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Abstract

In this thesis we studied the radiation of particles infalling into compact objects
where General Relativity Field Equations (GRFEs) were used. In particular the
Schwarzschild and Kerr black holes were considered. The radiation is considered to
occur at the horizons due to the strong gravity of the compacts. The calculated total
energy radiated and the time of fall into the black holes depend both on the black
hole and the falling particles dynamical parameters specification. For mathematical
analysis the latest Mathematica 11.3 was used. The results are in good agreement
with the works of the others. Specially, the falling of particles into Schwarzschild
black hole fits with that of the results of Zerilli (1970).

Key words: GRFEs, Schwarzschild metric, Kerr metric, COs, event horizon, elec-

tromagnetic radiation, gravitational radiation.

viil



Acknowledgements

Primarily I would thank God for being able to complete this thesis. Then I would
like to express my special thanks of gratitude to my Astrophysics Instructor and
advisor Dr. Tolu Biressa for his able guide and support in completing my work.
Then my thanks go to my families (specially, my mother), who has been such an
enormous support to me throughout all the years that it took to come up with this
work. Last but not the least I would like to thank my companions who have helped

me a lot.

X



Chapter 1

Introduction

1.1 Background and Literature Review

In astronomy, the term compact objects (compact stars) is used to refer collec-
tively to white dwarfs, neutron stars, other exotic dense stars and black holes. Their
compactness gives them many extreme properties which make them relevant for the
high energy astrophysics, emission of X-rays and Gamma-rays [I]. When a star has
exhausted all its fuel, the gas pressure of the hot interior can no longer support the
weight of the star and the star dies by collapsing to a denser state, then a compact

star is born [2].

A low-mass star, such as our Sun, will end up as a white dwarf, in which the
degeneracy pressure of the electron gas balances the gravity of the object. For a more
massive star, the formed compact object can be more massive than around 1.4Mq),
the so-called Chandrasekhar limit, in which the degeneracy pressure of the electron
gas cannot resist the gravity, as pointed out by Chandrasekhar. In this case, the com-
pact object has to further contract to become a neutron star, in which most of the

free electrons are pushed into protons to form neutrons as suggested by Zwicky and



Landau. Then as Oppenheimer and others noted, if the neutron star is too massive,
for example, more than around 3M(, the internal pressure in the object also cannot
resist the gravity and the object must undergo catastrophic collapse and form a black

hole [3].

The term black hole was first introduced by an American physicist J.A. Wheeler
because everything, including the light wave and any electro-magnetic wave, that
went into its zone was not able to get out and consequently it was appeared as black.
In the 18th century, Laplace and Michell hypothesized for the first time that there
exist an astronomical body with a massive mass that was able to cause an escape
velocity greater than the speed of light in vacuum for which no light was able to
resist the strongest gravitational force generated by this celestial body to escape from
it. However, this hypothesis was not supported by the wave theory of light rather
by the corpuscular theory of light. On this account, the concept of black hole was
abandoned at that time. But some months after the publication of General theory of
relativity by Einstein in 1916, the black hole was again become famous because the
theory of general relativity predicted that a sufficiently huge and compact mass can
deform space-time to form a black hole [4]. However, nowadays the question of how

black holes modify space and time around them is still open [5].

The process of capture of masses by black holes investigated, in the hypotesis that
the infalling mass M5 is smaller than a black hole of mass M;, with the technics of

first-order perturbations of the background geometry. Einsteins perturbed equations



split into two separated sets of equations that can be reduced to two second-order in-
homogeneous wave equations with real (and different) potential barriers and different
source terms describing the radial part of axial and polar perturbations (Regge and
Wheeler, 1957, Zerilli, 1970). The source term for these equations comes out from
the stress-energy tensor of the mass M, which is assumed to fall along a geodesic
of the unperturbed Schwarzschild spacetime. A particle can fall following a radial
or a spiralling trajectory, and an analysis of the source term shows that for polar
perturbations it is different from zero in both cases and for axial perturbations it is
non-null only in the second case. It means that axial perturbations can be excited

only if the particle has an initial angular momentum.

The case of a particle falling onto a star was no more studied before. However,
researchers believed that one way of identifying a collapsed star or black hole in
space is by observing the electromagnetic radiation spectrum emitted by interstellar
gas accreting onto the object. Knowing from theoretical considerations the charac-
teristic frequency spectrum of the emitted radiation, one can presumably determine
from observations whether or not a black hole has indeed been located. Spherically
symmetric, steady-state accretion onto stars for simple polytropic gases has been ex-
amined by Bondi (1952) in the nonrelativistic limit. Michel (1972) considered the
general-relativistic version of the same problem and applied his analysis to the ac-
cretion of matter onto condensed objects. The possibility that gas accreting onto
a black hole might be an important source of radiant energy was first suggested by
Zeldovich (1964) and Salpeter (1964). Shvartsman (1971) employed nonrelativistic

approximations for both the fluid dynamics and radiative processes to estimate the



total energy radiated by a fully ionized gas accreting onto a black hole [6].

Later on, interaction of radiation and matter in the context of black hole astro-
physics was investigated as early as 1974 by Wickramasinghe, when he studied the
radiation pressure driven mass loss from the outermost region of an accretion disc.
Icke (1980) studied the effect of radiative acceleration of gas flow above a Sakura-
Sunyaev Keplerian disc (1973). However, the effect of radiation drag on the gas flow

was ignored [7].

One of indirect evidence for the existence of BHs is with the radiative efficiency
when matter falls toward a central compact object. A matter in a gravitational po-
tential well must continue to fall inward, either through the event horizon of a BH
or hitting the surface of a compact object not enclosed by an event horizon but with
a radius either larger or smaller than the event horizon of the given mass (called a
compact star or naked compact object, respectively). No further radiation is pro-
duced after the matter falls through the event horizon of the BH; thus, the majority
of the kinetic energy of the infalling matter is carried into the BH. On the other hand,
surface emission will be produced when matter hits the surface of the compact star
or naked compact object, because it is not a BH. Therefore, the radiative efficiencies

for these different scenarios are significantly different [3].

Black holes are most often detected by the radiation produced when they grav-
itationally pull in surrounding gas. The efficiency with which the hot gas radiates

its thermal energy strongly influences the geometry and dynamics of the accretion



flow. Both radiatively efficient thin disks and radiatively inefficient thick disks are
observed. When the accreting gas gets close to the central black hole, the radiation
it produces becomes sensitive to the spin of the hole and the presence of an event
horizon. Analysis of the luminosities and spectra of accreting black holes has yielded

tantalizing evidence for both rotating holes and event horizons [§].

Studying the X-ray spectrum of an accreting black hole reveals X-rays of differ-
ent energies emitted by different processes. It is possible to see both the thermal
X-rays emitted from the surface of the accretion disc and the X-rays emitted from
high energy particles in the hot corona around the black hole. In addition, the X-rays
emitted from the corona can be reflected from the accretion disc. Reflection from the
accretion disc imprints a number of atomic features on the spectrum we observe, not
least emission lines. When atoms are excited, their electrons emit light at very spe-
cific energies. It is why different metal compounds glow different colors when heated

9.

The amount of energy emitted by a star in the form of electromagnetic radiation
can be inferred directly from the temperature of certain layers of gas in the stars at-
mosphere (called the effective temperature of the star) and from the stars size. When
gas, dust or other kinds of matter fall towards a compact object (such as a black
hole or a neutron star), a disk of infalling matter forms around the central object
(accretion disk). The energy that matter gains in its fall is transformed into heat
energy of the disk matter. Consequently, accretion disks are extremely hot. Their

thermal radiation they emit is an important tool for indirect observation of neutron



stars and black hole. Within the disk, matter spirals around and coming closer and
closer to the central object until at last it falls onto its surface (or in the case of a
black hole, through its event horizon). Accretion disks emit large amounts of energy
in the form of electromagnetic radiation. Most of that energy is radiated away at

very high frequencies, in the form of X-rays.

If the central body is a black hole, matter can fall directly towards the black holes
horizon and into the black hole, never to be seen again. In both cases, matter takes
a straight plunge. But this is by no means the only possibility in fact, it was not
ruled out rather than the exception . Usually, matter will be in motion even before it
is close enough for the central object to exert a significant pull. Unless this motion is
directed exactly towards the central object a special case, and thus very rare there
will be a component of sideways motion, and if that component is large enough, the

falling matter will not hit the central object, but go past it [10].

A number of investigators have studied the gravitational radiation given off when
a particle falls into a black-hole. Zel’dovich and Novikov (1964a), using linearized
general relativity, calculated that an energy of 0.01Msc?( My /M) is radiated as grav-
itational radiation when a small mass M, falls straight into a black-hole of mass Mj.
They also calculate that up to 5.7 percent of the incoming particle’s rest mass can
be radiated as gravitational radiation if the particle orbits the black-hole and slowly
spirals inward. Orbiting particles were also considered by Peters and Mathews (1963).
Zerilli (1970), used the full nonlinear Einstein theory, calculates 0.0016 Myc? (Mo /M)



instead of the above for zero angular momentum fall. However, Bardeen (1971) con-
sidered an extreme Kerr rotating black-hole and found that a particle in an antiro-
tating orbit radiates 3.8 percent of its rest mass while a particle in a corotating orbit
radiates 42.3 percent of its rest mass. Zel’dovich and Novikov have also considered
that the thermal electromagnetic radiation given off as gas funneled into a black-hole
is compressed and heated to a very high temperature. The gas as a whole emits the

radiation and not individual particles [L1].

This was a plausible extension to the models for X-ray and radio emission from
matter falling into (much lighter) stellar-mass black hole candidates, such as the ones
observed by the group led by Riccardo Giacconi, the 2002 Nobel Laureate. The grav-
itational pull must come from an extremely massive object, or else they would exceed
the Eddington limiting luminosity, 1.3 x 10*'(M; /Mg )W (where M is the mass of
the sun), at which point the radiation pressure would overcome gravity, rendering

instabilities, which would blow the object apart [12].

1.2 Statement of problem

An accelerated charged particle interacting with a neutral Schwarzschild black-hole,
the electromagnetic radiation was computed when particle infalling with zero angular
momentum and in the case of spiraling black hole. The gravitational radiation due
to a point-like particle falling into a black hole (BH) is a classic problem in General

Relativity have computed. It has considered as an application of BH perturbation



theory to study the effect of strong gravity on environment. In the case of the gravi-
ational radiation from a particle falling into a Kerr BH, the motion of a particle is
derived from the the Kerr metric. However, its radiation is calculated using flat space
linearized theory of gravitation. In addition to this, in the case of inspiralling particle,
the power radiated observed at infinity is not fully derived classically. The problem of
gravitational radiation waves by bodies moving in the field of a collapsing star have
also studied. Unfortunately, such considerations can only be valid for bodies which
move at distances large compared to the Schwarzschild radius of the central body
[13]. Then, in subsequent studies, many-particles in fall radiation have treated in
various ways. By now, at least the general features of the radiated waveform, spectra
and energies are computed and understood. However, still an extension of the study

is an active research area to complement.

Research questions

e What does strong gravity spacetime geometry do on in falling particles into

black hole?

e How particles in falling onto black holes be affected at the horizons of Schwarzschild

and Kerr BH?

e What amount of energy is being radiated from in falling particles into gravita-

tional BH?

e How fast does a particle orbit during in spiralling into Schwarzschild black hole?



1.3 Objectives

1.3.1 General objective

To study the radiation from falling particles onto compact object.
1.3.2  Specific objectives
e To study the effect of strong gravity in falling particles into black hole.

e To derive equation of motion of particles falling into Schwarzschild and Kerr

black hole.

e To derive energy radiated from in falling particles into Schwarzschild and Kerr

black hole.

e To derive time of infalling particle and spirals into Schwarzschild black hole.

1.4  Significance of the study

The significance of this study will be:
e Contribute enlightenment in the field study of Astrophysics.

e To provide interesting in scientific input for the progress of research in Astron-

omy and space science.

e To provide clear mathematical procedures with their physical explanations for

other researchers who wish to carry out related investigations.



1.5 Methodology

General Theory of Relativity field equations are used to derive equations of motion
of freely falling and in spiralling particle into Schwarzschild and Kerr black hole. Sub-
sequently, electromagnetic radiation equations for charged particle and gravitational
radiation in case of uncharged one in falling into Schwarzschild is also used. For Kerr
black hole, the power radiated energy of co-rotating particle from infinity with and
without angular momentum after infalling is derived. To derive the electromagnetic
radiation equation, the semi-classical electrodynamics accelerated charged system is
used where curvature effect is included by the metric of the spacetime. For reason-
ably nearby environment to the central gravitating system, the Schwarzschild and
Kerr geometries are considered in our case. Finally, the analytically obtained equa-
tions will be used to generate some numerical values using the latest Mathematics

software (Mathematica 11.3) to compare with others.

10



Chapter 2

Introduction to General Relativity
Theory

Einstein’s General Theory of Relativity (GTR) is a powerful theory to describe com-
pact stars mathematically. It is a theory that describes gravity as curved spacetime.
Einstein presented a description of gravity in the sense that the relative acceleration
of particles is not viewed as a consequence of gravitational forces, but results from the
curvature of the spacetime in which the particles are moving. Consequently, black
holes are an extreme form of curved spacetime containing a curvature singularity
that swallows matter and light. Later on he developed Equivalence Principle and
Metricity. Einstein’s principle of equivalence has played an important role in the de-
velopment of gravitation theory. The Einstein equivalence principle (EEP) has played
an important role in gravitational theory, for it is possible to argue convincingly that
if EEP is valid, then gravitation must be a curved spacetime phenomenon, then the

effects of gravity must be equivalent to the effects of living in a curved spacetime [I].

The modern solution of general theory of relativity that would suggest a black

hole was found by Karl Schwarzschild in 1916, although its interpretation as a region

11



of space from which nothing can escape including light was first introduced by David
Finkelstein in 1958. However, the problem with the Schwarzschild metric is that it
describes the geometry as measured by observers at rest. It is now realized that once
inside the Schwarzschild radius, there can be no observers at rest: everything plunges

inevitably to the central singularity [14].

On 13 January 1916, after Einstein completed his theory of general relativity on
18 November 1915, Karl Schwarzschild published a solution to Einsteins field equa-
tions, describing the curved space-time around a spherically symmetric, non-rotating,
mass of black hole. Nevertheless, after two years later(1918) the Austrian physicists
Lense and Thirring studied the equations of the General Relativity Theory (GRT)
and concluded that a spinning black hole will drag time and space around, an effect
since called the Lense-Thirring effect. The effect predicts that the rotation axis of the
disk should precede around the rotation axis of the black hole. In 2016 (almost a

century after the prediction) there is a claim that the effect has been detected [15].

However, Schwarzschilds theories were predicted by Einstein and then borne out
mathematically in 1939 by American astrophysicists Robert Oppenheimer and Hart-
land Snyder. The Schwarzschild solution is the simplest non-trivial solution to Ein-
steins equation and it is well suited to introduce some important concepts as the
event horizon, geodesics. The Schwarzschild solution describes the simplest category

of the black holes, i.e. with only mass and neither rotation nor charge [12].

12



Most of the current tests of General Relativity are performed in the weak gravita-
tional fields present in our solar system. The consequences of General Relativity (GR)
of the "no-hair” theorem, for which black holes can be fully characterized by their
mass, angular momentum and charge was understated. Since no charge on astro-
physical black holes, the spacetime that surrounds a black hole can be nearly exactly
described by the Kerr metric. The only way to test this theorem is to investigate the
spacetime very close to the hole. Fortunately, the X-ray emission of accreting black
holes carries information about the inner region of the accretion disk, within a few
gravitational radii (R, = GM;/c*) from the hole, encoded in the fast variability of

its spectrum [5].

2.1 The geodesic equation

The freely falling inertial coordinate frame in which the effects of gravity are locally

absent is denoted by, £*. In this frame, the equation of motion for a particle is
d2§a
dr?

— 0 (2.1.1)
with
Adr? = —napdede’ (2.1.2)

being the invariant time interval. Next, we write this equation in any other set of
coordinates we like, and call them z* . Our inertial coordinates £* will be some

function or other of the xz* so

d2§a
0= =5 (2.1.3)
d (0g" da
- dr (8x“ d7'> (2.1.4)

13



where we have used the chain rule to express d¢®/dr in terms of dz*/dr. Carrying
out the differentiation,

0> dPx+ 026> dat dx
0 = Ox+ dr? +8$”8$” dr dr (2.1.5)

where now the chain rule has been used on 9¢*/0z*. This may not look very promis-
ing. But if we multiply this equation by dz*/9¢%, and remember to sum over a now,

then the chain rule in the form

oxr OE \
({9_&-0‘@ - 6# (216)
Our equation becomes
d?z*  _, dxtdz”
= el 0 (2.1.7)
where
A 2 o
LU (2.1.8)

m 8_8" oxtdxz”
is known as the affine connection, and is a quantity of central importance in the study
of Riemannian geometry and relativity theory in particular. We should be able to
prove, using the chain rule of partial derivatives, an identity for the second derivatives

of £* a that we will use shortly:

82504 afa
drhdz” @Fi” (2.1.9)

In our locally inertial coordinates, the invariant spacetime interval is
Adr? = —napdede’ (2.1.10)

so that in any other coordinates, d§® = (9&® /dz*)dx” and

ae d¢P

27 2
cdr = —Napg——
B ok Sv

datdz” = —g,, datdx” (2.1.11)

14



where

SIS
s ox* Oxv

— Guv dxtdx” (2.1.12)

is known as the metric tensor. The metric tensor embodies the information of how
coordinate differentials combine to form the invariant interval of our spacetime, and

once we know g,,,, we know everything, including the affine connections Ffw.

2.2 The Newtonian limit

For a slowly moving mass (of course means relative to ¢, the speed of light) in a
weak gravitational field (GM;/rc* < 1). Since cdt > |dx|, the geodesic equation

greatly simplifies:

d?xt cdt\ 2
H _— —
= + Iy (dT) 0 (2.2.1)
Now
1 dgov dgov 9900
re = —g" — 2.2.2
0 = 39 <8(cdt) T Aedt) Do (222)

In the Newtonian limit, the largest of the g derivatives is the spatial gradient, hence

1 ., 990

Since the gravitational field is weak, g, differs very little from the Minkoswki value:

Jap = 7]aﬁ+ha,ﬁ (2.2.4)

hep < 1 and the p = 0 geodesic equation is

d?t  10hgy [ dt\>
20N (At 2.2.
d7'2+2 ot (d7'> 0 ( 5)

15



The second term is zero for a static field, so that the spatial components of the

geodesic equation become

d’r
e EVhoo = 0 (2.2.6)
This equation rewritten as
d2
%§+V<I> — 0, (2.2.7)

hoo >~ — >~ — 2r (228)
We get
2G M,
~_ (1= 2.2.9
oo ( 2r ) ( )

2.3 The relationship between the metric tensor
and affine connection

Because of their reliance of the local freely falling inertial coordinates £%, the g, and
F;)V quantities are difficult to use in their present formulation. Fortunately, there is a
direct relationship between F:\W and the first derivatives of g,, with the £~ altogether.

Differentiate equation [2.1.12| with respect to 9/dx*

O _ e 0g° 05" *¢P

o 0w o0 1 gk oo (23.1)
Now we use equation for the second derivatives of ¢:

Yy 0> 9¢° 0¢* 9¢”

o~ g g e i (23.2)

16



All remaining ¢ derivatives may be absorbed as part of the metric tensor, leading to

o
oz

9o I+ Guol'S, (2.3.3)

By adding 0g,, /0x" to the above, then subtracting it with indices p and v reversed.

8.9 v ag)\u ag)\
a;x\ + ok 8x5 = gpvrﬁu + gﬂprﬁy + ngFZ)\ + gpAFZy - gp,uFZ)\

=gl (2.3.4)

vy
Remembering that I' is symmetric in its bottom indices, only the g,, terms survive,
leaving

aguu + ag)\u . ag)\u
ox* Ozt Oxv

= 29,1, (2.3.5)

Finally, we multiply by the inverse matrix ¢”?, defined by

gyggpu = (SZ (236)
then it yields
o gz/a aguy ag/\u ag)\u
- 7 — 2.3.
HA 2 (81')‘ * Ozt Oxv (23.7)

2.4 The Einstein Field Equations

Einsteins field equations are the relativistic generalization of Newtons law of grav-
itation. It also connects the curvature of spacetime (Einstein tensor) and the proper-
ties of an object that curves spacetime (Energy-Momentum tensor). Newtons gravita-

tional law tells how mass generates gravitational force, while Einstein’s field equations

17



tell how matter and energy curves space-time. In the general theory of relativity the

Einstein Field Equations (EFE) in vacuum space-time is;

1 G

2ng/: A T;w (241)

R, —
For non-vacuum space-time, EFEs take the form;

1 8rG
R/u, - §Rguy + Ag/“’ = 7T/u/ (242)

where A is cosmological constant, R,, is Ricci tensor, R is Curvature scalar, G is

Newton’s constant, 7, is energy-momentum tensor, g,, general metric tensor [16].

2.5 The Schwarzschild Solution

Now we determine the form of the metric tensor g, for the spacetime surrounding a
point mass M; by solving the equation R,, = 0, subject to the appropriate boundary
conditions. Because the spacetime is static and spherically symmetric, we expect the

invariant line element to take the form
dr* = Bdt* — Adr* — CdQ? (2.5.1)

where df) is the solid angle, dQ? = df? + sin? 0d¢? and A, B, and C are all functions
of the radial variable. We may choose our coordinates so that C' is defined to be 72.
A and B will then be some unknown functions of r to be determined. Our metric is

now in standard form:

dr® = B(r)dt* — A(r)dr?* — r*(d6* + sin® 0d¢?) (2.5.2)

18



We may now read the components of g,,:

and its inverse g"”,

The determinant of g,, is —g, where

g = —DB(r) (2.5.3)
Grr = A(T) (254)
goo = 1’ (2.5.5)
Jop = r2sin*0 (2.5.6)
gt = —B7r) (2.5.7)
g = AYr) (2.5.8)
¢ = r? (2.5.9)
g*® = r%(sinf)? (2.5.10)
g = r*ABsin®0 (2.5.11)

The affine connection for a diagonal metric tensor will be of the form

no sum on a, with a = b, then

a
1—‘ab

a
be

I
1 0Gua
20aa Ot

_ L 99w (2.5.12)

20, Oz
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The nonvanishing components are:

B/
Fir = Ff"t = ﬁ
T B,
Iy = 24
A/
rr. = —
Tr 2A
,
r, = ——
00 1
oo T sin? 0
O A
Pi@ = FZT =
FZ¢ = —sinfcosf
1
ro = 19 =-
or e
r%, = Tj,=cotd (2.5.13)
where
dA
A = —
dr
dB
B = —
dr
Next, the Ricci Tensor is given as:
le = R/)\J)\Ii
or or
_ HA HE A b
= g g T Ll — Ty (2.5.14)
where by definition
A\ g [ 0 0 0
RN G e s (25.15)

¢ is symmetric in its indices, whereas the last two ¢ derivatives are antisymmetric

in the same indices, so they disappeared. We are left with Fﬁu = %% Jpx, in which
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A = p for nonvanishing entries, and g is the reciprocal of g,.

Hence

I3,
Then Ricci Tensor becomes
1 0%1
Ryw = oo
2 0zr0zH

g¥ 0

2 ar I

10

390 119l

A
or; L, L 0lng
axA 2 Oxn

By using [2.5.11}and [2.5.17] the Ry tensor of static fields becomes

_ory, I . 0lng
= ALy, + iy, — 25—
B Or * + 2 Oxn
o (B R Iy, 0 _
= o ( > RED N R L ﬁgln(r‘lAB sin® 6)
B// B/A/ B/2 B/ A/ B/ 4
- _<ﬂ) o +4A3—m(z+§+;)
B// B/ B/ A/ B/
B —ﬁ+a<§+z) A
Next, R,.,:
1821ng I Im O0lng
Rrr _ T 7 F)\ _rr
2 0Or? or b or
19 [0 o A )
= —— |=In(r*ABsin’*0)| — —— —In(r*AB
2 r [a n(r"ABsin gﬂ praa T~ 2A {87’ n(rABsin
10 (A N B L o (A
- 20r\A B r or

B" 1/(B 2
- ﬁ—ﬁ(ﬁ) —p ()

B 1(B\® 2 B”?
- 2B_§<B) T g
B" 1B (A B\ A
- ﬁ_ZE<Z+E>__

A B4
i 77 A o 4=
QA) R (A B )

+A’2+1+1 1 [A”?
4A? 4\ A

rA

+(I7)? 24 (¢ )

() -

A'B’

21

4AB

(2.5.16)

(2.5.17)

(2.5.18)

6)

A'B’ B A

4AB rA
Al
rA

(2.5.19)



ar), o),

Rop = —50% = 5ox T Tilo, — Do,
10?2 lng ory, \ .
T2 00? Or oaL'oy — Lopl'x
d(cotf) d r Olng
= — FTI F)\
i ta ) 54 B
1 1 rA’ S x B 4
- F F)‘ F F I‘¢ T A4 b 4
26 T A Az T oever T late ™ Lo 9¢+2A<A+B+r>
1 3 T‘A 0 0 T ® 2 ’I"B/
© sin?¢ taTae PgoL g, + Lg.Tgp + (Feaﬁ) T 548
_ 1 4 3 rA 2 N t2 - rB’
T s A 242 A 2AB
3 rA’ 2 rB’
= _CSC20+COt20+Z_@_Z+—2AB (2‘5‘20)
But from trigonometric identities we have (—csc?6 + cot? = —1), then equation
[2.5.20] becomes
1 r A’ B’
- A\ 2.5.21
" +A+2A( A+B) (2:5.21)

Ry4 is the last nonvanishing Ricci component. The first term in equation [2.5.14

vanishes, since nothing in the metric depends on ¢. Then,

o, dln|g|
_ _TT¢d oA _ﬂ 9
Bop = = oxA Lol 2 Oxn
r, T dln|g|
_ ) ¢ r A 0 ¢> x r g
8 TSin20 3 é 0 é é - é 0
= E( " )—i— ae(sm@cos@)—i—F oLor T Uool g0 + Ug s + Toolos
+1 0 ealnsm 9+1 rsin’é A’+B'+4
—sinfcos) ———— + — — 4+ =+ -
o S 90 2\ A4 ATB
: 20 A/ : 20 . 20 : 20
= SHA ! 21211 + cos? 6 —sin? 6 — SHA — cos? 6 — SHA —cos? 6 + cos? 6
+7’Sin2(9 A’+B’+4
2A A B r
2 r A’ N B’ N 1 ]
= sin — 4 = — —
24 A B A
= sin® ARy (2.5.22)
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To solve the equations R,, = 0, we have only A and B and all others components

then vanish identically. R, and Ry, both of which must separately vanish, so

R, R 1 (A B
+ 2= ( + ):0 (2.5.23)

A" B rA\A B
Hence we find

AB = constant = 1 (2.5.24)

Furthermore, we impose on A and B the boundary condition that for » — oo the

metric tensor must approach Minkowski tensor in spherical coordinates, that is

lim A= lim B=1 (2.5.25)

r—00 T—00

From [2.5.24] and [2.5.25] we have

A = — (2.5.26)

Plugging this result into the expression for Ryy, we obtain

Rag =0 = —1+ B'r + B(’I") =0 (2.5.27)
Then we get
d (rB)=rB'+B =1
—I(7T =T =
dr
The solution is
C
rB=r+C = B=1+— (2.5.28)

”
To fix C, we recall that at great distances from a central mass M;, the component
g1 = —B must approach —1—2®, where ¢ is Newtonian potential (—GM; /7). Hence
C' = —2GM; and we have

B =1

-1
- QGMl, A= (1 - 2GM1) (2.5.29)

c2r c2r
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Finally, the Schwarzschild Metric for the spacetime around a point mass is

2G M 2G M\
Adr? = ds? = (1 — L) Adt* — (1 _% 1) dr® —r?dQ®  (2.5.30)

cr cr
where dQ? = df? + sin® fd¢?, t is the time coordinate, r is the radial coordinate,

and ¢ are the usual angles for polar coordinates, and 7 is the proper time.

2.5.1 The Schwarzschild Radius

At the end of the 18th century Laplace showed that a sufficiently massive body
would prevent the escape of light from its surface. According to classical mechanics,

the escape velocity from a body of radius R and mass M; is given by;

(2.5.31)

This is greater than the speed of light if the radius is smaller than the critical radius,

then the Schwarzschild radius is given by

> (2.5.32)

RSch =2 (GMI)

where

Rg., = Schwarzschild radius.
G = Gravitational constant.
M, = Mass of Black Hole.

¢ = Speed of light.
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Schwarzschild radius

Figure 2.1: Showing Schwarzschild radius (Schwarzschild radius Wikidata; 2020)

This critical radius is now called the Schwarzschild radius and is the radius of the
event horizon of non-rotating black holes. The term Black Hole is often attributed
to John A. Wheeler, who wrote according to Einsteins general theory of relativity, as
mass is added to a degenerate star a sudden collapse will take place and the intense
gravitational field of the star will close in on itself. Such a star then forms a black

hole in the universe.

The Schwarzschild geometry is the geometry of spacetime outside a spherical star.
It is determined by one parameter, the mass M; [16]. The Schwarzschild geometry
is asymptotically flat, because the metric tends to the Minkowski metric in polar

coordinates at large radius as r — oo.

High-energy astrophysics required to study of the processes that occur within
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stars, black holes and supernovae. These processes monitored by measuring the high-
energy electromagnetic radiation and particles that they emit including x-rays, ultra-
violet light and gamma rays. These sources are remnants of stellar explosions, such
as neutron stars, white dwarfs and black holes. Due to their extraordinary properties,
compact objects form unique laboratories for understanding the physics of extreme
environments. In addition, many questions about their origin, composition and evo-
lution are still open today, more than 50 years after they were first discovered. The
main study focus in the High Energy Astrophysics group Thingen was X-ray binaries.
These binary systems consist of a star and a compact object orbiting one another. In
certain configurations and evolutionary states, the gravitational interactions of both
objects leads to matter transfer from the outer envelope of the star onto the compact
object. When this happens, the kinetic energy of the in-falling matter is converted
into heat once it reaches the surface and X-rays can be observed. This physical pro-

cess is called accretion [I].

2.6 The Kerr Solution

Kerr metric is the second exact solution of Einstein field equation, which can be used
to describe space-time geometry in the vacuum area near a rotational, axialsymmetric
heavenly body (Kerr, 1963). It is a generalized form of Schwarzschild metric. Kerr
metric in Boyer-Lindquist coordinate system can be expressed in [17]

ds> = <1 - QMQ”“) di* + wcﬁm g pap?
p p A

2M, ra?sin’6

> sin? 0d¢? (2.6.1)
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where

p° = r*+a’cos’0 (2.6.2)

A = 72 —2Mr+ad? (2.6.3)
J

= — 2.6.4

« = 57 (264

Here, M, is the mass of the black hole, and a is its angular momentum per unit
mass, ¢ is the angle around the axis of symmetry, ¢ is the time coordinate. Far from
the black hole, r > GM;; a, the metric reduces to flat Minkowski spacetime, with

(t,r,0,7) the usual coordinates, with 6 € [0; 7] and ¢ € [0; 27).

By examining the components of metric tensor g,, in equation , one can

obtain:
2M17'
Go = 1——
p
g = _p_2
11 A
g2 = —02
2M; rasin® 0
gos=9gso = — 5
P
2M, r a? sin® 0
- _(++—) sin? 6 (2.6.5)
p

Both go3(gts) and gso(ge:) off-diagonal terms in Kerr metric are not present in Schwarzschild
metric, apparently due to rotation. If the rotation parameter a = 0, these two terms
vanish. goog11 = gugrr = —1 in Schwarzschild metric, but not in Kerr metric. When
spin parameter a = 0, Kerr metric turns into Schwarzschild metric and therefore is a

generalized form of Schwarzschild metric.
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Chapter 3

Radiation From Particles Falling
Into Black-Holes

Once the solutions of the Einstein field equations (EFE) are found, we can study
the geodesic equation of the free falling particles onto compact objects (COs). Since
particles freely falling from infinity into event horizon of black hole, some amount
of energy liberated due to strong gravitational pull of the black hole. This energy
occurred in the form of radiation, travels through space at the speed of light. It has
an electric field and magnetic field associated with it, and has wave-like properties. In
our case the energy emitted in the form of electromagnetic radiation when a charged
particle falls into a neutral Schwarzschild black-hole with zero angular momentum
and gravitational radiation for uncharged particle of mass M, is calculated. The
gravitational radiation due to a pointlike particle falling into a black hole (BH) is a

classic problem in general relativity [18].
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Another preview in this chapter is the study of Kerr black holes, exhibit frame-
dragging effect. This effect predicts that objects coming close to a rotating central-
mass will be entrained to participate in its rotation. Following Kerr metric in Boyer-
Lindquist, the power radiated energy of particle falls onto neutral rotating black hole

is calculated.

3.1 Free Falling of Charged Particles with Zero
Angular Momentum

The total power passing out through a spherical surface at radius r is the integral
of the Poynting vector [19] and given by
1
P(r) :j{S-da:— (ExB)-da (3.1.1)
Ho
For an accelerated point charge ¢ in straight-line motion, the angular distribution of
the radiation through out solid angle (d€2 = sin 8dfd¢) is given by

dP pg*a’ sin’ #
dQ  1672c¢ (1 — Bcosh)s

(3.1.2)

where (pp = 1/c%ey, 3 = v/c). Using equation we can now calculate the
electromagnetic radiation emitted by a charged particle falling radially into a black-

hole. Then the energy given off per unit time is given by

_dE(0) _ V_2 e22* sin? (3.13)
dt 3 16m%¢y (1 — Beosh)?

where ze is the charge, 5 = v/c, 0 is the angle between the line of sight and the

particles velocity v, and a dot denotes differentiation with respect to time. Since we
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are not interested in the angular distribution, we integrate over 8 to get

dE Ve el 1
—— = 1.4
dt c3 bmeg { (1-— 52)3} (3.1.4)

Through terms of order 5% and for the velocities of interest to us, we can approx-

imate this by

dE v? e?
_ - — (1 2 1.
dt e 6meg ( +36 ) (3.15)

This gives the energy emitted by the accelerating charge, where retardation effects
have been taken into account. The total energy received at infinity, neglecting the
radiation lost down the black-hole would be calculated. To get this we must first
correct equation for redshift. If a clock at infinity records the passive of a time

Ats, then one near the black hole will record a time

2G M\ ?
Aty = Aty (1— G21)
ToC
1
2
= At (1—R50h) (3.1.6)
To

Thus objects near Rg., appear to outside observers to slow down, until at Rg., they

become entirely frozen in time.

The frequency of a photon of frequency vy emitted at a radius rg around a black

hole and received at infinity will have frequency

( 2GM1)5
Vs = 1| 1—

roc2

= (1 - RSCh) (3.1.7)

To

Note that this formula has the property that, as rg — Rg, the observed frequency
Voo — 0. Thus, light emitted near the event horizon becomes more and more red-

shifted, until finally at the event horizon it becomes infinitely redshifted and can no
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longer be observed by the outside world. The light coming out of the clock near the
black hole will be redshifted, so its frequency will diminish as seen from an observer
at infinity. This means that fewer wave crests pass the detector on that clock than
pass the detector at infinity in the same amount of time. When the clock near the
black hole is pulled back up, it will have recorded fewer ticks than the clock at infinity.

Therefore, time must slow down near the black hole.

Since the particle is in falling, then the radial part from equation [2.5.30] being

calculated as

r r

-1
Adr? = (1 - RSC”) Adt? — (1 — RSC") dr? (3.1.8)

For an object at fixed r, then the spacing of ticks of the clock in proper time is given

by

1

2

dr, = (1—3*%) dt (3.1.9)
T

1
Thus for an observer at infinity (as r — oo, (1 — @) > — 1), then
dre = dt (3.1.10)

Thus the frequency of a photon observed at infinity v, is related to the frequency

v, emitted at a distance r from a black-hole by

Voo dr,

U, AToo

_ (1 2G M, ﬂ
N c2r dt

— <1 - RSCh)é (3.1.11)

r

N

31



where G is the gravitational constant, Rg., is Schwarzschild radius. Thus the energy

received at infinity is related to the energy emitted near a black-hole by

1
2Mi\ 2
dErece'ived = dEemitted (1 - 1) (3112)
r
and we have
. dEreceived o 1')2 62 (1 + 362) 1 — 2M1 % (3 1 13)
dt 3 6meg r o

The redshift correction is very important near the Schwarzschild radius r = 2M;.
To integrate equation we need v and v for a particle falling in a Schwarzschild
field. We are considering the problem of a small mass My < M; so that the falling
particle does not perturb the metric. To find the geodesics of the Schwarzschild

metric, we use variational principle along a curvature by the parameter 7. We have
s = /E dr = extremum (3.1.14)

So that equation [2.5.30| rewritten as

2 2 2 2 2
1:di: (1_2M1) ar <1_2M1>dl_ 2ﬁ_7«25m29%

dr? r dr? r dr? " dr? dr?
. 1z
%: |:<1_ 2M1>t2— (1_ 2M1)7;2_T202_r281n26¢2:|
T T T

{(1 — 2M1> — <1 — 2M1> 72 — r?0% — r? sin? 9(;'52} dr
r r

1
(1 B 2M1) 2 _ (1 B 2]1\0/11) P2 _ p202 _ p2gin2 %Q} dr (3.1.15)

From [3.1.14] and [3.1.15, the Euler-Lagrange equation of the Schwarzschild metric

32



becomes

L=1= [(1— 2]7\1/[1)Cziz—lj.—zﬂ—rzéz—TQSiHQQQ‘SQ % (3.1.16)
The Euler-Lagrange equation for ¢ is then
%%_% - (3.1.17)
which since %—f =0,

oL 1 OIM1\ 5i 72 T M\ .
5 él(l_T)Ct —1_%—7“0 — r°sin“ ¢ 1 - . 2t

(3.1.18)
where, (f = 4, 0 = €L, h = %)
so that eq. [3.1.18 reduced to
: 2M
ct (1 — 1) = constant. (3.1.19)
r

This implies that there is a conserved quantity we will call energy per unit mass:

oL E
= = = 3.1.20
ot My ( )

We have

. 2M, FE
t(1— = — 1.21
c < . ) 7 (3 )

For r — o0, the Schwarzschild metric goes to the Minkowski metric and for the
Minkowski metric ¢t = E/M, for (c=1).
Next we find the ¢ equation:

doL oL

e (3.1.22)
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so again we have a conserved quantity ps, = 0L/ dp = —L/m, where we will call
this conserved quantity the angular momentum per unit mass. The metric does not
depend explicitly on the angle ¢, we get that result here. Hence we have
oL 1 2Mi\ 55 72 T
a_q's = 5[(1— r)ct—@—re—rsm9¢
X <—r2 sin? 92<b>

= —r’sin®0¢ (3.1.23)

1
2

Thus our ¢ equation reads

L

7 7% sin? 06 (3.1.24)

So it makes sense that we called the constant of motion L/Ms.
Next, we consider the 6 equation. Here we find that

d oL oL
el Rl (3.1.25)

thus we do not have a conserved quantity for this equation. We find

N|=

.9 ] )
% = % [<1 — 2141) o T 7’2M1 — 7262 — r?gin?® ng]

X <—r22 sin @ cos 9¢2>

= —r2¢*sinfcosf (3.1.26)
and
% = % [(1 _ 2%) A2 — 1_7”—22% — r20% — r? sin? eq's] h (—r229')
= —r? (3.1.27)
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Thus our 6 equation reads:

di (r29) = 7r2$*sinfcosf (3.1.28)
”

In our case, the whole squared equations of motion from [3.1.16| becomes

2GM; )\ = . o
1 = (1 — Tl> t2 — m — 7"202 — T‘2 Sln2 9@52 (3129)

Since our object and metric are spherically symmetric we can simplify things by only

considering motion in the equatorial plane (§ = m/2, 6 = 0). In this case then,

equation [3.1.16] gives:

-2 .
1 = (1 - %) 2 (1r— — r2¢? (3.1.30)

2GM
— T1)

Now eliminate variables other than r, using the constants of motion we have from the
above equations:

L/My = 1%¢ and E/My = (1 — ZEMLYE2 1o get:

E2 -2 L2
- 2GM1 T2GM Y (3.1.31)
M1 — =) (1= =02) Myr?
We can write this by solving for Myr2,
M2 B + L2 (1 2GMl) (3.1.32)
7= — = - 1.
2 M, > Myr? r 7

then this equation rewritten as:

dr\? E? 2G M, L2
M, [ — = — (1= Myc? 3.1.33
2 (dT) Mosc? ( rc? > ( 267+ Mg?"?) ( )

This geodesic equation shows that things fall due to the spacetime curvature of the

metric as a step in proper time d7 forces a step dr in the r direction. Suppose the
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angular momentum L = 0, which we might expect for radial infall towards a spherical

mass. Our equation then is:

2 2
M, (dr) E- <1 _ 2GM1) My = 0 (3.1.34)

ar) — M2 rc?
Next we consider a case where we start at rest far from the object so that at proper

time 7 = 0, M, (%)2 =0, and r — oo. Our equation becomes:

E? 2G' M, M.
M2 My + lim —/—1—2 — o, (3.1.35)
2C r—00 r

or E?/Myc® = Myc?, or simply E = Myc®. So at 7 = 0 the total energy is just
E = M,c®. 1In Newtonian mechanics the energy at infinity is usually defined as
E = 0. Also since energy FE is conserved along geodesics we know that F = M,
always. This F is not the Newtonian energy; it is the conserved quantity, which is
better than the sum of %M2U2 + V. If we would have started with some velocity at
r — oo then E > Myc? but it still would have been conserved.

At later times during this radial infall from rest, our equation becomes:

ar\®>  E? 2G M, 2G M, M,
My [—) = — — M,c? Myc? = ——~—""= 1.
2 (dr) Msc? 26+ rc? 2 r (3.1.36)
That is simply
1 dr\>  GM,M,
My | — ) - —/—= = .
2772 (dT) r 0, (3.1.37)

which looks remarkably like the Newtonian case %M2U2 — GMiMs/r = 0. But this is

not the same equation.

If we consider the case where the particle has zero velocity at infinity and falls

from there, we find that the constant in equation [3.1.19)is equal to 1. Since our
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particle radially infalling (df = d¢ = 0), then dividing eq. [2.5.30 by dt?
ds\’ 2M, oM, \ T dr?
—) = (1- o (1-—) — 1.
(@) = (-5)e-(-0) & e
But equation [3.1.19 rewritten as
dt 2M,
— 1-— =1
(@) (=)
d 2M
=2 = ¢ (1 - 1) (3.1.39)

Substituting equation [3.1.39|into [3.1.38| gives
oM\ 2M oM\ dr?
2 <1— 1> - (1— 1)8—(1— 1) o (3.1.40)
r r r dt?
By collecting like terms we get
2M 2M oM\ dr?
-E -0 @
r r r dt?
(dr>2 ) ( 2M1>2 (le)
(=) =2(1=
dt r r

S (1 - 2M1) 2M, (3.1.41)

T dt r r

Differentiating this equation with respect to ¢ then gives the acceleration.

o d?r

VT e
M [1 2M; 3(dr/dt)2]
r2 r 1— 24

M162 ( 2M1) ( 6M1)
= — 5 1 — 1 —
r r T
B _M102 <1 _ 8M; 12M12>

+
r 72

(3.1.42)

If % < 1, equations [3.1.41} and [3.1.42| reduce to the Newtonian values. We note

from equation that the maximum velocity is (... = 0.385 and that it occurs at
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r = 6M;. If we had taken the velocity to be zero at a radius r, instead of at infinity,

1/2
the constant in equation [3.1.19|would be (1 — %) , then equation [3.1.41|becomes

@

dr _ —{1—2%] P Gt B (3.1.43)

Now multiplying equation [3.1.13| through by dt/dr and putting in our expressions

r

for v and v gives

2,2

dEops ez’c ) 3/2 , \/T
dr 6me,16M; (1=30a)"(1-a)”" [1+3a(l-a)] ~ (3.149)

where o« = 2M; /r. Integrating this equation from r = oo to some radius r = r,,;, by

changing variables to a;, then gives

o I
Eobserved - Mec2 <]7\‘41) (E) 22 (3145)

where 7, is the classical electron radius and M, is the electron rest mass (M.c*r, =

e?/4me,). The I in equation [3.1.45]is given by

[ = 0.017166 [g — arcsin(1 — 21:)} +0.034332(22 — 1) (2 — 2)V? 4 (2 — 22)3/?

X [—0.0915528 +0.2901372 — 0.8112722° — 3.5680812°

+10. x® — 9. x° 4+ 3x 1.
10.8348212* — 9.56252° + 3a° 3.1.46

where = 2M; /T in. Since the particle is falling onto the Schwarzschild radius,
then r,;, = 2M; and equation [3.1.46|reduces to I = 0.0171667. Finally, our equation
[3.1.45 becomes

Eobserved = 0.0044932 ]\Iec2 (1(4—_0) Z2 (3147>
1
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This is the result for the electromagnetic radiation which escapes to infinity if a
particle of charge ze falls into a black-hole from r = oo to r = 2M; with zero angular
momentum. The mass of the falling particle My does not enter. It is interesting
that if the redshift and (3% corrections are not made in equation the above
coefficient is increased to 0.008. If higher order terms are neglected in v and v, the

coefficient is further increased to 0.033.

3.2 Particle Spiralling Black-Hole

Using equation [3.1.31] the orbital energy of a particle spiraling a black-hole is

72 12 M
E? = [—(1_2%) +(1+—M§r2)] M2(1 - =
oM 12
o ) . 1 2
- [r +1-= )(1+—M22T2>] M;
, oM, 2 Y2
E = M|+ (1- 14+ —=— 3.2.1
| =20 )] (3:2.1)

For the case of particle starts at rest far from the black hole, then the proper time

T=0; Mg(g—:)z = 0, thus we get the energy of spiralling particle as

2 \:? oM, \ 2

where L is the angular momentum of the orbiting particle, M; = GM;/c*, My and

M is mass of spiraling particle and black hole respectively. The particle will orbit
stably where equation goes through a minimum as a function of r. This radius

is given by differentiating [3.2.2] as
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1 1
d L? \? 2M1\ 2
— | My 1+ —— 1-—
3

(-2t M (1 )

T

P (14 5hs)  (1-28)%2
2M,; L?
L*r%(1 — ) — My MZr3(1 + W)
L*r?M M, M3 L
2 2 1 2.3 14¥2
LPr? —2— —Mler_W

M, M3r? — L*r 4+ 3M, L?

(3.2.3)

which is in the form of quadratic equation. Now we can find the circular radius of

spiraling massive particle from this equation, then it yields

L? 4 \/L* — 12M2M212
2M, M}

B L? n LA 3L2
- 2M M3 AMZMY M3
This equation can be rewritten as

o= <a2 +Vat — 3@2) 2M,
= 2Ma(a+ Va? —3)

(3.2.4)

(3.2.5)

where a = L/2M;M,. So as we see from m the radius is real only if @ > v/3. An

orbit with @ = v/3 has the minimum possible angular momentum. In this optimum

case a particle will spiral down to r = 6M; before it falls into the black-hole without

further radiation of energy. Particle in this material will gradually lose energy because

of friction in the disc and so its value of E will decrease. As a result r will decrease:

the particle will gradually spiral in to smaller and smaller r. Eventually the particle
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will reach the innermost stable circular orbit (ISCO), which has F = Mc? \/g , after
which it falls rapidly into the hole. The energy that the particle loses as it moves
towards the ISCO leaves the disc as radiation, Myc?(1 — \/g) is radiated away. This

is 5.7% of the rest mass of the orbiting particle.

A charged and uncharged particle with the same mass will radiate away the same
total energy as they spiral inward. This is in contradistinction to the straight fall
case. The difference now is that charged and uncharged particles spiral inward at
different rates. It is of interest then to calculate the time required for a charged and

uncharged particle to spiral in from a given distance away from the black-hole.

In order to calculate the spiral time, we shall use equation |3.2.2] with the value
a = /3. This is the most interesting case since it gives the most energy out. The

orbital energy of the particle is then

1202\ /2 oM\ M2
ey ane (1 120) " (1 20) 326,

r T

We can now differentiate this with respect to r to get
dE 12M2Myc?(1 — %)1/2 MMy (1 + 12T1‘2/[12)1/2
dr (1+ 127~_]\2412)1/2T3 (1 — 2M)1/2p2

(1—a)?2  Myc? ,(1+3a?)1/?
o®
(1+3a2)2  4AM; — (1 —a«)'/?

= —3Myta®

(3.2.7)

where a = 2M; /r. Equation holds for both charged and uncharged particles.
To calculate the spiral time, we need expressions for dFE/dt for the gravitational
and electromagnetic cases separately. These expressions for dE/dt can be combined

with equation (20) to give dr/dt which in turn can be integrated over r to give the
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spiral time At¢. This dr/dt is the radial velocity as the particle spirals inward and

not the orbital velocity. From Jackson (1999), for quasi-circular motion we have for

dE e2220?\
®).- @

where v = 1/4/1 — Z—j Approximating the § dependence, equation [3.2.8 can be

dE 022202
a <E> - (671'50@3) <1 + 2 grbital) (329)

The angular dependence has been integrated out. ([ is the orbital velocity of the

electromagnetic radiation

written as

particle now. We can get this easily from the angular momentum. Since

I — M2 crﬁ(;rbital
1 - ﬁorbital
and since a = \/§, we have
12M?
2 1
, = — 1 3.2.10
orbital (7,2 +12 A [12> ( )

The radial acceleration is the same as for the straight fall case and is given by equation

3.1.42, Putting equations |3.1.42  and |3.2.10| into equation then gives

E 2M 3 1 2
( d ) = EMectro g gz qpUE9) gy

S dt 24M, (1+3a2)
Because we will combine equation [3.2.7| with equation and cancel out the dF
in order to obtain dr/dt, we will work to second order in « only. This will introduce
very little error in At since the main contribution to At comes from large radii and
since e = 1/3 for the smallest radius of interest. From equation we then

have

dt 1202\ 1 ,
—_— = —| —] —(1+8 36 3.2.12
(dE)e.m (22M603r0) a4( + 8+ 36a”) ( )
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To second order in a we can write equation |3.2.7] as

dE Mpc? o 11 39

2
— = - — — 3.2.13
dr on C et g (3:2.13)
Multiplying equations [3.2.12) and [3.2.13| gives
dt 6M My 1 9 11 39 5
— = ———(1+8 36 1—— —
(dr)e'm z2Mecr0a2< + 84 36a7)( 2a+ 8a)
6M My 1 11 39 5 9 9
= —————(1-—— — — 44
zQMecrooﬂ( 2a+ g + 8« a” + 36«
6Mi My 1 5 25
dtey = —————|1+za—— d 2.14
' 22M, cry a? < +2a g ) " (3 )

But we have dr = —%da, then we can integrate equation [3.2.14f over r by way of

a variable change to a gives

12M2My  [Tmee [ 1 5 25
Ate.m - 1 2/ (——I————)da

2Mccry J, . \at  2a3  8a?

R S
 22M.erg ot 203 8a?

Tmin

4MEM, 151 751 51 751
S (2 o2 o) o2 2
22M, cry [ ( * 4 A 8 AQ) < + 4 B 8 B2>}

where A = 700 /2My, B = Tipin/2My and 7,4, and 7, are the beginning and ending

radii of the spiraling orbit. The gravitational radiation from an uncharged particle in

dt 5G (M \? 1
(ﬁ)gm = (E) o (3.2.16)

using the linearized gravitational field equations and M, < M;. Combining equation

a circular orbit [20] is

[3.2.13| and [3.2.16| and integrating as above then gives
5(G M\® 221 391 221 391
Atpaw = (=)Mo (2) (A (1- =+ 2 ) B (11— 22—
g 8(c3> 2(1\42) { < 3A+4A2> ( 3B+4B2)}
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From the equations [3.2.15] and [3.2.17] we have the results of coordinate time for

the observer. By taking the mass of the black-hole, M; equal to one solar mass,
we can compare our results for At.,, and Atg,,. Let us consider the very end of
the spiral process where events happen most rapidly and choose A = 10 and B = 3
(the minimum possible value). If the orbiting particle is a system of N electrons,
we find from equations and that At.,, = 0.394 x 10°/N years and
Atgrap = 0.79 x 1051 /N years. Therefore, we have that Aty.q./Ate,n = 2 x 10* so
that charged particles spiral in much faster. Atg,,, is so prohibitively long that the

particles essentially never spiral in.

3.3 Geodesics Equations of Radially Infalling Par-
ticles

In this section we consider the simple spacetime trajectory of a test particle mov-
ing radially with respect to a spherical mass. A test particle is sufficiently small in
comparison with the gravitating spherical mass so that the particles contribution to
the overall gravitational field is negligible. Since we are considering the situation
where no other external forces are present we expect that these particles will travel

on timelike equations governed by the geodesic equations.

The particle dropped from a radius ry > rs (where ry is the Schwarzschild radius

of the black hole) and fall radially inward starting from rest [2I], then the initial
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conditions of this particle will be:

7r
l’g = (Oa To, 57 0)
uy = (uh,0,0,0) (3.3.1)
The value of u}) found from
guwupug = —1
then uf becomes
1
uy = —— (3.3.2)
1 — 2My

T0

Using the Christoffel symbols from [2.5.13]into the geodesic equation of [2.1.7] we get

d*xt 2M,y ¢

arz —mu !

ci;—x; = —%uTug + sin @ cos O(u?)?

‘fjff _ ;uruqb - Z“¢“¢ (3.3.3)

By writing % = ‘il—f and u" = g—:, then integrating the first of the geodesic equations

using the initial conditions becomes:

du? 2M, L dr

ar T T ea-2nyar

u! dut " 2M1

ot 2 2M, dr

ud U ro I (1 - T)
ut 1— 27%

n (i) - v ( mpr

_ 2My
ut = (1 — ﬁ) (3.3.4)




Since we are considering the particle is expected to fall radially only, then u? and u?

2,0
ddj“; are constant.

2,.0
are zero. Therefore Cisz? and

The radial component of the geodesic equation can be found by 4-velocity and

inserting the values for u!, u? and u?

IM )2
-1 = —(1- - ) (uh)? + —<1(u 2)M1) +r2u’ + r?sin? O(u?)?
2My ,
_mE Wy
124 24
wy 1A
1 _2My T 7 _2M;
2M 2M
w =y Jo- B0y 2
To T
2M;  2M,
- N T (3.3.5)
This yields the left components of the 4-velocity,
1 — 2My
=
2M
. 1 1 B 7‘01
120 \1-— %
T0
2M,
dt ViS5
o = [ on (3.3.6)
u = 0
u? = 0 (3.3.7)

The radial equation [3.3.5| can be integrated to find the proper time for the particle
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to start at ryp and fall to the horizon at r = 2M;. We get

dr 2M1 2M1
— = —4 — 3.3.8
dr r ( )

To
/ dr
0 2My _ 2My
r 0

_ To Z_ .1 2M1 B 2M1
= To( o0, (2 sin " )—i— 1 " (3.3.9)

When the initial radius is much larger than 2M; (rg > 2M;), then the proper time

T =

that it would take for the particle to fall from ry to 2M; would be approximately

ro (m . 4, [2M; 2M,
— - 1—
cr To ( 7 (2 sin " ) - -

2¢\ 2G M,

Q

w2rd
— 3.3.10
SG M, ( )

Using this, a value for ry can be substituted and the proper time elapsed for the

particle to fall into the event horizon of the black hole can be found. At ry = 8My,

8M1 T .1 2M1 2M1
— ’M T_ 1—
4 1( 2M, (2 St 8M1> + 8M1>

then we have

= 8M, (2—W+£>

9.83M, (3.3.11)

Q

where M, = % From equation and we consider the relation of finite
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amount of proper time to coordinate time, then

@&

dr (4)
i
1 2M10

- 2M, - 2M,
T To
1 _ 2M,
dt = — - dr
(1 _ 2]:"41) QJ\r/ll _ 2%1
1 _ 2M;
t = —/ i dr

(1 21;/11) 2];41 . 2%1

ETOQ _ (QMI)? (3.3.12)
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3.4 Rotating black hole

3.4.1 The Kerr metric

The Kerr metric or Kerr geometry describes the geometry of empty spacetime
around a rotating uncharged axially-symmetric black hole with a quasispherical event
horizon. The Kerr metric is the second exact solution of the Einstein field equations of
general relativity; these equations are highly non-linear, which makes exact solutions
very difficult to find. The Kerr metric is a generalization to a rotating body of the
Schwarzschild metric, discovered by Karl Schwarzschild in 1915. The corresponding
solution for a charged, spherical, non-rotating body, the Reissner Nordstrm metric,
was discovered soon afterwards (1916-1918). However, the exact solution for an un-
charged, rotating black-hole, the Kerr metric, remained unsolved until 1963, when it

was discovered by Roy Kerr [22].

According to the Kerr metric, a rotating body should exhibit frame-dragging, a
distinctive prediction of general relativity. The first measurement of this frame drag-
ging effect was done in 2011 by the Gravity Probe B experiment. This effect predicts
that objects coming close to a rotating mass will be entrained to participate in its ro-
tation, not because of any applied force or torque that can be felt, but rather because
of the swirling curvature of spacetime itself associated with rotating bodies. In the
case of a rotating black hole, at close enough distances, all objects even light must
rotate with the black hole; the region where this holds is called the ergosphere. Rotat-
ing black holes have surfaces where the metric seems to have apparent singularities;
the size and shape of these surfaces depends on the black hole’s mass and angular

momentum. The outer surface encloses the ergosphere and has a shape similar to
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a flattened sphere. The inner surface marks the event horizon; objects passing into
the interior of this horizon can never again communicate with the world outside that
horizon. The LIGO experiment that first detected gravitational waves, announced in

2016, provided the first direct observation of a pair of Kerr black holes [23].

When a = 0, the Kerr metric reduces to the Schwarzschild metric. The event
horizon is situated at the point where the sign of the dr term changes, i.e. at A = 0.

Solving A = 0 for r» now gives two horizons,

0 = r2—2Mir+d®

r=ry = Mlj:\/M%—GZ (341)

The outer horizon, r,, is the event horizon while the inner one, r_, is called a Cauchy
horizon. We see that a < M, else a black hole can not exist. A black hole with
a = M is called a maximally rotating black hole. When a < M; the event horizon r
is smaller than the Schwarzschild radius, and if @ = 0 then r, = r,. The horizon of a
rotating black hole is thus smaller than a stationary one. Another surface of rotating
black hole is ergosphere (outer surface). Its solution is given at g, = 0
A — a?sin’ 6

2
A — a®sin?0

2
0 = r2—2Mr +a®— a*sin?0

g = —

r=ry = M * \/Ml2 — a2 cos? 6 (3.4.2)
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3.4.2 Geodesics in the equatorial plane

The general equations for non-null and null geodesics in the Kerr geometry are
much less persuasive than in the Schwarzschild case, and particle trajectories exhibit
complicated behavior. For example, in general the trajectory of a massive particle
or photon is not constrained to lie in a plane. This is a direct consequence of the
fact that the spacetime is not spherically symmetric and so, in general, the angular
momentum of a test particle is not conserved. Since the Kerr geometry is stationary
and axisymmetric, the conserved quantities along particle trajectories are p; and pg.
The component of angular momentum along the rotation axis is conserved. Since the
motion of the particle is in equatorial plane, then we have § = 7/2. The Kerr metric
from [2.6.1] rewritten as

20 AM 2 2M,
ds? = (1— 1)dt2+ 1adtd¢—1dr2—(r2+a2+ 1“)d¢2

r r A r

(3.4.3)

From this equation we can immediately write down the corresponding Lagrangian
L = g,a*z”. In our case, for a massive particle we shall take the particle to have
unit rest mass and for a photon we shall choose an appropriate affine parameter along
the null geodesic such that, in both cases, p* = z#. We may obtain the geodesic
equations by writing down the appropriate Euler-Lagrange equations. However, we
use the fact that p; and p, are conserved along geodesics (since the metric does not
depend explicitly on t and ¢). The Lagrangian equation of becomes

OMN ., AMia.. 12 OM; a?\ -
L = (1——1)t2+ L4 —T—7’"2—(7’2+a2+—1a)¢2 (3.4.4)
r r A r
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Overdots denote differentiation with respect to an affine parameter (). By using the

Euler-Lagrange equation

From this expression we obtain for the momenta

D= gut + gisd

oM\ . 4AM, a -

:(1— 1)t+ 125
"

r

- E (3.4.6)
pr = —T (3.4.7)

Ps = ol + Gost

2M; a . 2M; a?)\ -
— 1at—(r2+a2+ 1a)¢
r r

= —L (3.4.8)
The corresponding Hamiltonian is given by

H = ptwf+prf'+p¢q5—£

1 oM\ ., 2Mia,, 7r? 1 202 M, ]
:_(1— 1)t2+ 1at¢—;—Af2——[r2+az+a 1]¢2

2 T T 2 r

(3.4.9)
Since H is independent of ¢, we find

2M{\ - 2Mia -] . 2 202 M . 2Mia.| -
IH = Kl— 1)t+ 1&¢}t—r—7"2—{(r2+a2+ ¢ 1)¢+ 1&15}@5
r r A r r

(3.4.10)
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This can be written as

2

OH = Ef—Ld— %7'«2 =5, (3.4.11)

where §; is an integration constant, which can be chosen as §; = —1 for time-like
geodesics and §; = 0 for null geodesics. With these expressions we can solve for the

velocity components in terms of the conserved quantities £ and L

2
P %KT2+G2+2J\4_1@)E_2M1aL} (3.4.12)
T T
.1 [2M 2M
b = Z{ T”E+<1— ;)4 (3.4.13)

When we insert this into the equation [3.4.11], we obtain the radial equation
72 = r*E? 4+ 2M,(aE — L)* + r(a®E® — L*) —rA (3.4.14)

Both constants F and L may be obtained by considering the limit as r — oo, we

can rewrite the energy equation in the form

1 1
57‘«2 + Vs B, L) = §(E2 —1) (3.4.15)

where we have identified the effective potential per unit mass as
M, FE?—-ad*E?*-1 M(L — aFE)?
VoL — My Emad ) _ ML —aBE) 516

r 2r2 r3

This equation reduces to the Schwarzschild result in the limit a — 0. When a # 0,
however an effective potential depends on the energy E of the particle (as well as
the usual dependence on the angular momentum L). Nevertheless, by differentiating
3.4.15| with respect to 7, one finds that the radial acceleration of a particle is still
given by ¥ = —dV.s¢/dr. An incoming particle will fall into the black hole only if
the parameters L and E defining its trajectory are such that the maximum value of

Vepp(r; E, L) exceeds 1/2(E? — 1).
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3.4.3 Equatorial motion of massive particles with zero angu-
lar momentum

For a particle falling into a Kerr black hole whose angular momentum about the

black hole is zero, we have L = 0. Therefore, equation [3.4.14] becomes
2 = E*(r® 4+ 2Mia® +ra®) — rA (3.4.17)

From this equation we can find the energy of infalling particle as

372 +rA
E = —+ 3.4.18
\/7"3 + 2Mia? + ra? ( )

We will also consider the limit in which the particle starts at rest from infinity, in
which case /' = 1. In this case the particle will initially be moving radially. Using

these values of L and E, the geodesic equations become

. 1 2M,a?
i = 3 (ﬂ +a®+ rla ) (3.4.19)
. 2M1a
_ 3.4.20
¢ A ( )
2M 2
2= 2 (1 + a—Q) (3.4.21)
T T

From these expression, we see that both ¢ and ¢ are infinite at the horizons (when
A = 0), the singular behaviours of the ¢t and ¢ coordinates cancel in the expression
for 72. The above equations may in turn be used to obtain expressions relating
differentials of the coordinates along the particle trajectory. In particular, we find

that

(3.4.22)
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. 2\ —1

% _ % _ 21\?@ (Tz s ZMrla ) (3.4.23)
. 1

dp ¢ 2Ma [2M, a*\]?

e { : (1 ﬁ)] (3.4.24)

Now differentiating equation |[3.4.18 with respect to r for the energy of particle

with zero angular momentum infalling onto Kerr black hole as

dE  Ma" 4 Myr* + a®r(r*r? — AM7 + Myr(2 + 3r%)) (3.4.25)
dr (73 + 2Mya? + a?r)? (1372 + 3 — 2Mi7? + a?)? o

Multiplying this equation by [3.4.22] then the power radiated energy of particle is

given as

dE Mya* + Myr* + a?r(r*7? — AM? + Myr(2 + 372))
1
3

at (r3 4+ 2Mja® + GQT’)% (r372 + 13 — 2Myr? + a?)

2\ 13 2\ !
. {A lel <1+a_2)] <T2+az+2M_1a) } (3.4.26)
r r "

where A = r2 — 2Mr + a®

Using [3.4.21)into [3.4.20, then we get

1
dE <M1a4—|—M1T4—I—a2r (2M12—|—4M1T+@+6]\{#>>A<% <1+$—§>>2
at (3 + 2Mya? + a2r)? (3 + 2Mya? + a2)? (r2 + a2 + 220e?)

(3.4.27)
An off-diagonal term of Kerr metric is given as
2M,rsin® 6
Gi6 = o = —a—lp2 (3.4.28)

Where Kerr metric is independent of ¢ and ¢t. p® and p' will then be conserved. And

we have:

¢fM@

4.2
2dr (3.4.29)



= My— 3.4.30
p 20 ( )
and thus with angular velocity
dg _ p?

For the sake of particle with zero angular momentum at spatial infinity, then py, = 0

and using the equations |3.4.23| [3.4.29 and [3.4.30

2M1G

t) =
w(r1) 73 + a?r + 2Ma?

(3.4.32)

As of gravitational redshift expressed in Schwarzschild black hole, we can also
do for Kerr black hole. We first derive the gravitational time dilation to obtain
the gravitational redshift. It is given for a clock that is stationary (motionless) in a
gravitational field (dr = df = d¢ = 0) [24]. Hence the Kerr metric in Boyer-Lindquist

coordinate system reduced to

ds?® = gucidt®

- (1 - M) dt* (3.4.33)

r2 + a? cos? 0

and we have

dT = Ot dt (3434)

where G = ¢ = 1. It is not possible to determine dt at any specific point in the
gravitational field because all devices are affected in exactly the same way. Thus,
two points in the gravitational field are required to determine the influence of gy.

By considering two points in the gravitational field, point A, where electromagnetic
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radiation of a specific frequency is emitted and point B, where it is received. We have

from equation [3.4.34

dTA == \/ gtt(rA) th = \/ gtt(rem) dtem (3435)

dte = \/9u(rB) dtg = \/ gu(1re) dt e (3.4.36)

As the time intervals, dt4 and dtg , we assign the time between adjacent crests of
electromagnetic radiation. This means they are equal to the reciprocal of the period
or frequency, v4 and vg , of the electromagnetic radiation. That is:

1

dTA = dTemitted = (3437)
Vemitted
1
dTB = dT’/’eceived = (3438)
Vreceived
From equations [3.4.35] [3.4.36] [3.4.37  and [3.4.38 we get
' 1/2
Vreceived _ (gtt (rem)) (3439)
Vemitted [ (rre)
Plugging equation [3.4.33|into |3.4.39
v 1 _ 2M1 rem 1/2
received r2_+a? cos? 0
= re 3.4.40
Vemitted (1 - %) ( )

For the receiver at infinity (rreceived > Temitted),

1/2
(1 — M> — 1,

2 2 cog2
r2, 4+ a® cos? 0
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then equation |3.4.40| becomes

1/2
Vyeceived o 1 — 2M1Tem
N r2 + a?cos?f
em

(3.4.41)

Vemitted

The energy received at infinity related to the energy emitted near a Kerr black-hole

is given as
2M1 Tem 12
dEreceived = dEemitted <1 - r2 I a2 cos2 6) (3442)
The energy per unit time of this equation is given by
dE'receifued _ dEemitted 1— 2]\41716771 1/2 (3 4 43)
dt dt r2., +a%cos?0 o

Plugging B2 into BT, then we have
1
dF,. (M1a4 + Myr* + a?r (2M12 + 4Myr + M i GJ\ﬁa?)) A (QTM (1 n %)) >

(r2+a®+ —2M1“2)

T

D=

dt (r3 4+ 2Ma® + CLQT’)% (r3 4+ 2M;a? + a?)

« (1 2M1Tem 12
r2,. + a?cos? 6

(3.4.44)

3.4.4 Equatorial circular motion of massive particles

For circular motion, we require that = 0 and, for the particle to remain in a
circular orbit, that the radial acceleration © must also vanish. For time-like geodesics

we may write this in order of decreasing powers in r as
2 = rE? —rA —r(L* — a®E?) + 2M,(aFE — L)? (3.4.45)
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E is now the total energy per unit mass of a particle (or star) and L the angular
momentum per unit mass. This radial equation can directly be obtained from the
conservation laws and the normalization of the four momentum, p*> = —MZ. The

radial equation reduces to the Schwarzschild form in the case a = 0.

dr\? 9 9
—) = BV (3.4.46)
T

do L

with the effective potential defined as

2
v = (1oAY (LB (3.4.48)
s r r2

However, in the case of Kerr, we cannot transform to a simple effective potential. For

this reason, we introduce, as in the Newtonian case, the variable v = 1/r and write

the radial equation as
uu? = 2My(L — aE)*u® — (L — *E*)u® — (a*u® — 2Myju + 1) + E?
(3.4.49)

Since particle is in the circular orbits, @ = 0, for given values of E and L. For circular
orbits, the above cubic polynomial will have a double root. This is easily calculated

to be the case for
M Pu? — (12 + 20l E)u? — (a*u® —2Myu+ 1)+ E* = 0 (3.4.50)
and
3MiIPu? — (I* + 2alE)u — (a*u — M;) = 0 (3.4.51)
where we have introduced the reduced angular momentum
| = L—aF (3.4.52)
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These two equations can be combined to give
E* = 1— Mu+ M*? (3.4.53)
and
20lEu = P(3Myu— 1)u — (a*u — M) (3.4.54)

We can eliminate the energy E from these two equations and combine them into a

quadratic equation for 2

u? [(BMyu — 1)* — 4@’ Myu®] 1!
— 2u [(3Myu — 1)(a’u — My) — 2a°u(Myu — 1)] 17

+ (a*u — M)* =0 (3.4.55)

The discriminant of this equation is

D = 4a*Myu* D3, D, = a*u® — 2Mju + 1 (3.4.56)
we get
Ry, = 1-3Mu=2a\/Mu? (3.4.57)
and the identity
(3Myu —1)? —4a*Mu® = RyR_ (3.4.58)
We find
_auE M,

. = 3.4.59
s = (3.4.59)

Inserting this solution into the energy equation [3.4.53| we find

1 — 2Mou F av/ Mo
E = Chli T et L (3.4.60)

VB
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and the value of L to be associated with this value for E is

L = l+aF
\/Ml(a2u2—|—1j:2a Miu?)
q:

= 3.4.61
e ( )
Finally, the energy per unit mass of circular orbits is given as
2 _2M VM
E = L I avaT (3.4.62)
/12 — 3Myr F 2av/Mir
and the specific angular momentum as
VM (r? = 20/ T @)

r\/r2 — 3Myr F 2av/Myr
where the plus sign correspond to co-rotating orbits and the minus to counter-rotating

ones. We can now differentiate equation [3.4.62] for co-rotating with respect to r as

dE M3 (8aMyr — 3a*/Mr + r/Mir(r — 6M;))

—_— = 3.4.64
dr 2(Myr)3/2(r2 — 3Myr + 2a+/Myr)3/? ( )
Multiplying this equation with |3.4.22] then it yields
2 2 A(2M(] 42 :
dE M (Sa]\/[lr — 3a*/ Myr + r/Myr(r — 6M1)) r P
da 2(Myr)3/2(r2 — 3Myr + 2ay/M;r)3/2 (r2 + a2 + 202)
(3.4.65)

By using the r-component of the Euler-Lagrangian equation, the circular geodesic
of the particles spiralling Kerr spacetime is 7 = # = (0. Thus equation [3.4.5|rewritten

as

d oL oL
S = = (3.4.66)
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Being ¢, = 0 if u # r, then we have

%(grrv*) — %guu,mw (3.4.67)
This equation reduced to
Gusl® + 29154),7“75?2‘5 + g¢¢,r¢2 =0 (3.4.68)
The angular velocity is
w= %5 = Z—f, (3.4.69)
Dividing both sides of by ¢2, then we get
9¢¢,TW2 + 2919w + Grer = 0 (3.4.70)

where we have on the equatorial plane,

g = — (1 — QMI) (3.4.71)

,
G = —Mfla (3.4.72)
goo = 10 +a+ 2]\7{;@2, (3.4.73)
then
2 (r . ]\{fz) W+ Milacu? - 2%1 =0 (3.4.74)
This quadratic equation can be rewritten in the form of,
(r’ — Mya®) w? + 2Myaw — My = 0 (3.4.75)
has discriminant
Mia* + My(r® — Mya®) = Myr®, (3.4.76)
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then we get

—Ml(l + vV M1T3

7’3 — M1a2

_ 4 Vi (3.4.77)

r3/2 + av/M;

This is the relation between angular velocity and radius of circular orbits, and reduces,

in Schwarzschild limit a = 0, to

1/2
wy = i(%> : (3.4.78)

Four velocity of a stationary point on the surface can be written as,
w' = (u',0,0,u?) (3.4.79)
Using equation [3.4.69]in above equation [3.4.79
w' = (uf, 0, 0, wu®) (3.4.80)
Through the normalization condition of the four velocity given by [25]

uu’ = gputu’ =1 (3.4.81)

guu'u + 2gpuu® + ggpuu® = 1 (3.4.82)

Using equation [3.4.80[ in to [3.4.82 we obtain the time-like component of the four

velocities in terms of the metric components of Kerr field and angular velocity of
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rotation (w)

@ 2 2

U 1

9it + 2916w + s (E> = (5)
1

1/2
(910 + 20150 + goo®) * = "

1
u' = 72 (3.4.83)
(G + 2G1pw + gppw?)

Any observer measures the frequency v of a photon following null geodesic x#(\) can

be calculated by the expression given by

n
v o= u“—dﬂlj
dl’)\

dz¥

—_— 4.84
iz (3.4.84)

= u#g#l/

If photon is emitted at r = # = constant, dr = df = 0, then using |3.4.84] the

frequency v can be expressed as

v o= u(gut + gis0) + 0’ (gist + gos9) (3.4.85)
Using equation and in above equation [3.4.85] we can write
v=u'(—E)+u’(L) = u'(—E + wl) (3.4.86)

Using equation [3.4.83] in above equation |3.4.86, we can write the expression of

frequency observed as

v = (—E+wl) (3.4.87)

(Gt + 219w + 9¢>¢>W2)1/2

In general relativity gravitational redshift (z) is defined as

1 o Vreceived
zZ+ 1 Vemitted

1/2
= (gtt + 2w + g¢¢w2) / (3.4.88)
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Now we can write the energy received at infinity related to the energy emitted near

a rotating black-hole as

1/2
dEreceived = dEemitted (gtt + 29t¢>w + g¢>¢>w2) / (3489)

Using equations and then the power radiated energy observed at
infinity is

a

1
2 2
dE s M3 (8aMyr — 3a*/Myr + r/Mir(r — 6M)) A <% <1 + r_2>)

dt 2P — My + 20/ M) (2 + a2 1 BL2)

r

1/2
X (gur + 216w + goow®) / (3.4.90)
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Chapter 4

Result and Discussion

Using General Theory of Relativity (GTR) we have developed the equations of mo-
tion of freely in falling particle into Schwarzschild and Kerr black hole. Since equations
of motion free falling particles were computed, the equation of energy emitted in the
form of electromagnetic radiation in the case of charged particle infalling with zero
angular momentum and gravitational radiation for uncharged particle into black hole
is derived for both Schwarzschild and Kerr case. The time of infalling particles into
Schwarzschild black hole is derived and for the orbit case we have calculated the time
required for both a charged and an uncharged particle to spiral into the black-hole.
The results for the particle falling with zero angular momentum and for the particle
orbiting the black-hole is calculated in turn and compared with the corresponding

results for gravitational radiation.
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4.1 Equations of motion of particle freely infalling
into Schwarzschild spacetime

We have considered a radially falling particle in a Schwarzschild spacetime and the
way to calculate the equations of motion. The Schwarzschild spacetime is the ge-
ometry of the vacuum spacetime outside a spherical star. It is determined by one

parameter, the mass M, and has the line element

2M oM\
ds? = (1 - —1) dt? — (1 - 1) dr? — r2d6* — r?sin® 0dg®  (4.1.1)

T T

For Schwarzschild metric, we have the Lagrangian equation as

r

.9 ) .
ro— 1 [(1_ 2M1>t‘2_1r—2%_r292_r28in29¢2] (412)

T

The corresponding canonical momenta are

pt:%: (1—2];41) ':M% (4.1.3)
Dy = _% = (1 - 2]7{41)17'« (4.1.4)
Dy — _% Y (4.15)
Do = —Z—g = r2sin? 0 = % (4.1.6)
For equatorial plane (6 = 7/2) becomes
1 = (1 - ﬂ) i — ﬁ — r2¢? (4.1.7)

Since the particle is radially infalling, the the equation of motion [2.5.30| becomes
s\’ 2M, oM, " dr?
— ] = (1- 21— — 4.1,
(@) = (-)-(-5) & e
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then the velocity of infalling particle is given by

d oM\ [2M
v="2 ¢ (1— 1) ! (4.1.9)
dt r r

Differentiating this equation with respect to t then gives the acceleration,

@ - e *

r 72

& My M, 12M?
R <1—8 ! 1> (4.1.10)

4.2 Amount of energy radiated during infalling of
particles onto black hole

4.2.1 The Schwarzschild black hole

For an accelerated point charge ¢ in straight-line motion, the angular distribution of
the radiation through out solid angle (d€2 = sin 6dfd¢) is given by

dP pg*a’ sin’ #
dQ  1672c (1 — Bcosh)s

(4.2.1)

where (g = 1/c%¢y, B = v/c). The energy given off per unit time by a charged
particle falling radially into a black-hole is given by

dE(6) v? 222 sin? 0

- = — 4.2.2
dt 3 16m2¢y (1 — G cos )b ( )
By integrating this equation over 6 to get
dE 2 e? 1
I (4.2.3)
dt 3 6mey | (1 — 52)3
Thus the energy emitted by the accelerating charge is given by
dE v: oe?
-— = — 1+ 33 4.2.4
dt 3 6meg ( +36 ) ( )
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We would like to calculate the total energy received at infinity, if a clock at infinity

records the passive of a time At,,, then one near the black hole will record a time

2GM1> 2

. (4.2.5)

At, = Aly (1—

The frequency of a photon of frequency v, emitted at a radius r around a black

hole and received at infinity will have frequency

1
2G M7\ ?

o= u(1- 42.6

v v ( " > ( )

We observe from this equation that as r — Rge, the observed frequency v, — 0.

Thus, light emitted near the event horizon becomes more and more redshifted, until
finally at the event horizon it becomes infinitely redshifted and can no longer be ob-

served by the outside world.

Since the particle is in falling, then the radial part from equation [2.5.30] being

calculated as

-1
cdr? = (1 — —R50h> cAdt* — (1 — RSCh) dr? (4.2.7)

r r

1
For an observer at infinity (as r — oo, (1 —-1- %) 2 — 1), then
AT = dt (4.2.8)

Thus the energy received at infinity is related to the energy emitted near a black-hole

by
1
2M1\ 2
dEreceived == dEemitted (1 - 1) (429)
r
Combining equation and [4.2.9) then we get
1
AP, eceived v e? 2M, )\ 2
_ received T 1436%) (1— 4.2.10
dt 3 6meg ( +36 ) r ( )
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By using equation of motion of infalling particle onto Schwarzschild black hole, the

values of v and v were calculated.

Finally, the result of electromagnetic radiation which escapes to infinity for a
particle of charge ze falls into a black-hole from r = co to r = 2M; with zero angular

momentum is given as
E.pi = 0.0044932 m,c* (L> 22 (4.2.11)
M,

where

me = M€ M, = 9.11 x 107*'kg (mass of electron), G = 6.67384 x 10_11% (grav-

m
kg

itational constant), r, = 2.8 x 107¥m (radius of electron), M, is mass of black hole

and ¢ = 3 x 108% (speed of light.) The mass of the falling particle My does not enter.

When an uncharged particle of mass M, emits gravitational radiation in zero

angular momentum fall [13], then an amount of radiated energy,

1 (MQ
625" M,

M.
= 0.0016(=2)M, ¢? (4.2.12)
M,

Eg’/‘av )M2 62

where M, is mass of black hole.
By taking M, to a system composed of N electrons, then the ratio of electromag-
netic radiation to gravitational one is

E T
o= 28 (=&
Egr(w <me)

5 2.8 x 107%m x 9 x 10'%m?/s?
T\ 9.11 x 103kg x 6.67 x 10~ 11m3 kg—1s2
= 1.16 x 10% (4.2.13)
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We get far more electromagnetic radiation in this case. The ratio in equation [4.2.13

will, of course, become smaller as the mass M, increases and the charge decreases.

For the case of particle starts at rest far from the black hole, then the energy of

spiralling particle and effective potential per unit rest-mass of particle are given as

E(r) = My (1 + L—Z); (1 - QMl)% (4.2.14)

M2 2 r? r

V(r) = (1+L—2) (1 - 2M1) (4.2.15)

r2 r

respectively.
The particle will orbit stably where equation goes through a minimum as a

function of r, which is written as

ro= (a4 VaT=3a2) 211,
= 2Ma(a+ Va? — 3) (4.2.16)

where a = L/2M,M,. By following this equation, the radius is real only if a > /3.

From this value, we have two cases for angular momentum (L) for the particle.
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Figure 4.1: Effective potential as a function of radius for various values of the angular
momentum L < 2v/3M;. The abscissa is a dimensionless radius in units of gravita-
tional radii, and GM;/c is the natural unit for the specific angular momentum L of
a particle.

Case I: As illustrated in figure ; if L < 2v/3M;, then there are no turning
points. For these values of angular momentum no more type of finite motion is pos-
sible, then a test body will inevitably fall in the black hole whatever values of F it

may have. The effective potential is a monotonically increasing function of r.
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Figure 4.2: Effective potential as a function of radius for various values of the angular
momentum L > 2v/3M;. The abscissa is a dimensionless radius in units of gravita-
tional radii, and GM;/c is the natural unit for the specific angular momentum L of a
particle. The relativistic effective potential attains a maximum for L > 2v/3M; and
then vanishes at the Schwarzschild radius 2M;

Case II: Figure shows that if L > 2/3M, then there are two turning points.
The effective potential has two extrema: maximum and minimum, at the radii of
which unstable and stable circular motion are possible correspondingly. In the case
when L equals to the boundary value 2v/3M;, two extrema of effective potential (EP)
merge into one inflection point. This boundary value of L defines parameters of the
last stable orbit which is also called the innermost stable circular orbit (ISCO), i. e.
the boundary orbit on which the finite motion is still possible [26]. For Schwarzschild
BH case, a minimum of the ISCO is r = 6M;.
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The existence of an innermost stable orbit has some interesting astrophysical con-
sequences. Gas in an accretion disc around a massive compact central body settles
into circular orbits around the compact object. However, the gas slowly loses angular
momentum because of turbulent viscosity. As the gas loses angular momentum it
moves slowly inwards, losing gravitational potential energy and heating up. Even-
tually it has lost enough angular momentum that it can no longer follow a stable
circular orbit, and so it spirals rapidly inwards onto the central object. Therefore,
particle will spiral down to r = 6 M before it falls into the black-hole without further
radiation of energy. The energy per unit rest-mass of a particle at this lowest orbit

is given by

(r —2M;)?
r(r—3M)
r— 2M,;
r(r—3M)
 6My—2M,
~ /6M,(6M, — 3My)
8

9
E = 0.9428 (4.2.17)

E? =

Therefore, the amount of energy of a particle radiated away at r = 6M; is

8
Eemitted = M2 62 (1 - \/;)

= 0.0572 M c? (4.2.18)

which is 5.7% of the rest mass of the orbiting particle.
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The time of spiralling charged particle into Schwarzschild BH written as

AM? M. 151 75 1 151 75 1
Atey = A2 A (14— = 2 ) =B (14— — —
22M. cry

(4.2.19)

and time of uncharged one becomes,

5 /(G M\ 2 221 391 221 391
At — (VM2 (At (12 o122
grav 8(63) 2<M2) { < 3A+4A2> ( 3B+4B2)]

(4.2.20)

where A = 140 /2M1, B = rypin/2Mq and 7,4, and 7, are the beginning and ending

radii of the spiraling orbit for both cases.

From these results, we observed that the energy radiated when a particle orbits
a black-hole is much greater than when it falls with zero angular momentum and is
the same for charged and uncharged particles. However, the charged particle spirals

in much faster than the uncharged one.

4.2.2 The Kerr black hole

In the case of Kerr metric, the energy per unit mass of circular orbits of particle is

given as

r? —2Mr F a\/M_lr

E = (4.2.21)
r/r? — 3Myr F 2av/Mir
and the specific angular momentum as
\/er(r2 — 2av/Myr + a?)
L = (4.2.22)

= F
r\/r2 — 3Myr F 2a\/Myr
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For the neutral rotating BH, the innermost stable circular orbit of particle with co-

rotating is r = My, then [4.2.21] becomes

E - L (4.2.23)

V3

This gives the maximum energy per unit mass which a stable circular orbit can have
in a Kerr geometry with a* < M?. Hence the amount of energy radiated in this case

18

1
E = My?A(1l——
2 ( \/g)

= 0.4227 M, c? (4.2.24)

Therefore, a particle in a co-rotating orbit with Kerr BH radiates 42.3% of its rest
mass. This high gravitational energy is the reason why black holes can so efficiently

transform accretion streams into radiation. Now, we can compare the results from

[4.2.11, [4.2.12| and [4.2.18| that the energy radiated away of a particle in co-rotating

with Kerr spacetime is more than that of Schwarzschild in both cases (radially freely

falling and spiralling).

The energy received at infinity related to the energy emitted near a Kerr black-hole

is given as

2A]\41Tem 2
r2,. + a?cos? 6

dE’/‘eceifued = dEemitted <]- - (4225)

For a = 0, this equation reduced to [4.2.9| of the Schwarzschild case. The power

radiation of a particle falling into a Kerr black hole whose angular momentum about
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the black hole is zero, we have L = 0 is given by

dE,. <M1a4 + Myr* + a*r <2M12 +4Myr + —2M7_1“2 + m{#)) A (2% <1 + f—§>>§

1

" 7+ 2@+ ) (s a4 ) (P et B

« (1 2M1rem 12
r2,. + a?cos? 6

(4.2.26)

From [3.4.70[to [3.4.77] then the angular velocity of particle spiralling Kerr space-

time 1s

w = i—\/ﬁl (4.2.27)

r3/2 + av/M,

The energy received at infinity related to the energy emitted near a rotating black-hole

is given as
dEcceived = ABemisiea (gu + 2919w + g¢¢w2)1/2 (4.2.28)
where
G = — (1 - 2%) (4.2.29)
Gio = —Mfla (4.2.30)
Goo = T2+a>+ 2Mha” (4.2.31)

Finally, the power radiated observed at infinity is given as

1

a2 2
dEy, M} (8aMir —3a®/Myr +ry/Mir(r — 6My)) & (2 (1+%))
. 2(My7)3/2(r2 — 3Myr + 2ay/Myr)3/2 (7,2 NPT leaz)

r

X (g1t + 20150 + gogw®) " (4.2.32)
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Chapter 5

Summary and Conclusion

To summarize briefly, the Schwarzschild geometry is the geometry of the vacuum
spacetime outside a spherical star. It is determined by one parameter, the mass M.
The Kerr black hole is axially symmetric but not spherically symmetric (that is ro-
tationally symmetric about one axis only, which is the angular-momentum axis), and
is characterized by two parameters, mass (M) and angular-momentum (J). In the
Schwarzschild solution, the horizon was the place where g;; = 0 and g,, = co. In the
Kerr solution, the ergosphere occurs at gz = 0 and the horizon is at g, = oo, i.e.
where A = 0. Then we have seen that the energy emitted when a charged particle
such as an electron falls straight into a Schwarzschild black-hole is much more than
the energy emitted when an uncharged particle falls in. The energy radiated when
a particle orbits a black-hole is much greater than when it falls with zero angular
momentum and is the same for charged and uncharged particles. Concerning to the
time of inspiralling, a charged particle spirals in much faster than the uncharged one.
In fact, for real bodies Atg.4, is so prohibitively long that the energy theoretically

available is never emitted.
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A particle freely infalling straight in from infinity is dragged just by the influence
of gravity so that it acquires an angular velocity in the same sense as rotating black
hole (Kerr BH). However, a particle slowly loses angular momentum, then moves
slowly inwards and losing gravitational potential energy, then heating up. Eventually
it has lost enough angular momentum that it can no longer follow a stable circular

orbit and so it spirals rapidly inwards onto the central compact object.
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