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Abstract

One characteristics of filter bank multicarrier offset quadrature amplitude mod-

ulation (FBMC/OQAM) is that the demodulated transmitted symbols are ac-

companied by interference terms caused by the neighboring transmitted data in

time-frequency domain. The presence of this interference is an issue for some

Massive MIMO systms and until today their combination with FBMC/OQAM

remains an open problem.

In this thesis, a study on channel capacity of the massive multi-input multi-output

(MIMO)system in the context of FBMC/OQAM and the effects of channel distor-

tions has been carried-out. One advantage of FBMC to massive MIMO channels

is self-equalization property. Due to this property, the effects of channel distor-

tions will decrease by increasing the number of BS antennas, but,do not vanish

as the base station (BS) array size increases in frequency selective channels. As

a result, channel capacity cannot grow effectively by increasing the number of BS

antennas. This is caused by the correlation between the multi-antenna combining

tap values and the channel impulse responses between the mobile terminals and

the BS antennas. To resolve this problem, a channel equalizer is introduced. This

enabling us to achieve arbitrarily large SINR values by increasing the number of

BS antennas and to improve channel capacity of the system.

This improvement is demonstrated through matlab software with selected numer-

ical values of the basic parameters. As simulation result shows that, signal to

interference plus noise ratio (SINR)value increased by 17dB per user for Minimum

Mean-Square Error (MMSE)and zero forcing(ZF), and 2dB per user for maximum

ratio combiners (MRC). Similarly, the achievable rate increases by 6 bits per sec-

ond per hertz for ZF and MMSE, and 1 bits per second per hertz for MRC. Also,

the throughput increased by 54 megabits per second for ZF and MMSE and and

8 megabits per second for MRC. Moreover, with the channel equalizer, it is not

necessary to have a flat channel response over the band of each sub-carrier in order

to use single-tap equalizer.

Keywords : Massive MIMO, FBMC/OQAM, SINR, channel equalizer, channel ca-

pacity, linear combiners, prototype filter.
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Chapter 1

Introduction

1.1 Background

The early digital communication systems were centered on single carrier modula-

tion scheme. Generally, if we want to increase the transmission system bit rate,

we have to minimize the symbol duration. However, the existence of a multipath

channel presents inter-symbol interference (ISI) which needs complex equalization.

Multi-carrier modulations have been then presented as a good alternative in order

to counteract the effects of multi-path fading. Indeed, in multi-carrier communica-

tions data is transmitted over many frequencies instead of a single carrier, dividing

the wide-band frequency selective communication channel into various sub-bands

with mildly selective fading.

Orthogonal Frequency Division Multiplexing (OFDM) is the most common mul-

ticarrier modulation scheme. It has been considered as essential part in various

wireless communication systems such as WiFi based on the IEEE 802.11 standard,

WiMax (Worldwide Interoperability for Microwave Access) based on the IEEE

802.16 standard, Long Term Evolution (LTE), LTE-advanced, ... etc[ [2]- [5]].

It offers many attractive advantages such as efficient hardware implementation,

low complexity equalization, and compatibility with multiple-input multi-output

(MIMO) technologies. Also, it has high spectral efficiency using closely spaced

orthogonal subcarriers and robustness to multipath fading effects. Moreover, it

has ability to avoid both ISI and ICI by appending a cyclic prefix (CP) that sig-

nificantly reduces the complexity of the equalization to a single complex coefficient

per subcarrier equalizer. It is used in the massive MIMO to improve capacity of

1



Chapter 1 Introduction 2

current wireless because it is simple and robust to against multipath channels [7].

However, OFDM suffers from a large spectral leakage leading to high out-of-band

emissions due to the high side-lobe levels of the subcarriers. Also, in the uplink of

multiuser networks, stringent synchronization procedures are required. The users

may experience different doppler shifts, frequency offsets, timing offsets, etc., and

to maintain the orthogonality between the subcarriers, energy and resource are

needed. Due to high side-lobe levels of its subcarriers, it is very difficult to utilize

non-contiguous spectrum chunks through carrier aggregation for the future high

data rate applications in the uplink with OFDM [10].

All these disadvantages avoid the OFDM adoption in the 5G air interface to attain

the following important characteristics presently intended for 5G wireless networks

[24]:

• 1000 times higher mobile data volume per geographical area

• 10 - 100 times more connected devices

• 10 - 100 times higher typical user data rate

• 10 times lower energy consumption

• End-to-end latency of < 1ms

• Ubiquitous 5G access including in low density areas

Therefore, considering the above-mentioned OFDM disadvantages and the wire-

less networks new requirements, a great deal of interest in the area of waveform

design has been emerged. These began among the research and industrial com-

munities motivating introduction of alternative wave-forms capable of keeping

the advantages of OFDM while addressing its disadvantages. The waveforms

presently under assumtion include filtered orthogonal frequency division mul-

tiplexing (FOFDM) [26], windowed orthogonal frequency division multiplexing

(WOFDM) [27], filterbank multicarrier (FBMC) [28], generalized frequency divi-

sion multiplexing (GFDM) [29] and universal filtered multicarrier (UFMC) [25].

The FBMC appears to be a good candidate for 5G systems between these multiple

access methods. It is a multicarrier modulation(MCM) techniques that offering

significantly improved spectral properties over OFDM by shaping the subcarriers

using a prototype filter. This prototype filter is well localized in both time and fre-

quency. Therefore, the uplink synchronization requirements can be substantially
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relaxed, and carrier aggregation becomes a trivial task [18]. Also it offers several

advantages such as lower spectral leakage and reduced sensitivity to doppler ef-

fects [15, 16]. It exhibits better spectrum shape compared to OFDM and enables

better spectrum usage and improved mobility support [17].

To fulfill the expectations of 5g, the combination of FBMC/OQAM and massive

MIMO systems have received a lot of attention in the wireless communication [6].

So, Massive MIMO has been considered as a promising technology for next gen-

eration wireless systems and it addresses significant challenges in 5G [8, 9]. It is a

system in which transmitter uses large number of antennas about hundred or more

and serving many users simultaneously in the same time frequency resource [10].

The combination of FBMC-OQAM modulations with massive MIMO communica-

tions was first studied in [18]. This combination gives self-equalization property

that leads a channel flattening effect. But, due to the generation of inter-symbol

interference (ISI) and inter-carrier interference (ICI), the orthogonality of FBMC-

OQAM between subcarriers is progressively destroyed as the channel frequency

selectivity becomes large in normal FBMC-OQAM, i.e., when the channel cannot

be approximated as flat at the subcarrier level.

However, in massive MIMO, this interference decreases as the number of BS anten-

nas increases, even in the case of strong channel selectivity for simple single-tap

per-subcarrier receivers. This shows that a distortion floor is there even if the

number of BS antennas grows without bounds, meaning that ICI and ISI are not

completely removed. As a result, the signal-to-interference-plus-noise ratio (SINR)

cannot grow unboundedly by increasing the number of BS antennas, and is up-

per bounded by a certain deterministic value. This phenomenon is a result of

the correlation between the multi-antenna combining tap values and the channel

impulse responses between the mobile terminals and the BS antennas. To resolve

this problem, a prototype and an efficient equalization method are used to remove

this correlation, enabling us to achieve arbitrarily large SINR values by increasing

the number of BS antennas [22, 23].

Due to this correlation between the multi-antenna combining tap values and the

channel impulse responses between the mobile terminals and the BS antennas,

channel capacity cannot increase efficiently by increasing the number of BS anten-

nas. To increase channel capacity of the FBMC-OQAM Massive MIMO channel
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by increasing the number of BS antennas, a channel equalizers are used to re-

moves this correlation. So, in this thesis channel capacity or performance of the

FBMC-OQAM Massive MIMO channel is analyzed in terms of bit error rate,

throughput, achievable rate/spectral efficiency, system complexity and the signal-

to-interference-plus-noise ratio (SINR)using matlab simulation and the result is

shown in chapter five. The focus of this study is on the uplink transmission and it

is applicable for downlink transmission. Single-tap equalization per subcarrier is

considered, and the performance of two most prominent linear combiners, namely,

maximum-ratio combining (MRC), zero-forcing (ZF) and Minimum Mean-Square

Error (MMSE) have investigated.

1.2 Statement of the problem

One of the advantage of the FBMC in the massive MIMO channels is that self-

equalization effect, the subcarrier spacing can be increased in massive MIMO

FBMC systems, reducing the number of subcarriers and leading to a lower sensi-

tivity to carrier frequency offset and peak-to average- power-ratio. In the SISO,

the FBMC-OQAM orthogonality is well known to be progressively destroyed as

the channel frequency selectivity becomes large, i.e., when the channel cannot be

approximated as flat at the subcarrier level. This is due to the generation of inter-

symbol interference (ISI) and intercarrier interference (ICI). However, in massive

MIMO, it appears that this interference decreases as the number of BS antennas

increases, even in the case of strong channel selectivity. This shows that a dis-

tortion floor is there even if the number of BS antennas grow without bounds,

meaning that ICI and ISI are not completely removed. As a result, the signal-to-

interference-plus-noise ratio (SINR)and channel capacity cannot grow effectively

by increasing the number of BS antennas. This phenomenon is a result of the cor-

relation between the multi-antenna combining tap values and the channel impulse

responses between the mobile terminals and the BS antennas.

1.3 Objectives of the research

The general objective of this thesis is to analyze the performance of channel ca-

pacity for Filter Bank Multicarrier Massive MIMO based on Channel Equalizer.
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1.3.1 Specific objectives

The specific objectives of this study are the following:

• to derive the SINR for FBMC massive MIMO without channel equalizer and

with channel equalizer using MRC, ZF, and MMSE combiners.

• to evaluate the sum rate/achievable rate for FBMC massive MIMO without

channel equalizer and with channel equalizer using ZF, MMSE and MRC

linear combiners.

• to analyze the complexity of the FBMC system without channel equalizer

and with channel equalizer.

• to analyze the spectral efficiency and the throughput of the FBMC Massive

MIMO systems without channel equalizer and with channel equalizer.

• to find the bit error rate (BER)for FBMC Massive MIMO with channel

equalizer and without channel equalizer.

1.4 Contributions

The main contributions in this work are related to addressing some of the key

challenges in FBMC/OQAM Massive MIMO systems and channel capacity anal-

ysis of Massive MIMO-FBMC system. The key challenge in this system is, there

is a correlation between the multi-antenna combining tap values and the channel

impulse responses between the mobile terminals and the BS antennas. This may

limit the channel capacity of the system. To avoid this, the channel equalizer is

used in Massive MIMO-FBMC system. The main work in this contribution is

summarized as follows:

• to analyze the channel capacity with and without channel equalizer by in-

creasing the BS array size.

• A mathematical model of Massive MIMO-FBMC/OQAM system with chan-

nel equalizer effect on the detection performance in terms of the SINR and

achievable rate using MRC, ZF and MMSE combiners by comparing with

that of the conventional Massive MIMO-FBMC/OQAM system have ana-

lyzed.
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• to evaluate FBMC system computational complexity with and without chan-

nel equalizer.

• Based on the mathematical model, also then the impact of channel equalizer

on the system performance analyzed through simulation results.

1.5 Thesis Organization

Chapter 2 provides a literary overview of the several topics and concepts that

will be covered over the course of this thesis. It contains an introduction to trans-

multiplexers and FBMC systems with Massive MIMO systems. Chapter 3 presents

candidate waveform for 5G and the FBMC/OQAM transmultiplexer models that

deals with the polyphase implementation. A very brief overview of comparison of

candidate waveforms and prototype filters are provided. Then, the fundamental

theory of FBMC-OQAM system is given with much emphasis on transmitter and

receiver side. In that aspects such as the OQAM mapping, polyphase filtering,

discrete-time representation, FBMC-OQAM modulation, prototype filtering, or-

thogonality and overlapping nature have been discussed. Chapter 4 We introduced

the principle of FBMC/OQAM modulation technique along with the prototype fil-

ters use in this scheme. We then discuss the combination of FBMC system with

technique like Massive MIMO which introduces the analysis and implementation

of FBMC/OQAM Massive MIMO System. It discusses the design and its channel

equalization implementation in detail, and the performance of the system. Chap-

ter 5 and 6 draws final conclusions of the thesis, briefly summarizes the main

obtained results, and possible future research directions.



Chapter 2

Literature Review

Recently, massive MIMO has been proposed to further maximize network capacity

and to conserve energy and interest in the field of wireless communications due to

their ability to increase data throughput and improve link quality. How it maxi-

mize network capacity is, the base station (BS) is equipped with a large number

of antenna elements, in the order of hundreds or more, and is simultaneously serv-

ing tens of mobile terminals (MTs) [9] and the effects of uncorrelated noise and

multiuser interference can be made arbitrarily small as the BS array size increases

by coherent processing of the signals over the BS antennas [8].

Orthogonal frequency division multiplexing (OFDM) is a multi-carrier modulation

technique with immunity to the channels frequency selectivity, which can transmit

data over large numbers of sub-carriers rather than a single carrier transmission. It

considered in the Massive MIMO because of its simplicity and robustness against

multipath channels [7]. However, OFDM suffers from a large spectral leakage

leading to high out-of-band emissions due to the high side-lobe levels of the sub-

carriers. and stringent synchronization are required in the uplink of multiuser

networks. Due to the high side-lobe levels of the subcarriers, it very difficult to

utilize non-contiguous spectrum chunks through carrier aggregation for the future

high data rate applications in the uplink with OFDM [10]. Moreover, to avoid

interference, large guard bands are required between adjacent frequency channels,

which in turn, lower the spectral efficiency of OFDM it uses cyclic prefix. A cyclic

prefix used in OFDM reduces the throughput of the transmission and also wastes

power. It is sensitive to Doppler shifts, carrier frequency offsets, timing offsets,

etc., and to maintain the orthogonality between the sub-carriers, it needs addi-

tional energy and resource for synchronization procedures. Additionally, its signal

7
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has a noise like amplitude with a very large dynamic range; therefore it requires

RF power amplifiers with a high peak to average power ratio.

To overcome the drawbacks of OFDM and to fulfill a vast variety of requirements

and applications of the next generations of wireless networks, researcher and in-

dustrial communities has been designed new waveforms, keeping the advantages

of OFDM while addressing its drawbacks [12, 13, 14]. For instance, recently, the

standardization bodies have laid down the foundation of the fifth generation of

wireless networks (5G) by defining its primary objectives [20]. New applications

like enhanced mobile broadband (eMBB), massive machine-type communications

(mMTC), and ultra-reliable low-latency communications (URLLC) are anticipated

in 5G. These new applications require high data rate, number of connected de-

vices, good spectrum efficiency, high battery life, and low end-to-end latency as

compared to the current wireless and wired communications, [11].

Filter bank multicarrier (FBMC) is a multi-carrier modulation techniques or a

waveform that is development of OFDM and aims to overcome the drawbacks of

OFDM. It offers significantly improved spectral properties over OFDM by shap-

ing the subcarriers using a prototype filter that is well localized in both time and

frequency [15]. Also, because of the very low out-of-band emission of subcarrier

filters, application of FBMC in the uplink of multiuser networks is trivial. Also,

it can be deployed without synchronization of mobile user nodes signals. In the

application of cognitive radios, the filter bank that is used for multicarrier data

transmission can also be used for spectrum sensing [16, 17].

Moreover, this FBMC can combine with the Massive MIMO sytems easly to im-

prove the performance of communication systems using a single-tap equalization

and multi-tap equalization per subcarrier. For FBMC-based massive MIMO sys-

tems, the proposed multi-tap equalization per subcarrier improves the equalization

accuracy as compared to the with the expense of a higher computational complex-

ity [19]. In the multi-cellular massive MIMO networks, pilot contamination prob-

lem is occurred [7]. This problem can be resolved in a straightforward manner with

FBMC signaling due to its special structure [21]. That means FBMC is a proper

match for massive MIMO and vice versa as they can both bring pivotal properties

into the picture of the next generations of wireless systems. The combination of

FBMC-OQAM and massive MIMO gives some applications and many advantages

over normal FBMC-OQAM. Self-equalization property is one of the applications
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of FBMC and massive MIMO channels combinations, has been recently studied in

[18]. Due to a channel flattening effect obtained in this application, the effects of

channel distortions (i.e., inter-symbol interference and inter-carrier interference)

will diminish by increasing the number of BS antennas. This combination not only

great importance as the same spectrum is being simultaneously utilized by all the

users but it is also used in a more efficient manner compared to OFDM.

In the combination of FBMC-OQAM and massive MIMO, the effects of channel

distortions (i.e., inter-symbol interference and inter-carrier interference) will dimin-

ish by increasing the number of BS antennas. This shown that a distortion floor

remains even if the number of BS antennas grows without bounds, meaning that

ICI and ISI are not completely removed. As a result, the signal-to-interference-

plus-noise ratio (SINR) cannot grow unboundedly by increasing the number of

BS antennas, and is upper bounded by a certain deterministic value. This phe-

nomenon is a result of the correlation between the multi-antenna combining tap

values and the channel impulse responses between the mobile terminals and the

BS antennas. To resolve this problem, a prototype and an efficient equalization

method are used to removes this correlation, enabling us to achieve arbitrarily

large SINR values by increasing the number of BS antennas [22, 23].

However,the performance analysis of the massive MIMO FBMC/OQAM system

is achieved by these researches using linear combiners, namely MRC and ZF only.

Additionally, the effect of the correlation on channel capacity is not done directly.

Also, the analysis of complexity reduction as the effect of channel equalizer is not

presented in detail.

Therefore, the channel capacity cannot increases highly by increasing the number

of BS antennas due to the correlation effect. To increase channel capacity of

the FBMC-OQAM Massive MIMO channel with increasing the number of BS

antennas, the channel equalizer is used to removes this correlation. So in this thesis

channel capacity or performance of the Massive MIMO FBMC-OQAM systems

are analyzed in terms of bit error rate(BER), throughput, spectral efficiency and

system complexity with and without channel equalizer. A Single-tap equalization

per subcarrier will be considered, and the performance of three most prominent

linear combiners, namely, maximum-ratio combining (MRC), Minimum Mean-

Square Error (MMSE) and zero-forcing (ZF)have investigated.



Chapter 3

FBMC/OQAM system model

A wave-form that uses a square window in time domain permitting a very efficient

implementation, Orthogonal frequency division multiplexing (OFDM)has been ac-

cepted as the air interface in various wireless communication standards such as

long-term evolution (LTE), IEEE 802.11 standard families and third generation

partnership (3GPP)due to the related advantages such as:

• efficient hardware implementation and low complexity equalization

• robustness to multipath fading effects

• Ease of implementation

• By using of cyclic prefix (CP), efficient one-tap frequency domain equaliza-

tion is enabled.

• Simple extension and straightforward to very large MIMO and high gain

beam forming solutions [24].

In spite of its advantages, OFDM Undergoes from a number of drawbacks such as

high side lobes in frequency and high peak-to-average power ratio (PAPR). OFDM

needs stringent time synchronization to preserve the orthogonality between various

user equipments (UEs). Therefore, signaling overhead grows with the UEs number

in an OFDM-based system. Moreover, it has high sensitivity to carrier frequency

offset (CFO) mismatch between different devices. All these disadvantage avoid the

OFDM adoption in the 5G air interface and attentiveness in the new waveform

design area to achieve the requirements currently intended for wireless networks

of 5G [24].

10
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3.1 Candidate waveforms

Therefore, since the aforementioned OFDM drawbacks and the wireless networks

new requirements, a great deal of concern in the waveform design area has been

developed among the industrial communities and research motivating alternative

waveform introduction keeping the advantages of OFDM capable while address-

ing its disadvantages, [6][10]. The different scenarios requirements can be affected

by the waveforms choice. Therefore, the various physical-layer waveforms are be-

ing developed for 5G networks to address the disadvantage of OFDM and enable

the aforementioned requirements. The waveforms presently under concern include

windowed orthogonal frequency division multiplexing (WOFDM) [27], filtered or-

thogonal frequency division multiplexing (FOFDM) [26], generalized frequency

division multiplexing (GFDM) [29], universal filtered multicarrier (UFMC) [25]

and filterbank multicarrier (FBMC) [28].

Figure 3.1: Different modulation techniques power spectral density

From Fig. 3.1 compared to CP-OFDM, FBMC has much improved spectral prop-

erties. Windowing (WOLA) and filtering (UFMC, f-OFDM) can improve the

spectral properties of CP-OFDM. However, FBMC has the additional maximum

symbol density, TF = 1 (complex) advantage and still implements much better

others.
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3.2 Filter bank multicarrier (FBMC)

The filter bank based multicarrier (FBMC) discards the CP to improve flexibility

of the system and it introduces filter banks to the OFDM system to deal with some

disadvantages of OFDM. To fulfill the requirements of communication system, such

as to minimize the sideband power loss and improve the spectral efficiency, the

filter bank can be designed with various properties. Since subcarrier filters require

long filter lengths (normally at least 4T to preserve an acceptable ISI and ICI)

becuase they are narrow in frequency and in time the symbols are overlapping. In

QAM, data can be transitted randomly such that 00 can be followed by 11 (there

is a diagonal transition) from constellation diagram for 4-QAM, which several

changes in the amplitude. These large change in the amplitude causes large out

of band emission. To prevent these transitions, offset QAM is introdued where

one allow only 90 degrees phase shift which accomplished by delaying ethier of

the Q or I channel by half symbol time period. Moreover, FBMC obeys the real

orthogonality condition by applying offset-QAM (OQAM) and, therefore, it is not

orthogonal in the complex domain. And, it is known as OFDM with offset QAM

(OFDM/OQAM ) and the most common FBMC technique is the FBMC/OQAM

[31].

The filter bank multicarrier (FBMC)techniques that based on Offset quadrature

amplitude modulation utilize filter-bank which is depend on trans-multiplexers

in order to channelize the band of wide signal. The filter banks that contains

synthesis and analysis filters are typically developed from a prototype filter that

decides the performance of system, including inter-carrier interference(ICI)and

inter-symbol interference (ISI), and stop-band attenuation. To eliminate ISI and

ICI, and keep the side lobes small, the prototype filter needs to be carefully de-

signed. There are two types of FBMC implementations such as the frequency

spreading filter bank multicarrier (FS-FBMC) and the poly-phase network filter

bank multi-carrier (PPN-FBMC) in order to simplify the filter design.

The PPN-FBMC is selected as the model in this thesis in order to reduce the high

complexity which is introduced by the extra filtering operations at the transmitter

and receiver. The PPN FBMC transceiver system basic block diagram is shown

in Figure 3.2. The prototype filters are implemented using polyphase implemen-

tation, that uses multi-rate signal processing techniques to reduce the complexity

by combined implementation of all analysis or synthesis filters in the filter bank.

The transmitted signal is the sum of a M filters bank the outputs in the FBMC,
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with filter length L = M × O, where M is the FFT size and O is the prototype

filter overlapping factor. A PHYDYAS prototype function with O = 4, for use

in FBMC system, which is well-localized in time and frequency domain is used

in this paper. Since due to more advanced prototype filter design, sub-carriers
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P/S

...
output

Figure 3.2: FBMC/OQAM system model

can be better localized in FBMC and the CP can be detached resulting in in-

creased spectral efficiency when it compared to OFDM. Moreover, due to reduced

guard band in the FBMC, good the spectral efficiency gain is obtained. However,

FBMC/OQAM suffers an overhead becuase of transition times (tails), which its

duration is equal to the prototype filter length, a transmission burst at both ends

and an overhead becuase of the T=2 time offset between the OQAM symbols [32].

Without increasing its sensitivity to time and frequency misalignmen, the over-

head cannot be avoided totally, and it growths the communication latency, but,

to reduce OFDM/OQAM signals tails of signal the solutions have been proposed

in [32].

The FBMC system in Figure 3.2 is simplified using trans-multiplexer configura-

tions as shown in Figure 3.3. The main processing blocks of FBMC system in

direct form representation are OQAM pre-processing, synthesis filter bank, analy-

sis filter bank, and OQAM post-processing. The transmission channel is typically

not included during TMUX systems designing and analyzing since handling the

channel equalization problem is done separately.
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ĉM-1,n

↑ M
2

↑ M
2

...

↑ M
2
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Figure 3.3: Transmultiplexer configurations.

3.2.1 OQAM mapping

it is possible to attain a baud-rate spacing among adjacent subcarrier channels

by introducing a half symbol period shift between the in-phase and quadrature

QAM symbols components,while recovering the information symbols without ISI

and ICI is still possible [33]. So, an OQAM modulates each subcarrier and the

orthogonality principles are well-thought-out only in the real field [28]. In order to

keep neighboring carriers orthogonality condition in OQAM mapping, pure imag-

inary and real values alternate on successive transmitted symbols and successive

carrier frequencies for a specified carrier at the transmitter side (3.1).

OQAM pre/post-processing

Figure 3.4 is the pre-processing block that employs the transformation from QAM

symbols to OQAM symbols. The input complex symbols values ck,n are changed

to real symbols, where k = 0, 1, ...,M − 1 and n = 0, 1, ..., N
′ − 1 are sub-carrier

index and symbol index, respectively, in OQAM pre-processing (C2R) blocks. ck,n

real and imaginary parts are upsampled by a 2 factor so that:(3.2)

cRk,n =




<{ck,n

2
}, n even

0, elsewhere
(3.1)

and

cIk,n =




={ck,n

2
}, n even

0, elsewhere
(3.2)
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Then, cIk,n is delayed by one unit and is joined with the real values samples to

finish OQAM pre-processing as, (3.3)

ak,n = φk,n{cRk,n + cIk,n} = aRk,n + aIk,n; (3.3)

where in n = 0, 1, ..., 2N
′ − 1 and φk,n = ejπ(k+n) = j(k+n)

For 0 ≤ n
′ ≤ 2N

′ − 1, the complex input symbol vectors {Ck,n}N
′−1

n=0 the OQAM

mapping into real symbol {ak,n′}2N
′−1

n′=0
is done as shown below in(3.4)

ak,n′ =





cR
k,bn

′
2
c
, n

′
is even, k is even

cI
k,bn

′
2
c
, n

′
is odd, k is even

cI
k,bn

′
2
c
, n

′
is even, k is odd

cR
k,bn

′
2
c
, n

′
is odd, k is odd

=





(1− δ)cR
k,bn

′
2
c

+ jδ.cI
k,bn

′
2
c
, n

′
is even,

(1− δ)cI
k,bn

′
2
c

+ jδ.cR
k,bn

′
2
c
, n

′
is odd,

(3.4)

= [(1− δ)(1− θ) + δθ].cR
k,bn

′
2
c

+ [(1− δ)θ + δ(1− θ)].cI
k,bn

′
2
c

where, θ = n
′
modulo 2 and δ = kmodulo 2. e.g. a0,0 = cR0,0, a1,0 = cI1,0 , a0,1 = cI0,0

and a1,1 = cR10. The symbol period T is reduced to half in order to maximize the

OQAM modulation spectral efficiency. Thus, the data received at the receiver side,

may carries the real (or imaginary) signal components, and the imaginary (or real)

parts seem as interference terms. For two consecutive sub-carrier, T/2 time-offset

is presented onto the real part for the first sub-carrier and the imaginary part for

the second one, therefore N
′

has to be even.

In the post-processing of the OQAM system, there are two somewhat different

structures based on the sub-channel number as shown in Figure 3.5. The first

one is the multiplication by φ∗k,n sequence which is followed by the taking the real

part operation. The second process is real-to-complex transformation, in which

two consecutive real-valued symbols form a complex-valued symbol ĉk,n and this

operation is called as de-staggering. The real-to-complex transformation drops the

sample rate by a two factor.
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Figure 3.4: OQAM pre-processing.
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Figure 3.5: OQAM post-processing.

3.2.1.1 Synthesis and analysis filter banks

At transmitter side, the symbols ak,n are up-sampled by M/2 and up-sampled

signals are then filtered with their analogous filter Gk[z] to give M sub-channels

in the SFB block. All sub-signals are added together and form the SFB output

signal at the transmitter end. All sub-sub-carrier filters are created from a low

pass prototype filter g(m) with single real-valued linear-phase by using exponential

modulation in the case complex modulated filter banks class is chosen. Hence, the

resulting sub-channel filters are complex-valued due to the modulation function

and therefore the advantageous frequency band is [−π, π]. Normally, two different

channel types assembling preparations can be considered, namely, even-stacked

filter banks and odd-stacked filter banks [34], [35]. The kth sub-channel filters
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center frequencies are ωk = 2kπ
M

and ωk = (2k+1)π
M

for even stacked and odd-stacked

filter banks, respectively. The kth synthesis filter is given by,(3.5)

gk[m] = g[m]e

(
j 2πk
M

(
m−Lp−1

2

))
(3.5)

where m = 0, 1, ..., Lp − 1 and Lp is the filter length. It is considered that the

prototype filter is intended in such a manner that there is no want for the extra

scaling factor in order to simplify representations. The kth analysis filter is easily

a time-inverted and it is the corresponding synthesis filter complex-conjugated

version as it given in (3.6)

fk[m] = g∗k[Lp − 1−m]

= g[Lp − 1−m]e

(
−j 2πk

M

(
Lp−1−m−Lp−1

2

))
(3.6)

= g[m]e

(
j 2πk
M

(
m−Lp−1

2

))

3.2.2 Polyphase Implementation

The direct form implementations of Figure 3.3 are not well-organized for prac-

tical applications because filtering operations are done at the high sampling rate

prominent to a large number of unwanted calculations. Opportunely, there are

different efficient multirate structures that are for needed for the filter banks such

as lattice structures, polyphase structures and lapped transforms [36] [37]. The

polyphase structures are the only ones that can be applied to Nearly perfect re-

construction (NPR) filter banks. Their main improvement is that they can give

drastic oversimplifications because filtering operations are done at the lower sam-

pling rate and wanted calculations are done. The FBMC/OQAM system efficient

digitalimplementation is done through polyphase structures and DFT was first

presented by Bellanger [38], and advanced and studied by Hirosaki [39].

3.2.2.1 Polyphase structure of synthesis filter bank

The synthesis filter bank has M sub-carriers with frequency spacing between them

is ∆f , which resulting in a signal bandwidth Bw = M∆f . The sampling in-

terval Ts equals the signal bandwidth inverse (Ts = 1/Bw = T/M), according

to the sampling theorem. The symbol period length is T , so the corresponding

signal samples number is T/Ts = M within each symbol period. By sampling the
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continuous-time prototype filter g(t), the discrete-time prototype filter is obtained

within a sampling rate of Ts, which resulting in (3.7)

g[m] = g(mTs),m = 0, 1, ..., L− 1 (3.7)

where L is the discrete-time prototype filter gT [m] length and the prototype filter

length can be possible that larger than the symbol period. The prototype filter

length is O times the symbol period,which is L = OM assuming that O is the

overlapping factor.

The discrete-time signal is converted into a complex frequency domain by using

the Z-transform,which is an important analysis tool in communication syste. The

gT [m] Z-transform is determined by (3.10)

G[z] =
L−1∑

m=0

g(m)z−m =
ON−1∑

m=0

g(m)z−m (3.8)

Letting m = l
′
M + k

′
, where l

′
= 0, 1, ..., (O − 1) and k

′
= 0, 1, ..., (M − 1), Eq.

(3.10) can be further converted into

G[z] =
M−1∑

k′=0

O∑

l′=0

g(l
′
M + k

′
)z−(l

′
M+k

′
)

=
M−1∑

k′=0

z−k
′
O∑

l′=0

g(l
′
M + k

′
)z−l

′
M

=
M−1∑

k′=0

Gk
′

(zM)z−k
′

(3.9)

Where Gk
′
(zM) is polyphase filters,which is expressed as

Gk
′

(zM) =
O∑

l′=0

gT (l
′
M + k

′
)z−l

′
M (3.10)

The poly-phase filter number branches depends on the modulation function peri-

odicity in the modulated filter banks. The modulation function periodicity used

in Eqs.(3.5) and (3.6), i.e.,
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ek[m] = e

(
j 2πk
M

(
m−Lp−1

2

))

= e

(
−j 2πk

M

(
Lp−1

2

))
e(j

2πkm
M )

= βke
(j 2πkmM ) (3.11)

Then in the poly-phase filters form, the kth synthesis filter can be defined in as

follows

Gk[z] =
L−1∑

m=0

g(m)ek[m]z−m

=
M−1∑

k′=0

O∑

l′=0

gm(l
′
M + k

′
)βke

(
j
2πk(l

′
M+k

′
)

M

)
z−(l

′
M+k

′
)

=
M−1∑

k′=0

βke

(
j 2πk

′
k

M

)
z−k

′
O∑

l′=0

g(l
′
M + k

′
)z−l

′
M

=
M−1∑

k′=0

βke

(
j 2πk

′
k

M

)
z−k

′

Gk
′

(zM) (3.12)

From Eq. (3.13), the FBMCs modulator the poly-phase implementation structure

is obtained, as given in Figure 3.6.
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...

z−1
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Figure 3.6: Efficient synthesis filter bank poly-phase implementation.
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3.2.2.2 Analysis filter bank poly-phase structure

The analysis filters are expressed using accurately the similar derivation as the

synthesis filters. Therefore,the kth analysis filter poly-phase decomposition can be

directly expressed as follows

Fk[z] =
L−1∑

m=0

g(m)ek[m]z−m

=
M−1∑

k′=0

βke

(
j 2πk

′
k

M

)
z−k

′

Gk
′

(zN) (3.13)

The AFB can be understood to consist of βk-multipliers, delay chain, IDFT, type-

1 poly-phase filters, and down-samplers by M/2 . Obviously, the down-samplers

by M/2 are moved trough βk-multipliers, IDFT, and polyphase filters. The poly-

phase implementation structure that is the same with synthesis filter bank is re-

sulted as shown in Figure 3.7. In the reversed order the similar main processing

blocks can be done as in the case of synthesis filter bank are done.
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↑ M
2

↑ M
2

...

↑ M
2

z−1

z−1

...

z−1

Y (z)

Figure 3.7: Efficient of analysis filter bank poly-phase implementation.

3.2.3 Prototype filter

The key element in the complex modulated filter banks is prototype filter be-

cause all SFB and AFB are the corresponding low pass prototype filter frequency

response frequency shifted versions. Different prototype filters are intended for

their matching applications. Some the prototype filters examples are Rectangular
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window, the square root raised cosine (RRC) filter, Hermite, PHYDYAS proto-

type filter and Isotropic orthogonal transform algorithm (IOTA) prototype filter.

The different prototype filters impulse response comparison is shown in Fig. 3.9.

Obviously, compared to the other filters type, PHYDYAS filter offers the best

localization in time and frequency . The RRC filters response continues in time

domain and cannot be a good choice for using in FBMC systems. In this sense, the

filter bank system quality be contingent mostly on the prototype filter properties.

The prototype filters that is more often used in this thesis is PHYDYAS filter.

The prototype filter is selected to be a causal and real valued symmetric FIR filter

with high frequency selectivity in PHYDYAS project.
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Figure 3.8: Impulse response of different prototype filters
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Figure 3.9: Frequency response of different prototype filters
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3.2.3.1 PHYDYAS filter

PHYDYAS filter is the one intended for dynamic spectrum access and cognitive ra-

dio (PHYDYAS) European project in the physical layer [34]. It was introduced by

Bellanger in [40]. The project is established on the frequency sampling technique,

which provides the benefit of using a closed-form demonstration that comprises

only a few adaptable design parameters. This technique idea is first to derive the

continuous frequency response G(f) through the interpolation formula of the an-

ticipated frequency response samples Gk, that are consistently move apart at the

frequency points fk = k
OT

where T is the symbol period and O is the overlapping

factor. That is:

G(f) =
∑

k

Gk
sin(π(OTf − k))

π(OTf − k)
(3.14)

Then, the prototype filter continuous impulse response is obtained by taking G(f)

the inverse Fourier transform, which resulting in:

g(t) =
∑

k

Gke
j2π kt

OT (3.15)

The overlapping factor is selected to be O = 4, and the frequency coefficients

Gk are selected according to the Nyquist theory and are enhanced to offer the

maximum frequency selectivity and reduce the total interference which creates

from the filter bank structure for the PHYDYAS prototype filter [41]. Thus, for

the PHYDYAS filter, the frequency coefficients Gk selected are shown by [40]:





G0 = 1, G1 = 0.971960, G2 = 1√
2
, G3 =

√
1−G2

1 = 0.235147

Gk = 0, for k > 3

Gk = G−k, for k < 0 (To obtain a real − valued filter)
(3.16)

Therefore, the time-continuous impulse response of the PHYDYAS prototype filter

is given by:

g(t) = 1 + 2
O−1∑

k=1

Gk cos

(
2π

kt

OT

)
, for|t| ≤ OT. (3.17)
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Figure 3.10: PHYDYAS prototype filter
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Figure 3.11: PHYDYAS prototype filter frequency response.

where Gk, k ∈ {1, 2, ..., O − 1} , are given in (3.16), for an overlapping factor of

O = 4. The discrete-time prototype filter with OM length is gained by sampling

g(t), as shown follows:

g(m) = g(mTs) = 1 + 2
O−1∑

k=1

Gk cos

(
2π

km

OM

)
,m = 0, 1, ..., OM − 1. (3.18)
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3.2.4 Channel Estimation and Equalization

The effect of wireless channels on the system performance as it is well known it

is greatly large. The FBMC/OQAM systems do well if accurate channel infor-

mation is there. Thus, channel equalization and estimation perform a key role

in FBMC/OQAM systems. However, the FBMC/OQAM systems orthogonality

condition only holds in the real-number field, which causes the intrinsic imagi-

nary interference to real transmitted symbols at the receiver, which different from

OFDM systems. Thus, the conventional channel estimation techniques engaged

in OFDM systems cannot be used in OQAM/FBMC systems directly because the

intrinsic imaginary interference has to be assumed for the channel estimation pat-

terns in FBMC/OQAM systems.

Presently, the FBMC/OQAM systems channel estimation can be categorized into

two categories. These are time-domain channel estimation [ [51]- [53]] and channel

estimation in frequency-domain [ [43]- [50]]. The channel estimation methods in

frequency domain are very simple and single-tap equalizers can be engaged for

channel equalization in FBMC/OQAM systems similar to OFDM systems. How-

ever, in FBMC/OQAM systems, frequency domain channel estimation techniques

work well only for the small channel delay spread. The frequency-domain channel

estimation methods performances degrade seriously for the relatively large chan-

nel delay spread. The time-domain channel estimation techniques are anticipated,

that work well even for the large channel delay spread to solve this problem. As

for the equalization, inappropriately, for the large channel delay spread, simple

single-tap equalizers cannot be engaged for channel equalization. Therefore, in

FBMC/OQAM systems, channel estimation and equalization require more sur-

veys.



Chapter 4

Analysis and Implementation of

FBMC/OQAM Massive MIMO

System with Channel Equalizer

FBMC/OQAM is a multicarrier modulation scheme that precents a specially de-

signed prototype filter which is well localized both in frequency and time domain

to an OFDM. It uses offset QAM for modulating each sub-carriers. This proto-

type filter provides lower spectral leakage and the robustness against multipath

channels for FBMC without the use of CP unlike conventional CP based OFDM

system [64]. The baseband discrete signal for OFDM can be calculated as [34]

s(m) =
1√
M

M−1∑

k=0

∞∑

n=−∞

sk,ng[m− nM ]ej
2πkm
M (4.1)

where, k is the sub-carrier index, sk,n is a quadrature modulated symbol which is

the data transmitted on the kth sub-carrier of the nth OFDM symbol, M is the

total sub-carriers number in a OFDM symbol, the factor 1√
M

is introduced for

power normalization, and g is the rectangular window function which isolates the

sub-channels, with its time domain coefficients expressed as

g(m) =





1√
T
, if |m| ≤ T

2
,

0, if |m| > T
2

(4.2)

where T = 1
∆f

= MTs is the OFDM symbol duration, Ts is the sampling interval

and ∆f is the subcarrier spacing. A cyclic prefix(CP) with length of Lcp is added

to the OFDM symbol whose length is equal or greater than the channel delay

25
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spread to eliminate the ISI and ICI. However, the signal to noise ratio (SNR) is

reduced by a factor α = M
M+Lcp

due to this CP. Unlike OFDM, in a FBMC system,

each sub-carrier is modulated with a real-valued symbol to fulfill the orthogonality

requirement. The FBMC system transmit a real symbol every half symbol duration

to maintain the same data rate as OFDM system without CP i.e. T = 2, which

is gives so called FBMC/OQAM system. This is done at the transmitter side

where each complex data symbol ak,n, is divided into real/in-phase (aIk,n) and

imaginary/quadrature phase (aQk,n) components. If T is complex OFDM symbol

duration without CP, then τ0 = T
2

is the real FBMC/OQAM symbol duration.

However, the FBMC/OQAM sub-carrier spacing υ0 is equal to OFDM sub-carrier

spacing i.e., υ0 = ∆f . Thus, in the case of the FBMC/OQAM system, τ0υ0 = 1
2

is

considered, which means that the sub-carriers density in time frequency strategy

is twice greater in FBMC/OQAM than the conventional OFDM, where T∆f =

1. The two real-valued symbols are carried in FBMC/OQAM system each with

duration T
2

instead of symbol signals carried by one complex-valued OFDM symbol

with duration T. Hence, the FBMC/OQAM spectral efficiency is similar to that

of conventional OFDM without CP.

4.1 FBMC/OQAM modulation

To reduce some shortcoming of CP-OFDM such as the poor spectrum localiza-

tion, a prototype filter (or finite pulse shape filter) g[m] that is different from the

rectangular one with flat edges is used [15]. This gives the filter-bank multicarrier

(FBMC) systems and the filtered OFDM [42, 33, 55, 56]. Then again, due to any

guard interval used, a spectral efficiency losses with symbol density (ρ < 1) is there

as in OFDM due to the CP. Hence, to remove this drawback, a multi-carrier sys-

tems with symbol density (ρ = 1) is presented. However, theoretically, the Balian

Low theorem verified that it is impossible to obtain a prototype function being

well-localized in time and frequency, and meeting in the time being the orthogo-

nality princinple and a symbol density of (ρ = 1) [54]. Therefore, to satisfy these

goals, the orthogonality principle must relax and limited it to the real field. There-

fore, instead of a QAM, the transmitted data selected from a PAM constellation

must be real-valued or purely imaginary in order to demodulate the transmitted

data at the receiver side. But, a two real-valued (one complex-valued symbol)

symbol density the time-frequency plane per area unit is selected to sustain equal

desired data rate [15].
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4.1.1 FBMC/OQAM principle

The main concept in the FBMC/OQAM is to transmit real-valued (offset QAM)

symbols instead of conventional QAM(complex symbols) ones. Certainly, each

complex signal symbol ak,n, where, k = 0, 1, ...,M − 1 carried at rate F = 1/T by

the kth sub-stream, is separated into its in-phase (real part); aIk;n and quadrature

(imaginary part) aQk,n parts at the transmitter side. These possibly will be supposed

of as the PAM pair sequences components that are formerly transmitted using a

time offset T=2. Through the time and frequency axes, any adjacent PAM symbols

pair are transmitted using a +π/2 phase shift. Where ak,n is the transmitted PAM

∑

g0(m)

g1(m)

...

gM−1(m)

Synthesis filter bank

↑ M2

↑ M2

↑ M2

ejφ0,n

ejφ1,n

ejφM−1,n

...

a0,n

a1,n

aM−1,n

Ideal
channel

s(m) r(m)

g∗0(−m)

g∗1(−m)

...

g∗M−1(−m)

↓ M2

↓ M2

↓ M2

Analysis filter bank

e−jφ0,n

e−jφ1,n

e−jφM−1,n

<{.}

<{.}

<{.}

r0,n

r1,n

rM−1,n

...

â0,n

â1,n

âM−1,n

Figure 4.1: The transceiver discrete time of the FBMC/OQAM block diagram

symbol, at nT=2 time instant and the kth sub-carrier, which is a QAM (complex)

symbol is either the in-phase or the quadrature part. And, assume that g[m] is a

causal prototype filter with length Lg = OM , where O is the overlapping factor

and M is the total number of subcarriers [40]. The FBMC/OQAM baseband

transmitted signal in discrete-time can be presented as [28]:

s(m) =
M−1∑

k=0

∞∑

n=−∞

ak,ng[m− nM/2]ej
2πk
M

(m−D/2)ejφk,n , (4.3)

where D=2 is a delay term which depends on the prototype filter length Lg and

in this case D = Lg − 1 = OM − 1. φk,n is phase term that cover π/2 phase shift

between neighboring transmitted PAM symbols through the time and frequency

axes, and can be specified by [57]:
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φk,n =
π

2
(n+ k) (4.4)

The equation in(4.3) can be written in a simpler manner as:

s(m) =
M−1∑

k=0

∑

n

ak,ngk,n[m] (4.5)

where g[m] is defined by

gk,n[m] = g[m− nM/2]ej
2πk
M

(m−D/2)ejφk,n (4.6)

The demodulated symbol over the kth sub-carrier and the nth instant can be de-

termined using the inner product of s[m] and gk,n[m], assuming a free of noise and

distortion less channel:

rk,n = 〈s(m), gk,n〉 =
+∞∑

m=−∞

s(m)g∗k,n[m]

=
M−1∑

k′=0

+∞∑

n′=−∞

ak′ ,n′
+∞∑

m=−∞

gk′ ,n′ [m]g∗k,n[m] (4.7)

Then, the trans-multiplexer impulse response from the equation (4.7)is expressed

by assuming that only a unit impulse is transmitted in a frequency-time position

(k0, n0), as follows:

rk,n =
+∞∑

m=−∞

gk0,n0 [m]g∗k,n[m]

=
+∞∑

m=−∞

g[m]g[m−∆nM/2]ej
2π
M

∆k(D/2−m)ejπ(∆k+k0)∆nejπ(∆k+∆n), (4.8)

where ∆k = k − k0 and ∆n = n− n0. so, the trans-multiplexer impulse response

be contingent strongly on the prototype filter g[m]. The prototype filter must be

intended such that it fulfills the orthogonality principles limited to the real field
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<
{

+∞∑

m=−∞

gk′ ,n′ [m]g∗k,n[m]

}
= δk,k′δn,n′ (4.9)

Therefore, equation (4.7) can be rewritten as

rk,n = ak,n +
∑

(k′ ,n′ )6=(k,n)

ak′ ,n′
+∞∑

m=−∞

gk′ ,n′ [m]g∗k,n[m]

︸ ︷︷ ︸
Ik,n

(4.10)

where Ik,n is the FBMC/OQAM system inherent inter-symbol interference. Then

all the transmitted symbols ak′ ,n′ are real-valued symbols and due the real orthog-

onality principle (4.9), and Ik,n is ISI term and purely imaginary i.e. Ik,n = juk,n

with uk,n is real-valued. Consequently, equation(4.10) can be rewritten as:

rk,n = ak,n + juk,n, (4.11)

and the transmitted real-valued symbols ak,n is recuperated fairly by retrieving

the received demodulated signal rk,n real part.

âk,n = <{rk,n} = ak,n. (4.12)

4.1.2 FBMC/OQAM in multipath channel

However, if a realistic channel for transmission is considered , the real orthogonality

condition in (4.9) will be lost. The consecutive transmitted symbols will overlay

as result of the multi-path channel effect because FBMC/OQAM does not use any

guard interval. The time-invariant channel is assumed for derivation simplicity.

It is also assume that the number of sub-carriers M is sufficiently large,as in the

case of CP-OFDM, i.e. Lh << M where Lh is the length of the discrete channel

response so that the channel is seen as a flat fading at each sub-channel. The

discrete time baseband version of the received signal,after passing through the
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multipath channel and noise taken apart can be written as follows:

r[m] = (h ∗ s)[m]

=

Lh−1∑

l=0

h[l]s[m− l]

=
+∞∑

n=−∞

M−1∑

k=0

ak,n

Lh−1∑

l=0

h[l]gk,n[m− l]

=
+∞∑

n=−∞

M−1∑

k=0

ak,ne
j 2πk
M

(m−D/2)ejφk,n
Lh−1∑

l=0

h[l]g[m− l − nM/2]e−j2π
kl
M

︸ ︷︷ ︸
Θ

(4.13)

In the last term Θ, the exponential term e−j2π
kl
M has fast variations for l ∈

{0, ..., Lh − 1} and cannot be constant over this set (or interval [0, Lh]). However,

g[m− l−nM/2] may have only relatively slow variations when l ∈ {0, ..., Lh− 1}.
Actually, compared to the filter bandwidth, the coherence bandwidth is large

(Lh << Lg = OM), which also means that time variations of g are necessarily

very limited [57]. Therefore, we can assume that g[m− l−nM/2] ≈ g[m−nM/2]

for l ∈ {0, ..., Lh − 1}.
Then, Θ can be approximated by:

Θ ≈ g[m− nM/2]

Lh−1∑

l=0

h[l]e−j2π
kl
M (4.14)

Setting

hk,n =

Lh−1∑

l=0

h[l]e−j2π
kl
M (4.15)

where hk,n is the channel frequency response at subcarrier k and at time index n,

and taking into account the presence of an AWGN term, we can simplify (4.13)

as:

r[m] =
+∞∑

n=−∞

M−1∑

k=0

hk,nak,ng[m− nM/2]ej
2πk
M

(m−D/2)ejφk,n + γ[m]

≈
+∞∑

n=−∞

M−1∑

k=0

hk,nak,ngk,n[m] + γ[m] (4.16)
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whereγ[m] is the AWGN term with variance σ2. The demodulation of the received

signal at time-frequency position (k, n) provides a complex symbol denoted by rk,n

at the receiver side(see 4.1). The demodulated signal after matched filtering and

phase compensation, and before taking the real part can be expressed as :

rk,n =
+∞∑

m=−∞

r[m]g∗k,n[m]

=
+∞∑

n′=−∞

M−1∑

k′=0

hk′ ,n′ak′ ,n′
+∞∑

m=−∞

gk′ ,n′ [m]g∗k,n[m]

︸ ︷︷ ︸
〈g
k
′
,n
′ ,gk,n〉

+
+∞∑

m=−∞

γ[m]g∗k,n[m]

︸ ︷︷ ︸
γk,n

=
+∞∑

n′=−∞

M−1∑

k′=0

Hkk′ ,nn′ak′ ,n′ + γk,n (4.17)

where γk,n is a noise term at the demodulator output and the interference coeffi-

cient Hkk′ ,nn′ can be calculated according to.

Hkk′ ,nn′ = hkk′ (n− n
′
)e
j(φ

k
′
,n
′−φk,n)

(4.18)

hkk′ (n) = (gk′ (m) ∗ h(m) ∗ g∗k(−m))↓M
2

(4.19)

Where, hkk′ (n) is the equivalent channel impulse response between the transmitted

symbols at sub-carrier k
′

and the received symbols at sub-carrier k. It includes

the effects of the transmitter and the receiver pulse-shaping,and the multi-path

channel. M
2

denotes decimation with the rate of M/2. The demodulated symbol

rm,n undertakes interference coming from other time-frequency symbols according

to (4.17). The prototype filter g(m) is designed to be well localized in time and

frequency practically. As a result, the interference is reduced to a small number of

neighboring symbols around the desired time-frequency point (k, n). It is usually

assumed that the channel length, Lh is relatively small compared to the symbol

period, M/2, in order to develop a simple equalizer to combat the frequency-

selective channel effect. Affording to the real orthogonality condition (4.9), then

it can be written as:

rk,n = hk,nak,n +
∑

(k′ ,n′ )6=(k,n)

hk′ ,n′ak′ ,n′ 〈gk′ ,n′ , gk,n〉

︸ ︷︷ ︸
Īk,n

+γk,n, (4.20)

where Īk,n is a complex interference term as hk′ ,n′ are complex coefficients. The pro-

totype filter g[m] is supposed to be well-localized in time-frequency domain, which
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means that it exists a finite set Ωk,n of neighboring positions around the considered

one which can be defined as Ωk,n = {(k′ , n′)/(k′ , n′) 6∈ Ωk,n =⇒ 〈gk′ ,n′ , gk,n〉 = 0}.
Then, the size of Ωk,n depends only on how the prototype filter g[m] is designed.

Setting Ω∗k,n = Ωk,n − (k, n), the complex interference term Īk,n can be rewrite as:

Īk,n =
∑

(k′ ,n′ )∈Ω∗k,n

hk′ ,n′ak′ ,n′ 〈gk′ ,n′ , gk,n〉 (4.21)

Then, the objective is to design a filter so conveniently well-localized that we can

consider the channel coefficients hk,n as constant within Ωk,n. That is, (k
′
, n
′
) 6∈

Ωk,n =⇒ hk′ ,n′ ≈ hk,n. In this case, we can write

Īk,n ≈ hk,n
∑

(k′ ,n′ )∈Ω∗k,n

ak′ ,n′ 〈gk′ ,n′ , gk,n〉

≈ jhk,nuk,n,

where the last equality is obtained according to (4.9), and uk,n is a real-valued

interference term. Finally, substituting this last expression into (4.18), we obtain

the demodulated signal expressed as:

rk,n ≈ hk,n(ak,n + juk,n) + γk,n, (4.22)

Where, hk,n =
∑Lh−1

l=0 h[l]e−j2π
kl
M is the channel frequency response at the center

of the kth sub-carrier. The term uk,n is the intrinsic interference and it is purely

imaginary. And, it represents the role of the inter-symbol interference (ISI) and

inter-carrier interference (ICI) from the adjacent time-frequency symbols around

the desired point (k, n). The effect of channel distortions can be compensated

using a single-tap equalizer per sub-carrier based on (4.22). After taking equaliza-

tion, what remains is the real-valued data symbol ak,n, the imaginary term uk,n,

and the noise impact. Generally, an estimated of ak,n can obtain and the intrinsic

interference can remove by taking the real part from the equalized symbol. The

performance of the above single-tap equalization primarily depends on the valid-

ity of the assumption that the channel length is much smaller than the symbol

duration, but the assumptionis not accurate in highly frequency-selective chan-

nels. More advanced equalization methods are deployed to counteract the channel

distortions in highly frequency-selective channels [28].
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4.2 Massive MIMO Systems

The 5G communication system is a system that expected to enhances high ca-

pacity, high data rate, low complexity and ultra reliable low latency [59]. A new

technology including massive MIMO, non-orthogonal multiple access (NOMA),

visible light communication, millimeter wave communication will be introduced to

achieve these expectation.

when consumption of total transmitted power is remain stable, massive MIMO

gives improved communication capacity significantly. As a result, spectral effi-

ciency are enhanced significantly in massive MIMO systems, which can be derived

from the system achievable capacity improvement, compared to traditional point-

to-point (P2P) system [61]. Moreover, in spatial domain, massive amount of free-

dom degrees will facilitate allocation of power, contributing to energy efficiency.

Hence, it is a core of 5G technology in the future.

Figure 4.2: Architecture of a heterogeneous mobile network [65]

4.2.1 Linear detector Schemes

In massive MIMO systems, to eliminate inter-user interference and to maximize

SNR, linear detectors are used at the receiver side. Therefore, the system can be

simplified as a Single-input-to-Single-output (SISO) systems when the amount of

transmitted antennas approaches to infinity. Moreover, in massive MIMO systems,

to optimize spectral resources, Linear detectors are used in order to reduce the

system complexity, diminish noise effect and optimize stream data transmission

based on channel state information (CSI) at the receiver side. There are three
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common linear combiners schemes, including MRC, ZF and MMSE.

1) Maximum combining-ratio (MRC)

This detector is detector that maximize SNR by Looking for at the receiver com-

biner to maximize the power. For massive MIMO systems, MRC is considered as a

possible linear reception scheme since it can be applied in a distributed manner.Its

mathematical is given by

Wk = HkD
−1
k

Moreover, it has a good performance in the low SNR regime, even upcoming to

optimal performance as a number of antennas increases infinitely. However, as

the SNR increase, massive MIMO systems based on this detector undergo serious

inter-user interference [58].

2) Zero-forcing(ZF)

ZF is linear detector that eliminate inter-user interference by projecting the re-

ceived signals into the orthogonal elements. It does not take noise into consider-

ation. The system that depend on ZF detector scheme has a poor performance

in low SNR regime and the performance in high-SNR regime approaches to opti-

mal [58]. It can be written as

Wk = Hk(H
H
k Hk)

−1

3) Minimum Mean-Square Error (MMSE)

It is used to eliminate noise and inter-user interference and relatively it has higher

system complexity compared to MRC and ZF.

Wk = Hk(H
H
k Hk + σ2

γIK)
−1

MRC has lowest complexity among three of these linear detectors schemes when

see from mathematical perspective. It needs perfect channel state information [58].

From figure 4.3, it is clearly that MMSE system has the good performance through

the whole power SNR in terms of capacity among three of them. The achievable

data rate is 19 bits/s/Hz at SNR is equal to 0dB and it increases as the transmit-

ted power increases, correspondingly. ZF has a similar performance with MMSE,

but, it has a poor performance in low SNR regime because it does not take noise

into account. The achievable data rate of ZF increases when SNR is larger than

10dB, significantly and even it approaches to that of MMSE in high SNR regime.
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Figure 4.3: Linear detectors comparison

Due to less inter-users interference, MRC has a relatively good achievable data

rate, which is approaching to MMSE in low SNR regime. However, due to high in-

terference from individuals users, the capacity almost saturate when SNR is larger

than 10 dB.

From figure 4.3, therefore, MMSE has the best performance of a system in terms

of achievable data rate with known perfect channel state information. From the

remaining two detectors schemes, ZF has a best performance in high SNR regime,

and MRC has a best performance in low SNR regime. And, ZF do not requires

perfect CSI and MRC has the lowest complexity.

4.3 FBMC/OQAM Massive MIMO systems

In this section, Massive MIMO systems are applied to FBMC/OQAM and for

signals detection, the three linear combiners, namely, maximum-ratio combining

(MRC), zero-forcing (ZF), and minimum mean-square error (MMSE) are consid-

ered. As it has shown in section 4.1.2, in the case of a SISO transmission between

an antenna j and a received antenna i for FBMC/OQAM systems, if a
(j)
k,n is the

transmitted real data at time n and at frequency k then the demodulated signal

r
(i)
k,n is given by:

r
(i)
k,n ≈ h

(ij)
k,n (a

(j)
k,n + ju

(j)
k,n) + γ

(i)
k,n, (4.23)
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where h
(ij)
k,n is the channel coefficient from the transmit antenna j to the receive an-

tenna i at frequency k and time instant n. γ
(i)
k,n is the noise component at antenna

i and at time-frequency (n,k). u
(j)
k,n is the interference term as given in (4.10). In

the case of Mssive MIMO transmission, the signals received with each antennas

at the BS antennas are linear combined using the channel frequency coefficients.

However, even with number of an infinite BS antennas, it leads to a residual in-

terference. As a result, the SINR is limited to a certain deterministic value, and

SINR values cannot be increased as the number of BS antennas increases. Due

to upper bounded of the SINR by a certain deterministic value as the number of

BS antennas increases large, channel capacity performances cannot increase effec-

tively with the number of BS antennas. Through a simple channel equalizer, this

problem can be resolved.

To solve this problem, a single-cell massive MIMO system that has a BS equipped

with N number of antenna elements and K single-antenna mobile terminals (MTs)

which are simultaneously communicating in the case of the uplink transmission

are considered [7]. Also, the results and proposed technique are inconsequentially

applicable to the down-link transmission.

Let si(l) represent the terminal i the transmit signal. At the jth BS antenna, the

received signal can be obtained as

rj(l) =
K−1∑

i=0

si(l) ∗ hj,i(l) + γi(l), (4.24)

where hj,i(l) is the channel impulse response between the ith terminal and the jth

BS antenna, and γi(l) is the additive noise at the input of the jth BS antenna.

This additive noise signal samples γi(l) are independent and identically distributed

(i.i.d.) random variables with CN(0, σ2
γ). A channel power delay profile (PDP)is

used to model the corresponding channel responses ρ(l), l = 0, ..., L − 1. The

channel tap hj,i(l), l ∈ 0, ..., L− 1, follows a CN(0, ρ(l)) is assumed and these

taps are assumed to be independent. The channel PDP is normalized such that∑L−1
i=0 ρ(l) = 1. Moreover, let consider that the average transmitted power is equal

to one, i.e.,E{|si(l)|2} = 1 for each terminal is considered. As a result, using above

channel model, at the input of the BS antennas, the signal-to-noise ratio (SNR)

can be calculated as SNR = 1/σ2
γ. To simplify the analysis , the BS has a perfect

channel state information(CSI) knowledge is considered .

Therefore, in the MIMO context, when K users are used to transmit K numbers

of real data symbols and N antennas are used to collect the transmitted signals,
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the FBMC received signal at the jth receive antenna and at a given time-frequency

position (k, n) is expressed by:

r
(j)
k,n ≈

K−1∑

i=0

h
(ji)
k,n (a

(i)
k,n + ju

(i)
k,n) + γ

(j)
k,n, (4.25)

Finally, the system matrix formulation can be expressed as:




r
(1)
k,n
...

r
(N)
k,n




︸ ︷︷ ︸
rk,n

=




h
(11)
k,n · · · h

(1K)
k,n

...
. . .

...

h
(N1)
k,n · · · h

(NK)
k,n




︸ ︷︷ ︸
Hk,n




a
(1)
k,n + ju

(1)
k,n

...

a
(K)
k,n + ju

(K)
k,n




︸ ︷︷ ︸
ak,n+juk,n

+




γ
(1)
k,n
...

γ
(N)
k,n




︸ ︷︷ ︸
γk,n

(4.26)

which yields:

rk,n = Hk,n(ak,n + juk,n) + γk,n (4.27)

where Hk,n is an (N × K) channel matrix. Using ( 4.24, 4.25, 4.26, 4.27) and

extending (4.17) to the MIMO case, we have

rk,n =
+∞∑

n′=−∞

M−1∑

k′=0

Hkk′ ,nn′ak′ ,n′ + γk,n (4.28)

where rk,n is an N × 1 vector containing the received symbols corresponding to

different BS antennas and time-frequency (k, n) point. γk,n is vector contains the

noise contributions through different BS antennas. ak,n is Kx1 vector containing

all the MTs the data symbols transmitted at the point (k, n). Hkk′ ,nn′ is an N ×K
matrix with its element ji, denoted by Hj,i

kk′ ,nn′
, representing the interference co-

efficient corresponding to the channel hj,i(l). These interference coefficient can be

intended similar to(4.18) as

Hj,i

kk′ ,nn′
= hj,i

kk′
(n− n′)ej(φk′ ,n′−φk,n)

(4.29)

hj,i
kk′

(n) = (gk′ (m) ∗ hj,i(m) ∗ g∗k(−m))↓M
2

(4.30)

A single-tap equalizer per sub-carrier is assumed at the BS. Through an N ×K
combining matrix Wk, the elements of rk,n combined and after taking the real part

of these combined signal, the transmitted data symbols estimate at BS for all the
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MTs can be got as

âk,n = <
{
WH
k rk,n

}

= <





+∞∑

n′=−∞

M−1∑

k′=0

WH
k Hkk′ ,nn′ak′ ,n′ +WH

k γk,n





= <





+∞∑

n′=−∞

M−1∑

k′=0

Gkk′ ,nn′ak′ ,n′ + γ
′

k,n



 (4.31)

where Gkk′ ,nn′ = WH
k Hkk′ ,nn′ , and γ

′

k,n = WH
k γk,n. The three linear combin-

ers, namely, maximum-ratio combining (MRC), zero-forcing (ZF), and minimum

mean-square error (MMSE) considered can be got as,

Wk =





HkD
−1
k , for MRC,

Hk(H
H
k Hk)

−1
, for ZF,

Hk(H
H
k Hk + σ2

γIK)
−1
, for MMSE,

(4.32)

where Hk is the channel coefficients matrix at the center of kth sub-carrier, i.e

Hj,i
k =∆

∑Lh−1
l=0 hj,i[l]e

−j2π kl
M . In MRC, the matrix Dk is a K ×K diagonal nor-

malized matrix that contains the ith squared norm Hk column on its ith diagonal

element, and can be calculated as [Dk]ii =
∑N−1

j=0 |Hj,i
k |2. Dk normalize the MRC

output amplitude that grows linearly without a bound as the number of BS anten-

nas N increases. According to the large numbers law, Dk and HH
k Hk tend to NIK

as the number of BS antennas increases. Then, the above all combiners tend to
1
N
Hk as the number of BS antennas increases [62]. Therefore, to find the various

interference terms as the number of BS antennas N goes to infinity, Wk = 1
N
Hk is

considered. Before continue, let recall some results from probability theory. Let

a = [a1, ..., an]T and b = [b1, ..., bn]T be two random vectors each containing i.i.d.

elements. Moreover, assume that qth elements of a and b are correlated according

to E{a∗qbq} = Cab, q = 1, ..., n. Consequently, according to the large numbers law,

the sample mean of random variable 1
n
aHb = 1

n

∑n
q=0 a

∗
qbq converges almost surely

to Cab as n tends to infinity.

Gii
′

kk′ ,nn′
is the element ii

′
of Gkk′ ,nn′ . The elements of Gkk′ ,nn′ = WH

k Hkk′ ,nn′ as

the number of BS antennas N goes to infinity, can be obtained using the large

numbers law, Gii′

kk′ ,nn′
congregates almost surely to [22, 23]

Gii′

kk′ ,nn′
→ E

{
(Hj,i

k )∗Hj,i
′

kk′ ,nn′

}
(4.33)
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The equation(4.29) is used to compute (4.33) and to determine the correspondent

channel impulse response between the conveyed data symbols from transmitter

and the demodulated ones at receiver after combining the signals through various

BS antennas. This equivalent channel impulse response between the transmitted

data symbols of MT i
′
at sub-carrier k

′
and the received ones at MT i at sub-carrier

k as N increases large, approaches to

gii
′

kk′
(n)→ E

{
(Hj,i

k )∗
(
gk′ (m) ∗ hj,i′ (m) ∗ g∗k(−m)

)
↓M

2

}

=
(
gk′ (m) ∗ E

{
(Hj,i

k )∗hj,i′ (m)
}
∗ g∗k(−m)

)
↓M

2

(4.34)

What we understood above expression (4.34) is that there is a correlation between

the channel frequency coefficient Hj,i
k and the channel impulse response hj,i′ (m).

And, it can be determined as

E
{

(Hj,i
k )∗hj,i′ (m)

}
=

Lh−1∑

l=0

E
{
h∗j,i[l]hj,i′ (m)

}
ej2π

kl
M

= ρ(l)ej2π
kl
M δii′ = ρk(l)δii′ (4.35)

Where ρk(l) = ρ(l)ej2π
kl
M . Although the multi-user interference and noise effects

vanish as the number of BS antennas goes to infinity in the massive MIMO systems

in the context of FBMC/OQAM, some residual inter-symbols interference and

inter-carriers interference from the same user is not removed. In specific, the

equivalent channel impulse response between the transmitted data symbols at

sub-carrier k
′

and the received ones at sub-carrier k for a given user i, approaches

to

gii
′

kk′
(n)→ (gk′ (m) ∗ ρk(l) ∗ g∗k(−m))↓M

2
(4.36)

As a result, the SINR converges to(see [23])

SINRi
k,n →

<2
{
Gii
kk,nn

}

<2
{∑+∞

n′=−∞
∑M−1

k′=0 (k′ ,n′ )6=(k,n)
Gii′

kk′ ,nn′

} (4.37)

Where,Gii
kk′ ,nn′

= gii
′

kk′
(n− n′)ej(φk′ ,n′−φk,n)

.

From (4.35), the channel impulse response approaches to zero when i
′ 6= i. Hence,

multi-user interference and the noise contribution fades away. However, the chan-

nel response approaches to (4.36), when i
′
= i, i.e, the interference from the same
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user on itself. Due to the presence of correlation ρk(l), even with an infinite BS

antennas number, the orthogonality condition in the real domain of (4.9) does

not hold anymore. Hence, some residual inter-symbol interference(ISI) and inter-

carrier interference (ICI) will there and will make the SINR to converges at the

level in (4.37) and the channel capacity cannot increase effectively.

The above discussions and analysis that was made for MRC is also valid for the

ZF and MMSE combiners. In specific, using the large numbers law, for the ZF

and MMSE combiners, when N increases large, 1
N
HH
k Hk goes to IK , and hence the

ZF and MMSE matrices in (4.32) converge to that of the MRC [62]. Therefore,

for the ZF and MMSE linear combiners, the same asymptotic SINR value, channel

capacity and channel response as for the MRC can be got.

4.3.1 Equalization

As prsented in the previous section, some residual ICI and ISI is there due to the

correlation between the combiner taps and the channel impulse responses between

the MTs and the BS antennas, even with an infinite number of BS antennas. To

resolve this problem, a channel equalizer is designed in order to remove this corre-

lation [23]. The equation (4.36)is the modulated channel PDP, ρk(l) which results

in the saturation issue. If this problematic term is not exist, the channel response

gii
′

kk′
(n) = (gk′ (m) ∗ g∗k(−m))↓M

2
produces the result without any interference which

shows q(m) = g(m) ∗ g∗(m) is a Nyquist pulse. The effect of this correlation ρk(l)

can removed by equalizing the channel and the saturation issue can resolved . Let

assume ρ(ω) is the discrete time Fourier transform (DTFT) of ρ(l). Also, we can

define ρk(ω) = ρ(ω − 2πk/M) as the DTFT of ρk(l). This implies that one can

equalize the effect of ρk(l) by presenting a filter φk(l) with transfer function

Φk(ω) =
1

ρk(ω)
(4.38)

in combine with g∗k(l) to fulfill the anticipated equivalent channel response gii
′

kk′
(n)→

(gk′ (m) ∗ g∗k(−m))↓M
2

in the asymptotic regime. This combinations modifies the

structure of receiver as shown in 4.4.

Using the channel equalizer, as the number of BS antennas goes to infinity, the

channel distortions, MUI and noise effects will Vanish, and arbitrarily large SINR

values can be accomplished and channel capacity can be effectively increased in

the FBMC massive MIMO systems. That means, with the equalizer in (4.38),

the distortion due to the channel PDP ρk(l) in the equivalent channel impulse
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response in (4.36) is avoided. Then, the equivalent channel response goes to an

ideal channel. As a result, the ICI and ISI effects will disappear, and the multiuser

and the noise effect interference will also goes to zero because the different users

channels are independent (4.33). Thus, the result found above analysis is usable

for any frequency-selective channel and for the flat channel over the bandwidth of

each sub-carrier the equalizer in (4.38) becomes unity.

g∗(−m) φk(l)

Equalizer

↓ M2

W 0,i
k

ejφk,n

<{.}

r0(m)

...
...

...
...

g∗(−m) φk(l)

Equalizer

↓ M2

WN−1,i
k

rN−1(m)

âik,n

Figure 4.4: Block diagram of the simplified receiver with channel equalization.

Hence, for frequency-selective channel, the BS requires to estimate the channel

PDP for each terminal to be able to remove the upper bounded limited of SINR.

Opportunely, the channel PDP can be approximated in a comparatively simple

and feasible manner in massive MIMO systems. In specific, for each terminal, the

channel PDP can be obtained by finding the each tap mean power of the respective

channel impulse responses through various BS antennas. According to the law of

large numbers, as the number of BS antennas grows, this approximatation becomes

nearer to the accurate channel PDP. Although the above method resolves the upper

bounded problem, the requirement of a isolate filter φk[l] per user per antenna may

make this system a very complex receiver and it may not be of practical interest.

The multi-rate signal processing techniques is proposed to resolve this complexity

issues [23].

4.3.2 Frequency Domain Perspective

The SINR saturation problem of FBMC in massive MIMO was discussed from the

time-domain viewpoint in the previous sections. The equivalent channel impulse

response contains a correlation term that bounds the performance of the system,

which can be avoided by using the equalizer that developed in the previous section.

In this section, frequency-domain point of view of this phenomenon is studied.

The presence of the cyclic prefix (CP) greatly simplifies the equalization procedure
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in OFDM-based systems. In specific, as long as the duration of channel impulse

response is smaller than the length of the CP, one can use a single-tap equalizer

per sub-carrier to remove the effect of the channel and recover the transmitted

data symbols. Since no CP is required in FBMC systems, single-taps equalization

do not fully reimburse the channel frequency selectivity through sub-carrier bands.

But, if the sub-carriers number is sufficiently large, the channel frequency response

becomes flat approximately over each sub-carrier band, and the equation described

by (4.22) is going to be valid. So, the equalizer task can be simplified using single-

tap equalization per sub-carrier.

In massive MIMO systems, it is not necessary to have a flat channel response

over each sub-carrier band in order to use single tap equalizer with the channel

equalizer developed previous section. In specific, even in strong frequency selective

channels, the effective channel response becomes flat by using the simple single-

tap per sub-carrier equalization and by incorporating a large antennas number at

the BS. This property has a number of advantages including decreased sensitivity

to carrier frequency offset (CFO), lowered peak-to-average power ratio (PAPR),

reduced sensitivity to channel time variations within the symbol duration of FBMC

and decreased latency between terminals and BS. Since there is no require for

flat-fading assumption over each sub-carrier band, one can widen the sub-carrier

widths.

Assume that gi,i
kk′

(n) is the high-rate equivalent channel impulse response between

the transmitted symbols at sub carrier k
′

and the received ones at sub-carrier K

without decimation and consider a given terminal i. The underline in gi,i
kk′

[n] is a

high-rate channel and differentiate it from the decimated channel response gi,i
kk′

(n)

in (4.34). In the MRC case for a finite value of N , gi,i
kk
′ (n) can be calculated similar

to (4.34) as

gii
′

kk′
(n) =

1

Di,i
k

N−1∑

j=0

(Hj,i
k )∗(gk′ (m) ∗ hj,i(m) ∗ g∗k(−m)) (4.39)

Applying a DTFT, we get

Gii
kk′

(ω) =
1

Di,i
k

N−1∑

j=0

(Hj,i
k )∗Gk′ (ω)Hj,i(ω)G∗k(ω)

= Ci,i
k (ω)Gk′ (ω)G∗k(ω) (4.40)
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Where

Ci,i
k (ω) =

1

Di,i
k

N−1∑

j=0

(Hj,i
k )∗Hj,i(ω) (4.41)

In (4.40) given above, the two modulated square-root Nyquist filters are Gk′ (ω)

and G∗k(ω), which implies, Q(ω) = |G(ω)|2 is a Nyquist pulse, and Ci,i
k (ω) is a gain

due to the multipath channel. In ideal case,the corelation Ci,i
k (ω) should be flat

over the pass band of the sub-carrier k in order to the symbols of sub-carrier k can

be perfectly reconstructed with no any interference. However, the term Ci,i
k (ω)

may introduce some distortion over the pass band of sub-carrier k if the channel

is a frequency-selective type and, as a result some interference can be occurred in

the detected symbols. Using the law of large numbers, and according to (4.35),

the gain Ci,i
k (ω) approaches to ρk(ω) as the number of BS antennas increases to

large. Therefore, by increasing the BS array size the flat-fading condition may not

be achieved.

Similarly, utilizing the equalizer in (4.38), the frequency domain of the equivalent

channel can be expressed as:

G̃ii
kk′

(ω) = C̃i,i
k (ω)Gk′ (ω)G∗k(ω) (4.42)

where

C̃i,i
k (ω) =

∑N−1
j=0 (Hj,i

k )∗Hj,i(ω)

Di,i
k ρk(ω)

=
Ci,i
k (ω)

ρk(ω)
(4.43)

Therefore, C̃i,i
k (ω) will approaches to a frequency flat channel due to that Ci,i

k (ω)

asymptotically tends to ρk(ω). Hence, no distortion is expected in large antenna

system. The massive MIMO -based FBMC systems channel flattening effect is

shown in 4.5

Assuming M = 512 in fig. 4.5, and considering an exponentially decaying channel

PDP with the decaying factor of 0.06 and the length of Lh = 50 for sub-carrier

k = 0 to achieve the results. The equivalent channel becomes flat only when the

channel equalizer is used with the number of BS antennas increases.
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Figure 4.5: Equivalent channel response for different number of BS an-
tenna,a)without channel equalizer, b)with channel equalizer

4.3.3 SINR and Achievable Rate

The SINR and channel capacity performance of an FBMC-based massive MIMO

system in the uplink with the channel equalizer are analyzed in this section.

The three most prominent linear combiners namely, MRC and ZF and MMSE

are considered. As discussed earlier, in the large antenna system, all the linear

combiners in (4.32) are approximated to 1
N
Hk. To analyze the system, the ap-

proach given in 4.9 is considered. The receiver filter g∗k(−m) and the equalizer

φk(l) can be combined together as a single filtering block with impulse response

g̃∗i,k(−m) = g∗k(−m) ∗ φk[l] at receiver side as shown in 4.9. The modified pro-

totype filter and the original PHYDYAS filter time and frequency responses are

present in the Fig. 4.6 and 4.8, respectively. In case of time response indicated in

Fig.4.6,there is a little time delay between modified and original PHYDYAS filter

response.

The sinc pulse shown in Fig.4.7 and 4.8,which is the sub-carriers pulse-shape in

OFDM is used as a reference. Significantly, lower spectral leakage is obtained

from both prototype filters compared to the sinc pulse. In particular, the modified

prototype filter has lower spectral leakage compared to original PHYDYAS filter.

The modified prototype filters and original filter do not differ significantly in shape

in time domain, but, there is a time delay between them, and completely they

give different SINR behaviors. The new receiver filter g̃∗k(−m) can be considered

in place, and to get the estimated data symbols (4.31)is used. Let assume that
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H̃ i
kk′ ,nn′

be an N ×K matrix which has elements given by (4.29) however instead

of g∗k(−m) the new filter g̃∗i,k(−m) in placed .
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Figure 4.6: Impulse responses of the PHYDYAS and modified PHYDYAS
filters.

Moreover, similar to Gkk′ ,nn′ , the K × K matrix G̃kk′ ,nn′ is formed. In specific,

the G̃kk′ ,nn′ i
th row can be derived as wHk,iH̃

i
kk′ ,nn′

, where wk,i is the ith column of

the combiner matrix Wk. Therefore, the interference coefficients are calculated by

the real part of the elements of G̃kk′ ,nn′ . In order to simple SINR analysis, it is

important to calculate the elements of G̃kk′ ,nn′ in a matrix form. In (4.44), the

multi-antenna combining, convolution, phase compensation and down-sampling

operations can all be expressed compactly, based on (4.29) and (4.31).

G̃i,i
′

kk′ ,nn′
= (ψi

kk′ ,nn′
)Hgi,i

′

k (4.44)

where

gi,i
′

k =
N−1∑

j=0

(W j,i
k )∗hj,i′ (4.45)
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Figure 4.7: Frequency responses of the PHYDYAS and modified PHYDYAS
filters and comparison with the sinc pulse.

and

(ψi
kk′ ,nn′

)H = e
j(φ

k
′
,n
′−φk,n)

eT
nn′
G̃i,kGm′ (4.46)

Where, gi,i
′

k is the effective multi-path channel response vector between terminals i

and i
′
at sub-carrier k, after the combining operation. hj,i = [hj,i[0], ..., hj,i[Lh−1]T

is the channel response vector between ith terminal and jth BS antenna. G̃i,k and

Gk′ are two toeplitz matrices which are defined in (4.47) and (4.48), respectively,

and show the synthesis filter at sub-carrier k
′

and the new analysis filter at sub-

carrier k, respectively. The size of the matrix Gk′ is (Lf + Lh − 1) × Lh. By

using (4.22) and gm[l] = g̃i,k[l] ∗ ρ∗k[−l], we can determine the size of G̃i,k. Thus,

the new filter length g̃i,k(l) can be calculated as Lf̃ = Lf − Lh + 1. And, the

G̃i,k size can be obtained as (2Lf − 1) × (Lf + Lh − 1). For the down-sampling

operation, the vector enn′ with (2Lf − 1) × 1 is accounted and it contains zeros

except on its (Lf +(nn)M
2

)th entry which is equal to one. Finally, due to the phase
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Figure 4.8: Frequency responses of the PHYDYAS and modified PHYDYAS
filters and comparison with the sinc pulse.

g̃∗i,k(−m)

designed filter

↓ M2

W 0,i
k

ejφk,n
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r0(m)
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k

rN−1(m)
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Figure 4.9: Block diagram of the receiver after analysis filter bank combined
with channel equalizer.

compensation, e
j(φ

k
′
,n
′−φk,n)

is there.

Gk′ =




gk′ [0] 0 · · · 0 0

gk′ [1] gk′ [0] · · · 0 0
...

...
...

...
...

0 0 · · · gk′ [Lf − 1] gk′ [Lf − 2]

0 0 · · · 0 gk′ [Lf − 1]




(4.47)
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G̃i,k =




g̃∗i,k[Lf̃ − 1] 0 · · · 0 0

g̃∗i,k[Lf̃ − 2] gk′ [Lf̃ − 1] · · · 0 0
...

...
...

...
...

0 0 · · · g̃∗i,k[1] g̃∗i,k[0]

0 0 · · · 0 g̃∗i,k[0]




(4.48)

In (4.44), the term ψi
kk′ ,nn′

is completely deterministic, and gi,i
′

k is a random vector.

Therefore, the interference coefficients are separated in to random and determin-

istic components in this equation. Hence, gi,i
′

k is directly related to the combining

method and can be evaluated for each combiner separately and ψi
kk
′
,nn
′ does not

depend on the combining type.

A. MRC

Dk in (4.32) approaches to NIK as the number of BS antennas increases larger, in

MRC. And, it gives gi,i
′

k = 1
N

∑N−1
j=0 (Hj,i

k )∗hj,i′ . The complex random vector gi,i
′

k

first and second order statistics are calculated in the Appendix. The result is

µi,i
′

k = E
{
gi,i
′

k

}
= δii′ρi,k (4.49)

Γi,i
′

k = E
{

(gi,i
′

k − µi,i
′

k )(gi,i
′

k − µi,i
′

k )H
}

=
1

N
Dρ

i
′ (4.50)

κi,i
′

k = E
{

(gi,i
′

k − µi,i
′

k )(gi,i
′

k − µi,i
′

k )T
}

=
1

N
δii′ρi,kρ

T
i,k (4.51)

whereDp = diag
{

[ρk[0], ρk[1], ..., ρk[Lh − 1]]T
}

, and ρi,k = [ρi,k[0], ρi,k[1], ..., ρi,k[Lh − 1]]T .

Let assume that γi,i
′

k is a zero-mean random vector which is defined as γi,i
′

k =

(gi,i
′

k − µi,i
′

k ) . Thus, from (4.44) and (4.49) and resulted in

G̃i,i
′

kk′ ,nn′
= (ψi

kk′ ,nn′
)Hγi,i

′

k + δii′ (ψ
i
kk′ ,nn′

)Hρi,k

= (ψi
ii′ ,nn′

)Hγi,i
′

k + δii′ (δkk′δnn′ + jAkk′ ,nn′ ) (4.52)

Where, Akk′ ,nn′ = =
{∑+∞

m=−∞ gk′ ,n′ [m]g∗k,n[m]
}

. the fact that e
j(φ

k
′
,n
′−φk,n)

eT
nn′
G̃i,kGm′ =

δkk′δnn′ + jAkk′ ,nn′ is used to get the second line of (4.52). This result is obtained

from FBMC the real-orthogonality property given in (4.9), and the fact that the
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modulated channel PDP effect is removed by ρk[l] the equalizer φk[l]. As dis-

cussed above, the real part of G̃kk′ ,nn′ elements represent the interference coeffi-

cients. Assume Rkk′ ,nn′ = <
{
G̃kk′ ,nn′

}
, and γ

′′

k,n = <
{
γ
′

k,n

}
. Then, (4.31) can

be rearranged as:

âk,n =
+∞∑

n′=−∞

M−1∑

k′=0

Rkk′ ,nn′ak′ ,n′ + γ
′′

k,n (4.53)

An expression for the elements of Rkk′ ,nn′ can be obtained by decomposing the

matrices and vectors in to the real and imaginary parts which constitute the ele-

ments of G̃kk′ ,nn′ , . Specifically, ǎ =
[
<
{
aT
}
,=
{
aT
}]T

is defined for an arbitrary

complex vector or matrix a. Therefore, the elements of Rkk′ ,nn′ can be obtained

from (4.52) as:

Ri,i
′

kk′ ,nn′
= (ψ̌i

kk′ ,nn′
)T γ̌i,i

′

k + δii′δkk′δnn′ (4.54)

Where, γ̌i,i
′

k is the real-valued random vector which has zero-mean and using

((4.49), (4.50), (4.51)) its covariance matrix can be calculated as:

Ci,i
′

k = E

{(
γ̌i,i

′

k − E
{
γ̌i,i

′

k

})(
γ̌i,i

′

k − E
{
γ̌i,i

′

k

})T}

=
1

2

[
<{Γi,i

′

k + κi,i
′

k } ={−Γi,i
′

k + κi,i
′

k }
={Γi,i

′

k + κi,i
′

k } <{Γi,i
′

k − κi,i
′

k }

]

=
1

N
(D̄ρ

k
′ + δii′ ρ̄i,k) (4.55)

where D̄ρ
k
′ = 1

2

[
Dρ

i
′ 0

0 Dρ
i
′

]
and ρ̄i,k = 1

2

[
<{ρi,kρTi,k} ={ρi,kρTi,k}
={ρi,kρTi,k} −<{ρi,kρTi,k}

]

The instantaneous power corresponding to Ri,i
′

kk′ ,nn′
can be determined as P i,i

′

kk′ ,nn′
=

(
Ri,i

′

kk′ ,nn′

)2

= (γ̌i,i
′

k )TΨi
kk′ ,nn′

γ̌i,i
′

k +δii′δkk′δnn′+2δii′δkk′δnn′ (ψ̌
i
kk′ ,nn′

)T γ̌i,i
′

k where,Ψi
kk′ ,nn′

=

ψ̌i
kk′ ,nn′

(ψ̌i
kk′ ,nn′

)T from (4.54). The average power over different channel realiza-

tions can be derived using the concept of moment of quadratic form in the non-

singular normal case and from above equation [ [63], p. 53].

P̄ i,i
′

kk′ ,nn′
= tr{Ci,i

′

k Ψi
kk′ ,nn′

}+ δii′δkk′δnn′

=
1

N
tr(D̄ρ

k
′ + δii′ ρ̄i,k)Ψ

i
kk′ ,nn′

+ δii′δkk′δnn′ (4.56)
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With the channel equalizer and MRC combiner, SINR can be calculated using

(4.57) in the uplink of the FBMC massive MIMO system.

SINRi
k,n =

P̄ i,i
′

kk′ ,nn′

+∞∑

n′=−∞

M−1∑

k′=0

P̄ i,i
′

kk′ ,nn′
+

+∞∑

n′=−∞

M−1∑

k′=0

K−1∑

i
′
=0
i
′ 6=i

P̄ i,i
′

kk′ ,nn′
+ σ2

=
N + tr{(D̄ρ

k
′ + ρ̄i,k)Ψ

i
kk′ ,nn′

}
K−1∑

i
′
=0
i
′ 6=i

+∞∑

n′=−∞

M−1∑

k′=0

tr{D̄ρ
k
′Ψ

i
kk′ ,nn′

}+
+∞∑

n
′
=−∞

(k
′
,n
′
) 6=

M−1∑

k
′
=0

(k,n)

tr{(D̄ρ
k
′ + ρ̄i,k)Ψ

i
kk′ ,nn′

}+ σ2

(4.57)

The SINR in (4.37) that is without the channel equalizer and MRC combiner is

approximated to (4.58) for large number of base station N

SINRiMRC

k,n ≈ (N + 1)τ

(K − 1)τ + σ2
γ

(4.58)

where τ = |ρi,k|2.

Achievable Rate

In the uplink of an FBMC massive MIMO system with the channel equalizer and

MRC combiner, achievable rate can be calculated or derived from SINR for each

user at the output of the MRC combiner as follow

RMRC−weq
i = log2

(
1 + SINRi

k,n

)
(4.59)

And for conventional MRC, the achievable rate can be calculated or derived from

(4.58) for each user at the output of the MRC combiner as follow,

RMRC
i = log2

(
1 + SINRiMRC

k,n

)
≈ log2

(
1 +

(N + 1)τ

(K − 1)τ + σ2
γ

)
(4.60)

Spectral Efficiency

Spectral Efficiency refers to achievable data rate over a given bandwidth in a spe-

cific wireless communication system.
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B. ZF

In the uplink, the FBMC massive MIMO system with the channel equalizer with

ZF combiner, and provided that N ≥ K + 1, SINR can be determined in (4.65).

This can be determined from the covariance matrix given in (4.64) and the random

vector gi,i
i

k first and second order statistics can be determined as given below and

its proof is given in the appendix.

µi,i
′

k = = δii′ρi,k (4.61)

Γi,i
′

k = =
1

N −K (Dρ
i
′ − ρi′ ,kρHi′ ,k) (4.62)

κi,i
′

k = 0 (4.63)

Hence, the covariance matrix of γ̌i,i
′

k is calculated by

Ci,i
′

k =
1

N −K (D̄ρ
k
′ + ρ̄i,k) (4.64)

Where, ρ̄i,k = 1
2

[
<{ρi,kρHi,k} −={ρi,kρHi,k}
={ρi,kρHi,k} <{ρi,kρHi,k}

]

SINRi
k,n =

N −K
K−1∑

i′=0

+∞∑

n
′
=−∞

(k
′
,n
′
)6=

M−1∑

k
′
=0

(k,n)

tr{(D̄ρ
k
′ − ρ̄i,k)Ψi

kk′ ,nn′
}+ σ2

γ

(4.65)

The SINR in (4.37) that is without the channel equalizer and for ZF detectors is

approximated to (4.66) for large number of base station N

SINRiZF

k,n ≈
(N −K)τ

σ2
γ

(4.66)

Achievable Rate

In the uplink, FBMC massive MIMO system with the channel equalizer using ZF

combiner, and provided that N ≥ K + 1, achievable rate can be calculated or

derived from SINR for each user at the output of the ZF combiner as follow

RZF−weq
i = log2{(1 + SINRi

k,n)} (4.67)
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And without channel equalizer, the achievable rate can be calculated or derived

from (4.66) for each user at the output of the ZF detector as follow,

RZF
i = log2

(
1 + SINRiZF

k,n

)
≈ log2

(
1 +

(N −K)τ

σ2
γ

)
(4.68)

Note that the performance of the Minimum Mean-Square Error (MMSE)is done

through matlab simulation only in this paper.

4.3.4 Computational complexity FBMC System

Despite several advantages, FBMC is more computationally complex than con-

ventional OFDM. The computational complexity of any multicarrier scheme can

be evaluated by calculating the number of real multiplications involved in com-

puting a length-N complex-valued output sequence. In OFDM, the computational

complexity comes from the IFFT and FFT operations and its complexity can be

written as [ [34], pp. 23]

COFDM = 2× [Nlog2N × 3N + 4] (4.69)

The computational complexity of FBMC can be evaluated by calculating the real

multiplications involved in SFB at the transmitter and AFB at the receiver. From

[ [34], pp. 23], the complexity of the conventional FBMC system can be written

as follows

CFBMC = 4× [2N +Nlog2N − 3N + 4 + 2ON ] (4.70)

But in the case of the system with equalizer, at receiver side, the receiver filter

g∗k(−m) and the equalizer φk(l) can be combined together as a single filtering block

with impulse response g̃∗i,k(−m) = g∗k(−m) ∗ φk[l] as shown in 4.9. Hence, the

length of the new filter f̃i,k(l) can be obtained as Lf̃ = Lf−Lh+1 = KN−Lh+1.

The computational complexity of proposed FBMC system can be evaluated by

calculating the real multiplications involved in the synthesis filter bank (SFB)

at the transmitter (the same with that of conventional system)and analysis filter

bank (AFB) at the receiver using the new filter f̃i,k(l). The computational com-

plexity of the FBMC System with channel equalizer reduced by the factor of 8Lh

compared with conventional FBMC System. The real multiplications involved in

linear combiners are not included in the computational complexity of both system
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because their effect for both system are the same.

C∗FBMC = 4× [2N +Nlog2N − 3N + 4 + 2ON − 2Lh], (4.71)

Where, C∗FBMC is the computational complexity of the FBMC System with channel

equalizer.



Chapter 5

Result and Discussion

The previous sections analysis are evaluated using computer simulations for both

systems and presented in this section. The PHYDYAS prototype filter is used at

terminals to synthesize and analyze their FBMC signals with overlapping factor of

4. The assumptions used in this simulation are number of sub-carriers M = 1024,

number of terminals K = 10 and the selected noise level is such that the SNR at

the BS antennas input is fixed to 15 dB. Additionally, for different terminals with

multi-path length Lh = 40, the normalized exponentially decaying channel PDP,

ρ(l) = e(−αl)/
(∑L−1

l=0 e
(−αl)

)
l = 0, 1, ..., L − 1 for k = 0, ..., K − 1 with different

decaying factors αk = (k + 1)/20 is used and bandwidth = 10MHz which equal

with sampling frequency is considered.

Using above assumptions, the FBMC massive MIMO system with and without

channel equalizer is developed using code and the results are obtained as given

below. Then, the performance analysis of the system with and without equalizer

is done based on the results. The SINR with and without the channel is compared

at the BS(receiver)and presented in Fig. 5.1. That means, the performance of

average SINR of MRC, ZF, and MMSE detectos as a function of different number

of BS antennas over different channel realizations is done for both systems. The

SINR performance of MRC, ZF, and MMSE detectors without channel equalizer

approach to the saturation level predicted by (4.37) as N increases to large as shown

in the Fig. 5.1. That mean by increasing the BS antennas number, arbitrarily

large SINR values cannot be obtained.

54
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Figure 5.1: SINR performance comparison for the case that the proposed
equalizer is not used

However, the performance of FBMC with the channel equalizer in place the sat-

uration problem is avoided as shown in Fig. 5.2. This figure shows the SINR

performance of MRC, ZF, and MMSE detectors as a function of different number

of BS antennas. Using the modified prototype filter, the saturation problem of the

conventional FBMC systems in massive MIMO channels is avoided and arbitrarily

large SINR values can be achieved by increasing N. The theoretical SINR values

for MRC, combiners with and without equalizer are presented, as calculated in

(4.58),(4.57), (4.66) and (4.65). in particular, ZF and MMSE detectors give bet-

ter improvement(around 17dB per-user for ZF and MMSE, and 2dB per-user for

MRC) than MRC detector.

The achievable rate with and without the equalizer is conducted in Fig. 5.3.

This figure shows the FBMC massive MIMO system achievable rate simulation of

MRC, ZF and MMSE detectors with and without channel equalizer. As shown in

Figs. 5.3, in FBMC massive MIMO system with modified prototype filter, higher

spectral efficiency is achieved compared to FBMC massive MIMO system with

original prototype filter for all linear detectors. In particular, the achievable rate

or Spectral efficiency of the system increases by 6 bits per second per hertz for ZF
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Figure 5.2: SINR performance comparison for modified prototype filter and
existing one .
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Figure 5.3: Spectral Efficiency performance comparison for modified proto-
type filter and existing one .

and MMSE, and 1 bits per second per hertz for MRC.
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Figure 5.4: Throughput performance comparison for modified prototype filter
and existing one .

As shown in Figs. 5.4, in FBMC system with modified prototype filter, higher

throughout is obtained compared to FBMC system with conventional prototype

filter for all linear detectors in the massive MIMO system. specifically, the through-

put increased by 54 megabits per second for ZF and MMSE and and 8 megabits

per second for MRC when we compare both system. Hence, as expected, by elim-

inating the correlation between the multi-antenna combining tap values and the

channel impulse responses between the mobile terminals and the BS antennas we

can achieve a higher spectral efficiency and throughout compared with the con-

ventional FBMC systems in the Massive MIMO systems.

In Fig. 5.5, we compare the BER of the conventional prototype filter and modified

prototype filter that of FBMC with ZF. In BER simulations, we consider offset

16-QAM modulation, K = 10 users and M = 200 BS antennas. Based on our

results,ZF with modified prototype filter has higher BER performance compared

to conventional prototype filter. That means the conventional ZF has a poor

performance compared to proposed one. And also based on 5.5 , the conventional

MRC has a poor BER performance compared to MRC with equalizer.

By using new design prototype filter, the computational complexity of the FBMC

system reduced when we compare with conventional FBMC system as shown in

Fig. 5.6. In another word, the cost of the system is minimized because it is directly

proportional to computational complexity of the system.
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Chapter 6

Conclusions and Future works

6.1 Conclusions

In this thesis, the channel capacity improvement of FBMC transmission in the con-

text of massive MIMO is studied by considering single-tap-per-subcarrier equaliza-

tion using the conventional linear combiners, i.e., MRC,and ZF. The correlation

between the multi-antenna combining tap weights and the channel impulse re-

sponses leads to an interference which does not fade away even with an infinite

number of BS antennas. Hence, arbitrarily large SINR and channel capacity val-

ues cannot be achieved. Moreover, spectral efficiency and throughput are not

effectively increase. By identifying the source of SINR saturation and limitation

of increment of channel capacity, upper bounded SINR and asymptotic achiev-

able information rate are derived. An efficient equalization method is proposed to

remove this correlation and to resolve the problem. Mathematically, the perfor-

mance of the FBMC system that incorporating the proposed equalization method

is analyzed and closed-form expressions for the SINR and the asymptotic achiev-

able information rate of the proposed receiver design in the cases of MRC and ZF

are derived. Computational complexity of FBMC system is done using proposed

method and it is reduced. Finally, by removing the correlation using the pro-

posed technique, a higher spectral efficiency and throughput, and a Lower BER

are obtained compared to the conventional FBMC-based massive MIMO systems.

59
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6.2 Future works

This thesis has addressed the issue of the association of FBMC modulation to

Massive MIMO systems. A number of interesting topics, based on the research

issues studied in this thesis, could also be addressed. But, There is potential for

further research in the areas discussed here and as well as related areas.

• to make the system simple, the proposed method is done using the assump-

tion that CSI is fully known at the receiver side. It would be of interest to

study the influence of channel estimation errors on the performance of the

proposed receivers, and adapt them to more realistic conditions.

• In chapter 4, Although the proposed method resolves the saturation problem,

it may not be of practical interest as it may lead to a very complex receiver.

The source of the complexity lies in the requirement of a separate filter φk[l]

per user per antenna. Hence, the receiver front-end processing has to be

repeated for each terminal separately.



Appendix

THE gi,i
′

k STATISTICS CALCULATION

A. MRC

For MRC, gii
′

k = 1

Di,ik

∑N−1
j=0 (Hj,i

k )∗hj,i′ is there. Moreover, due to the law of large

numbers,Di,i
k approaches to N for N large values. Hence, thegi,i

′

k element lth mean,

for l ∈ 0, ..., Lh − 1, can be determined as follows:

E{gi,i′k [l]} =
1

N

N−1∑

j=0

Lh−1∑

l=0

E
{
h∗j,i[l]hj,i′ [l)

}
ej2π

kl
M

= ρ(l)ej2π
kl
M δii′ = δii′ρi,k(l) (6.1)

This gives (4.49). Then, the correlation between gi,i
′

k [l] and gi,i
′

k [l
′
] for l, l

′ ∈
0, ..., Lh − 1 can be calculated. The case that i 6= i

′
is considered. Hence,

E{gi,i′k [l](gi,i
′

k [l
′
])
∗} =

1

N2

N−1∑

j=0

N−1∑

i′=0

E
{

(Hj,i
k )∗Hj

′
,i

k hj,i′ [l]h
∗
j′ ,i′

[l
′
)
}

=
1

N2

N−1∑

j=0

N−1∑

i′=0

Lh−1∑

l=0

Lh−1∑

l′=0

E
{

(hj,i)
∗[l]hj′ ,i[l

′
]hj,i′ [l]h

∗
j′ ,i′

[l
′
)
}

×ej2π k(l−l
′
)

M =
1

N
δll′ρi′ (l), for i 6= i

′
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The co-variance matrix Γi,i
′

k given in (4.50) can be calculated from the correlation

which can be calculated as follow for the i 6= i
′

case.

E{gi,ik [l](gi,ik [l
′
])
∗} =

1

N2

N−1∑

j=0

N−1∑

i′=0

E
{

(Hj,i
k )∗Hj

′
,i

k hj,i[l]h
∗
j′ ,i

[l
′
)
}

=
1

N2

N−1∑

j=0

N−1∑

i′=0

Lh−1∑

l=0

Lh−1∑

l′=0

E
{

(hj,i)
∗[l]hj′ ,i[l

′
]hj,i[l]h

∗
j′ ,i

[l
′
)
}

×ej2π k(l−l
′
)

M =
1

N
δll′ρi′ (l) + ρi,k(l)ρ

∗
i,k(l

′
)

The pseudo-co-variance matrix κi,i
′

k in (4.51) can be calculated using similar deriva-

tions line as given above.

E{gi,ik [l](gi,ik [l
′
])
T} =

1

N2

N−1∑

j=0

N−1∑

i′=0

E
{

(Hj,i
k )THj

′
,i

k hj,i[l]h
T
j′ ,i

[l
′
)
}

=
1

N2

N−1∑

j=0

N−1∑

i
′
=0

Lh−1∑

l=0

Lh−1∑

l′=0

E
{

(hj,i)
T [l]hj′ ,i[l

′
]hj,i[l]h

T
j′ ,i

[l
′
)
}

×ej2π k(l+l
′
)

M =
1

N
δii′ρi,k(l)ρ

T
i,k(l

′
) + ρi,k(l)ρ

T
i,k(l

′
)

B.ZF

To calculate the gi,i
′

k element µi,i
′

k mean in (4.61), gi,i
′

k = wHk,ihi′ [`] is there, where

wHk,i is the combiner matrix Wk i
th column, hi′ [l] is an N × 1 vector with its

jth element equal to h
′
j,i[`], hk,i is the Hk i

th column. For ZF combiner, Wk =

Hk(H
H
k Hk)

−1
is there. Hence, the gi,i

′

k [l] mean can be calculated as:

E{gi,i′k [`]} = E{wHk,ihi′ [`]}

=
1

M

M−1∑

k=0

E
{
wHk,ihk′ ,i′

}
ej2π

k
′
`

M

=
1

M

M−1∑

k=0

Lh−1∑

l=0

E
{
wHk,ihk,i′

}
ρi′ ,k[l]e

j2π
k
′
(`−l)
M

=
1

M

M−1∑

k=0

Lh−1∑

l=0

δii′ρi′ ,k[l]e
j2π

k
′
(`−l)
M

= δii′ρi,k(`)
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The hk′ ,i′ of channel frequency response can be defined as a term that is correlated

with hk,i′ and a term that is hk,i′ independent combination, i.e.,

hk′ ,i′ = αkk′ ,i′hk,i′ + hindep
kk′ ,i′

, (6.2)

where hindep
kk′ ,i′

is hk,i′ independent and the αkk′ ,i′ of correlation coefficient can be

calculated as:

αkk′ ,i′ = E{Hj,i
′

k′
(Hj,i

′

k )∗} = ρi′ [k
′ − k],

where ρi[k] =
∑Lh

l=0 ρi[l]e
−j 2πkl

M is the channel PDP ρi[l] the M-point discrete

Fourier transform kth coefficient. For ZF combiner, a wHk,ihk,i′ = δii′ is there,

that comes from WkHk = Ii.

Then, the correlation between gi,i
′

k [`] and gi,i
′

k [`
′
] is calculated, in order to deter-

mine the co-variance matrix Γi,i
′

k in (4.62), for `, `
′ ∈ 0, ..., Lh − 1. And, equation

(6.3) is obtained as follows:

E{gi,i′k [`]
(
gi,i
′

k [`
′
]
)∗
} = E{wHk,ihi′ [`]hHi′ [`

′
]wk,i}

= δii′ρi,k[`]ρ
∗
i,k[`

′
] +

1

M2

M−1∑

k′=0

M−1∑

m′′=0

E{wHk,ihindepkk′ ,i′
(hindep

kk′′ ,i′
)
H
wk,i}ej

2πk
′
`

M

×e−j 2πk
′′
`
′

M

= δii′ρi,k[`]ρ
∗
i,k[`

′
] +

1

M2(N −K)

M−1∑

k′=0

M−1∑

m′′=0(
ρi′ [k

′ − k′′ ]− ρi′ [k
′ − k]ρi′ [k − k

′′
]
)
ej

2π(k
′
`−k
′′
`
′
)

M

= δii′ρi,k[`]ρ
∗
i,k[`

′
] +

1

N −K
(
δ``′ρi′ [`]− ρi′ ,k[`]ρ∗i′ ,k[`

′
]
)
.

This comes from proof in (6.2) and from the wk,i independence from hindep
kk′ ,i′

and

hindep
kk′′ ,i′

, the correlation

E
{
hindep
kk′ ,i′

(hindep
kk′′ ,i′

)
H
}

=
(
ρi′ [k

′ − k′′ ]− ρi′ [k
′ − k]ρi′ [k − k

′′
]
)
IN ,

and HH
k Hk is a K×K complex central Wishart matrix with N degrees of freedom

and covariance IK , and for N ≥ K + 1,

E
[{(

WH
k Wk

)−1
}]

= E
[{(

HH
k Hk

)−1
}]

=
K

N −K
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