

Here we note that, squeezing occurs at the plus quadrature.



Conclussion

In this thesis we have considered degenerate squeeezed three-level laser and
one mode Subharmonic Light. Taking into account the interaction of degen-
erate three level atoms with cavity mode and the damping of the cavity mode
by a vacuum reservoir, we obtained the equations of evolution of cavity opera-
tors. We use the master equation for a light produced by degenerate squeezed
three-level laser and one mode Sub-harmonic Light from which we obtained
the of c-number Langevin equations. Employing these solutions of c-number
Langevin equations, we found the antinormally ordered characteristic function
which was used to find the Q-function of a light beam generated by degenerate
squeeezed three-level laser and one mode Subharmonic Light Coupled to vac-
uum reservoir

Employing this Q function, we calculated the mean photon number,the vari-
ance of the photon number and the quadrature variance. We have carried out
our analysis by putting the vacuum noise operators in normally order and ap-
plying the adiabatic approximation scheme, which establishs nearly exact rela-
tion for systems operating close to steady state.

Finally, we superposed the two Q-functions. Applying the superposed Q-function,

43
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we calculated photon statistics and quadrature squeezing of the superposed
light beams.From the result we have seen that the squeezing occurs in the plus

quadrature and squeezing is enhanced.
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