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ABSTRACT

The purpose of this research was to establish the existence of a common fixed point for Ciric
type co-cyclic contraction mapping in complete dislocated quasi metric space and to show the
uniqueness of the common fixed point. In this research we followed analytical design; and
secondary source of data such as published articles in journal, Books, MSc, thesis of graduate
students in mathematics, internet etc were used as sources of data for this research undertaking.
The study procedures which we used in this thesis were the procedures used in the published
research works of Panthi et al. [16] and Karapinar et al. [11].This study was conducted from
September 2015 to September 2016 G.C.

Key words: Common fixed point; dislocated quasi metric space; co-cyclic contraction; Ciric

type co-cyclic contraction; weakly compatible maps.



CHAPTER ONE: INTRODUCTION
1.1BACK GROUND OF THE STUDY

Fixed point theory is one of the most dynamic research subjects in the development of nonlinear
analysis. In this field the first important and significant result was proved by Banach in 1922 for
contraction mapping in complete metric space. Fixed point theory has been a subject of growing
interest of many researchers for various types of well-known contractions in metric space
([201.[22]).

Definition 1.1[2]: Let X be a nonempty set. If f:X — X is a function such that f =y for y €
X, then y is said to be a fixed point of f.

Definition 1.2[2]: Amap f : X — X is said to be a contraction map on metric space X if there
exists a constant k € [0,1) such that d(fx, fy) < kd(x,y), forallx,y € X.

Banach Contraction principle [3]: Let (X, d) be a nonempty complete metric space with
contraction mapping T : X — X. Then T has a unique fixed point z in X.

In 1968, Kannan [10] gave a new idea for contractive type mapping which the map T need not be
continuous.

Definition 1.3 [10]: A selfmap T on metric space (X, d) is called a Kannan mapping if there exists
k € (0, %) such that d(Tx, Ty) < k[d(Tx,x) + d(Ty,y)],forall x,y € X.

In 1972,Chatterjea [4] introduced the following concept:

Definition1.4 [5]: A selfmap Ton metric space (X, d) is called a chatterjea mapping if there exists

k € [0, %) such that d(Tx,Ty) < k[dTx,y) + d(Ty,x)],for all x,y € X.

In 1972, Zamfirescu [20] obtained a very interesting fixed point theorem which is a generalization
of Banach, Kannan and Chatterjea fixed point theorem. In 1971,Ciric [6] generalized Banach

contraction principle to a more general contraction as follows:

Theorem1.1 [6]: Let (X, d) be a complete metric space and T : X — Xbe a mapping such that for
all x,y e X, thereexista, 8,y,6,= 0witha + f +y + 26 < 1suchthatd(Tx, Ty) < ad(x,y) +
Bd(x,Tx) + yd(y,Ty) + 6[d(x,Ty) + d(y, Tx)],

Then T has a unique fixed point.



Also, in 1974, Ciric [7] generalized his own result by introducing the quasi contraction and proved
a fixed point theorem under this condition.

Definition 1.5 [7]: A mapping T of a metric space (X, d) in to itself is said to be a quasi
contraction if there exists a number 0 < a < 1 such that

d(Tx,Ty) < amax{d(x,y),d(x,Tx),d(y,Ty),d(x,Ty),d(y,Tx)}, forall x,y € X.

In 2003,Kirk et al. [12] Introduced cyclic contractions in metric spaces and investigated the

existence of proximity points and fixed points for cyclic contraction mappings.

Definition 1.6[12]: A mapping T: AU B — A U B is called cyclic if T(A)SB and T(B) < A.

where A, B are nonempty subsets of a metric space (X, d).

Definition 1.7[12]: A cyclic mapping T : AU B—A U B is called cyclic contraction if there
exists k € [0,1) such that d(Tx, Ty) < kd(x,y) forall x € Aand y € B.

In 2011,Karapinar et al. [11] introduced the following definition and established a theorem

following it.

Definition1.8 [11]: Let A and B be nonempty subsets of a metric space (X, d). A cyclic map

T:AUB — AU B is said to be a Kannan type cyclic contractions if there exists k € (0, %)

Such that d(Tx,Ty) < k[d(Tx,x) + d(Ty,y)], forall x € Aand y € B.

Theorem1.2 [11]: Let A and B be nonempty closed subsets of a complete metric space (X, d) and
letT : AU B — A U B be a Kannan type cyclic contraction. Then T has a unique fixed point in
ANB.

In [11] Karapinar et al. has been shown that Kannan type cyclic contraction and cyclic contraction
and cyclic contraction are independent of each other.

Definition 1.10[11]: Let A and B be nonempty subsets of a metric space (X, d). A cyclic map
T:AUB — AU B issaid to be a Chatterjea type cyclic contraction if there exists k e(O,%)

such that

d(Tx,Ty) < k[d(Tx,y) +d(Ty,x)], forall x € Aand y € B.



Theorem1.3 [4]: Let A and B be nonempty closed subsets of a complete metric space (X, d) and
letT : AU B — A U B be a Chatterjea type cyclic contraction. Then T has a unique fixed point in
ANB.

Definition1.11 [11]: Let A and B be nonempty subsets of a metric space (X, d). A cyclic map
T:AU B — AU B is said to be a Ciric type cyclic contraction if there exists a ke(0,1) such that
d(Tx,Ty) < kM(x,y),forall x e Aandy € B M(x,y) = max{d(x,y),d(Tx,x),d(Ty,y)}.

The fixed point theorem of the Ciric type cyclic contraction read as follows.

Theorem1.4 [11]: let A and B be nonempty closed subsets of a complete metric space (X,d) and

T:AU B — A U B be a Ciric type cyclic contraction. Then T has a unique fixed pointin A n B.

In 2014, Zoto K.[22] obtained some new results in dislocated and dislocated quasi metric space
Recently, in 2015, Panthi et al,[16] established a common fixed point theorem for two pairs of

mappings in dislocated metric space.

Motivated by the result Panthi et al [16] and Karapinar et al.[11] in this research work, the
researcher studied the existence and uniqueness of common fixed point of Ciric type co-cyclic
contraction mapping in complete dislocated quasi metric space. An example provided in support of

our main result.



1.2 STATEMENT OF THE PROBLEM

The aim of this study was to the establish the existence and uniqueness of common fixed point
for Ciric type co- cyclic contraction mappings in complete dislocated quasi metric space.

In this research tried to answer the following basic questions:

» How can we prove the existence of common fixed points for Ciric type co-cyclic
contraction maps in complete dislocated quasi metric space?

» How can we show the uniqueness of common fixed point for Ciric type co-cyclic
contraction maps in complete dislocated quasi metric space?

» Can we provide examples in support of the main result of this study?

1.3 OBJECTIVE OF THE STUDY
1.3.1 GENERAL OBJECTIVE

The main objective of this study was to establish the existence and uniqueness of common fixed

point for Ciric type co-cyclic contraction map in complete dislocated quasi metric space.
1.3.2 SPECIFIC OBJECTIVES

I. To prove the existence of common fixed points for Ciric type co-cyclic contraction in
complete dislocated quasi metric spaces.

ii. To show the uniqueness of common fixed point for Ciric type co-cyclic contraction maps
in complete dislocated quasi metric spaces.

ii. To provide an example in support of the main result of this study.
1.4 SIGNIFICANCE OF THE STUDY

Fixed point theory is one of the most rapidly growing research areas in nonlinear functional
analysis. The researcher may get benefit from this study result to develop scientific research
writing skill and literature collecting skill. Also the result of this study may contribute to the area
of fixed point theory in giving some background information and guiding activities for those who

need to conduct further research on this study area.



1.5 DELIMITATION OF THE STUDY

This study was conducted under the functional Analysis stream and delimited in establishing the
existence and uniqueness of common fixed point for Ciric type co-cyclic contraction maps in

complete dislocated quasi metric space.



CHAPTER TWO
REVIEW OF RELATED LITERATURE

The study of common fixed points of mapping satisfying certain contractive conditions has been at

the center of vigorous research activity.

Let X be non empty setand d: X X X — [0, =), be a function with the following properties for

allx,y,z € X.

i. d(x,y) =0;

ii. d(x,y) = Oifandonlyifx = y;
ii. d(x,y) = d(y,x);and

iv. d(x,y) <d (x,2) + d(z,).

Then we say that d is a metric on X, and (X, d) is a metric space.

In 1922, Banach S. [3] established the well known results which we usually call “Banach
contraction principle” that every contraction map in a complete metric space X has a unique fixed
point. And in 1971, Ciric [7] generalized Banach’s contraction principle to a more general

contraction.

In1972, Zamfirescu [20] obtained a very interesting fixed point theorem which is a generalization

of Banach, Kannan and Chatterjea fixed point theorems.

In 2009, Pant et al. [15] established the contractive condition of Banach, Kannan and Chatterjea

are independent of each other.
Recently, Zeyada et al. [21] have established the following Lemma:

Lemma 2.1.1[21]: Let (X, d) be a dislocated quasi metric space. If T: X — X is a contraction

function, then {T™ x,} is a Cauchy sequence for each x, € X.

Also in 2014, Zoto et al, [23] introduced fixed point theorem for cyclic contraction in dislocated

metric spaces.



In 2015, Panthi et al. [16] established a common fixed point theorem for two pairs of mappings in

dislocated metric space.

In 2003 Kirk et al. [12] introduced cyclic contractions in metric spaces and investigated the
existence of proximity points and fixed points for cyclic contraction mapping.

Definition 2.3 [16]: Let A and S be two selfmappings on a set X. Mappings A and S are said to be

commuting if ASx = SAx forall xin X.

Definition 2.4 [16]: Let A and S be two selfmaps on a set X. If Ax = Sx for some x€ X, then x is
called coincidence point of A and S.

Also in 1998 Jungck et.al [9] introduced the notion of weakly compatible maps as follows:

Definition 2.5[9]: Let A and S be two selfmaps from a metric space (X, d) into itself. Then,
A and S are said to be weakly compatible if they commute at their coincident point: That is,

Ax = Sx for some x € X implies Asx = SAx .

The purpose of this research is to establish the existence of common fixed point of a pair of self
mappings satisfying the condition of Ciric type co-cyclic contraction in complete dislocated quasi
metric space and the uniqueness of the common fixed point was investigated. Also we provided

example in supporting of our main result.



CHAPTER THREE
METHODOLOGY

This chapter gives the direction, study design, description of the research methodology, data

collection procedures and data analysis process.
3.1 STUDY SITE AND PERIOD

The study was conducted in Jimma University under mathematics department from September
2015 to September 2016 G.C.

3.2 STUDY DESIGN
We followed analytical study design.
3.3 SOURCE OF INFORMATION

To conduct this research secondary data was used. Thus the sources of the information of the study

or data were:

» Unpublished mathematics MSc thesis in the department.
» Journals and published research works.
» Internet etc.

3.4 PROCEDURE OF THE STUDY

This study intended to establish common fixed point theorem for Ciric type co-cyclic contraction
in complete dislocated quasi metric space. And we followed the standard techniques used in the
published work of Panthi et al. [16] and Karapinar et al. [11].

3.4 ETHICAL CONSIDERATION

To make this study legal, permission was taken from research review and ethical committee of

college of natural science, Jimma University.



CHAPTER FOUR
RESULTS AND DISCUSSION
4.1 PRELIMINARIES

We recall the definition of complete metric space, dislocated quasi metric space, quasi metric

space, and the notion of convergence and other results that we will be need in the sequel.

Definition 4.1.1[19]: Let X be a nonempty set and let d: X x X —[0, ) be a distance function

satisfying the conditions:

dy) d(x,x) =0,

dy) d(x,y) =d(y,x) =0impliesx =1y,

ds) d(x,y) = d(y,x),

dg) d(x,y) <d(x,z) +d(z,y), forall x,y,z € X.

If d satisfies the conditions from d; to d4 then it is called metric on X, if d satisfies conditions

d, to d4 then it is called dislocated metric on X, and if d satisfy conditions d, and d4 only then it is

called dislocated quasi metric on X.

Note: Every metric space is a dislocated metric space but the converse is not necessarily true, also
every metric space is dislocated quasi metric space but the converse is not true and every

dislocated metric space is dislocated quasi metric space but the converse is not true.

Definition 4.1.2[19]: A sequence { x,, } in dislocated quasi metric space (X, d) is called Cauchy

sequence if for € > 0 there exists a positive integer n, € N such that for m,n > n, we have

d(xm, xn) < &
Definition 4.1.3[19]: A sequence {x,,} is called dq — convergent in (X, d) if forn € N we

have lim,_, d(x, x) = lim,_,d(x,x,) = 0.

In this case x is called the dq — limit of the sequence {x,,}.



Lemma 4.1.4 [22]: Every subsequence of a dg-convergent sequence to a point x,is dg-convergent

to x,.

Definition 4.1.5[19]: A dq — metric space (X, d) is said to be complete if every Cauchy sequence
in X converges to a point of X.

Definition 4.1.6[11]: Let A and B be nonempty subsets of a dislocated metric space (X, d).
Acyclicmap T: AU B — A U B called a d- cyclic contraction if there exists k € [0,1) such that
d(Tx,Ty) < kd(x,y) Vx € A and Vy € B.

Example 4.1.6 [22]: Let X = [0, 1] and d(x,y) = |x —y| + 3|x| + 3]y|.Then,(X, d) is a dislocated
metric space, but not a metric space. Let A=B =0, 1] and defineT:AUB - AUB byTx=173
forx =1 and Tx = 1 for xe [0,1). Then T is a d-cyclic contraction in the dislocated metric space
(X, d). We note that in the usual metric d(x, y) = [x— Y| the self map T is not cyclical contraction
because for x = 11/12 and y = 1 the cyclic contraction fails. Hence the class of d- cyclical
contraction in dislocated metric space is larger than the class of cyclical contraction in usual

metric.

Definition 4.1.7 [11]: Let A and B be non - empty subsets of a dg-metric space (X, d) and a self
map T: AU B = AU B is said to be cyclic dg-contraction if and only if T(A)S Band T(B) € A
and if there exists k € [0,1) such that

d(Tx,Ty) < kd(x,y) Vx € Aand Vy € B.
Definition 4.1.8 [4]: Let X be a nonempty setand f, g: X — X be two mappings. The set
U;e N 1X; is called a co-cyclic representation of X between f and g if the following conditions

are satisfied:
1) X = Ujeym-1 Xi:
2) X; is a nonempty subset of X forall i € NJ*1;

3) f(X;) € g(X;4q) forallie N* 1,

10



Definition 4.1.9[1]: A pair (f, T) of selfmappings on X is said to be weakly compatible if f and T
commute at their coincidence point (i.e fTx = Tfx,x € X whenever fx = Tx). Apointy € X is

called a point of coincidence of two selfmappings fand T on X if there exists a point x € X such

thaty = Tx = fx.

Lemma 4.1.10 [16]: Let X be a non empty set and the mappings f, T : X — X have a unique point
of coincidence v in X. If the pair (f, T) is weakly compatible, then f and T have unique common

fixed point.

11



4.2 MAIN RESULT

Definition 4.2.1: Let A and B be non empty subsets of a dislocated quasi metric space (X, d). The
selfmaps T, f : X — X are said to be a Ciric type co-cyclic contraction mappings if the following

conditions are satisfied:

I. X = A U B is aco-cyclic representation of X between T and f.
ii. d(Tx,Ty) < kmax{d(fx, fy),d(Tx, fx),d(Ty, fy)}.

Forallx e A andy € B, where0 <k < 1. (4.2.1)

Theorem 4.2.1: Let A and B be a nonempty subsets of a complete dislocated quasi metric space

(X,d).LetT,f: AU B — AU B be Ciric type co-cyclic contraction mappings, If

(1) Themap f : X = X is injective;
(i)  f(A)and f(B) are closed subsets of X;

(ili) T and fare weakly compatible mappings.
Then T and f have a unique common fixed point in f(4) N f(B).

Proof: Let x, € A(fix), T(A) < f(B), there exist x; € B
such that Tx, = fx; =y, (say) (4.2.2)

Since T(B) < f(A) and x; € B, there exists x, € A
such that Tx; = fx, =y, (say). (4.2.3)

Continuing this procedure inductively, we get a sequence {y,} in X such that
Yn =Tx, = fx,4, foreachn=0, 1, 2...Where {x,,} € Aand {x,,_1} S B

foreachn=1,2...
Next we show that {y,},~, isa Cauchy sequence in X.

Consider,

d(yoy1) = d(Tx,Txy) < kmax {d(fx,, fx1),d(Txy, fx3),d(Txy fx1)}.

12



= k max {d(yLYO)» d(Yz,Jﬁ), d()’1,3’0)} .
= kmax {d(y1,y0), d(v2,y1)}- (4.2.9)
If max {d(y,, ¥1),d(y1,70)} = d(y2,y1) from (4.2.4), we get

d(y2y1) = kd(y2y1) <d(y21) .
Which is not possible, Hence

max {d(y2y1 ), d1Y0)} = d(1,Y5)- (4.2.5)

Hence, from (4.2.4), using (4.2.5), we get.

d(y2y1) < kd(y1y0)

< ka o
I (4.2.6)
where a = max {d V1.Yo)s dO’o,Jﬁ)}-

Now again,
d(yy;) = d(Tx, Tx,)
< kmax{d(fxlfxz),d(fxl_Txl),d(flesz)}.
= kmax{d(y,,y1),d(¥o.1), d(1,2)}-
= kmax{d(y,,y1), d(y1,2)}
This implies that:
d(y1,y2) < kmax {d(yo,y1), d(y1,2)}
< kmax {a, ka} by equ. (4.2.6)
=k x
= d(y,y;) < ka (4.2.7)

Similarly,

13



d(y3y2) <k d(y,y1)k*a. (4.2.8)

and
d(y,,y3) < k*a (4.2.9)
Proceeding this way inductively, for each n € N, we have.
d(Yn+1,n) < K@ (4.2.10)
and
d(Vuyn+1) < k'a. (4.2.11)
Letting n - o0 in (4.2.10) and (4.2.11), we get

d(Yn+1,Yn) = 0 (4.2.12)

and

d(YnYn+1) =0 (4.2.13)

Now, let n,m € N,with m > n, from the triangular inequality, we have,
d(ym,yn) = d(Txm,Txn) < d(Txm_Txm_l) + d(Txm_llTxm_z) + ..+ d(Txnﬂ’Txn)
<k™la+k™?2q + -+ k™ a
= k"(k™m 4+ EMmT 2 4+ kP + k+ Da
= k" Z}n:—on—1 ki a

< k™Yo 2

= d(Ymyn) < %a- (4.2.14)

14



Similarly,

d Y Ym) = d(Txy, Txp,)
< d(Txp, Txpsa) + d(Txn4q, Tny) +
< k"a+ k"lag+ -+ k™l
=k"A+k+-+k™m " Ha
= k" Z;Tl:—on—l ko
S k'Y ok a

n

=—xa
1-k

= d(yny,,) < %a.

Letting n — oo, in(4.2.14) and (4.2.15), we obtain
d(Ym» yn) = 0,

and
d(Yns ym) = 0,

Thus,{y,} is a Cauchy sequence in X.

o+ d(Txp—q, Txp)

(4.2.15)

(4.2.16)

(4.2.17)

Since X is complete, there exists z € X, such that lim,,_,, y,, = z.

Since the sequence {y,,} converges to z, the subsequence {y,, } where y,,, = Tx,,,

foreachn=0,1,2, ..., converges to z. But, {y,,} € T(A4) < f(B).Since f(B) is closed, z € f(B).

So, there exists u; € B such that fu, = z. Also, the subsequence {y,,_1},

where {y,,_1} = Tx,,-, foreachn = 1,2, .... converges to z.

But, {y,,-1} € T(B) < f(A); so there exists u, € A such that fu, = z.

Hence f(A) N f(B) + ¢ and fu, = fu, = z.

15
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Since f: X — X is injective map, we get
u; = uy, = u (say).

Hence u € A N B such that z = fu.
Next we show that; d(z,z) = 0.

Consider,

Ad(Tx2n, TXxzn—1) < kmax {d(fxzn, fX2n-1), d(TX2n, fX2n), A(Tx2n_1, fX2n-1)

Takingn — o, in (4.2.20), we get
d(z,z) < kmax {d(z,z),d(z,z2),d(z z)}.
This implies that,

d(z,z) < kd(z z).

=>(1—-k)d(z,z) <0,
Since 1- k > 0, we have

d(z,z) <0,
But d(z,z) = 0.Hence

d(z,z) =0.

Now we show that d(Tu,z) = 0.

Foreachn = 0,1, 2, ..., We consider,
d(Tu, yon-1) = d(Tu, Txzn_1)

< kmax {d(fu, fx,n_1),d(Tu, fu),d(Txyp_1, fX2n-1)}
Letting n — oo in (4.2.22) using (4.2.21) we obtain.

d(Tu,z) < kmax {d(fu, z),d(Tu, z),d(z, z)}

16
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(4.2.20)

(4.2.21)

(4.2.22)



=kmax {d(z,z),d(Tu,z),d(z,z)}.
= d(Tu,z) < kd(Tu, z).
= (1 -k)d(Tu,z) <0.

Since 1- k > 0, we have
d(Tu,z) <0,

But d(Tu, z) = 0. Hence
d(Tu,z) = 0.

Similarly, foreachn=0, 1, 2,..., we consider,

d (yZn_l'Tu) = d (TxZn_ 1,Tu)

< kmax {d(fon—qu), d(Txan-1, fX2n-1), d(Tu, fu)} .

Taking n — oo in (4.2.24) using (4.2.21) and (4.2.23), we get
d(z,Tu) < kmax{d(z, z),d(z,z),d(Tu,z)}=0
= d(z,Tu) < 0. But,d(z,Tu) = 0.
= d(z,Tu) =0.
So, from (4.2.23) and (4.2.25), we get.
Tu=z.

Hence,Tu =z = fu

Therefore,u is a coincidence point of T and f; and hence C(T, f) is a nonempty set.

Since T and f are weakly compatible mappings, Tfu = fTu, for allu € C(T, f).

So,Tz=Tfu=fTu=fz.
Now, we claimthat z =Tz = fz.
For that purpose we first show that d(Tz, Tz) = 0.

17
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Now consider,
d(Tz,Tz) < k max{d(fz, fz),d(Tz, fz),d(Tz fz)}
=k max{d(TzTz),d(TzTz),d(z,Tz)}
=k d(TzT2z).
This implies thatd(Tz, Tz) < k d(Tz, Tz).
Since 0 < k < 1 this implies that
d(Tz,Tz) =0
So,
d(Tz,z) = d(Tz, Tu)
< kmax{d(fz, fu),d(Tz, fz),d(Tu, fu)}.
=k max{d(Tz,z),d(TzTz),d(z, z)}
=k d(Tzz), [Since d(z, z) and d(Tz,Tz) = 0]

This implies
(1-k)d(Tz,z) <0

= d(Tz,z) <0. Butd(Tz,z) =0
Hence,
d(Tzz) = 0.
Similarly,
d(z,Tz) =d(Tu,Tz)
< k max{d(fu, fz),d(Tu, fu),d(fz, Tz)}

=k max{d(z,Tz),d(z,z2),d(Tz, Tz)}
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(4.2.27)

(4.2.28)



=kd(z,Tz) [Sinced(z,z)=0andd(TzTz)=0]

This implies d(z,Tz) < k d(z,Tz)

= (1-k)d(z,Tz) <0

= d(z,Tz) < 0,Butd(z,Tz) =0
Thus,
d(z,Tz) = 0. (4.2.29)
From (4.2.28) and (4.2.29), we obtain
Tz=fz=z. (4.2.30)
Therefore, z is a common fixed point of Tand f in X.

Next we show that z is a unique common fixed point of f and T for that purpose, we show that if
w is any common fixed point of the maps T and f satisfying the condition (4.2.1) of the theorem
(4.2.1), then d(w,w) = 0.

Note that Tw = fw =w (4.2.31)

Now consider
d(w,w) = d(Tw, Tw)
< kmax{d(fw, fw),d(Tw, fw),d(Tw, fw)}
< kd(w,w).
= (1 -k)d(w,w) < 0.
= d(w,w) < 0,But d(w,w) = 0
Thus,

d(w,w) = 0. (4.2.32)
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Now, suppose T and f have another two common fixed point w in f(A) N f(B). Then from

the construction condition (4.2.1), we obtain
d(z,w) =d(Tz,Tw)
< kmax{d(fz, fw),d(Tz, fz),d(Tw, fw)}.
= kmax{d(z,w),d(z,z),d(w,w)}
=kd(z,w).

This implies(1 — k)d(z,w) <0
= d(z,w) < 0,Butd(z,w) =0

Hence,
d(z,w) = 0.

Similarly,
dw,z) =d(Tw,Tz)

< k max {d(fw, f2),d(Tw, fw),d(Tz f2)}
= k max{d(w, 2), d(w,w),d(z, 2)}
= kd(w,2).

= dw,z) < k d(w,2)

= d(w,z) = 0.

Thus, from (4.2.33) and (4.2.34), we obtain z = w.

Therefore, z is a unique common fixed point of T and f in X.

(4.2.33)

(4.2.34)

Corollary 4.2.2: Let A and B be nonempty subsets of complete dislocated quasi metric space

(X,d). LetT; f:AU B - A U B be a dg-co-cyclic contraction. If

(i) f: X = X is injective;
(ii) f(A) and f(B) are closed subsets of X, and
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(i) the maps T and fare weakly compatible mappings,

Then T and f have a unique common fixed point in f(A) N f(B).

Proof: Follows from Theorem.

Corollary 4.2.3 [21]: Let A and B be nonempty subsets of a complete dg-metric space(X, d).
LetT: AU B — A U B be a cyclic mapping that satisfies the condition

d(Tx,Ty) < kmax{d(x,y),d(x,Tx),d(y,Ty)}

Forallx e Aand y € B and 0 <k < 1. Then, T has a unique fixed pointin A N B.

Proof: Follows from Theorem 4.2.1 by choosing f = I, = The identity map on X.

Next we give an example in support of our main result Theorem 4.2.1.

Example 4.2.3: Let X = R 4 =(—,5| and B = [0,),

Letd : X x X - [0, ) be a dislocated quasi metric space defined by
d(x,y) = lx —yl+lyl| forall x,y in X.

4

DefineT,f : AUB > AUBby Tx = / s andfngxthenforallxin AUB.
1,if x >-
3

0,if x<

Then (A) = {0}, T(B) = {0,1}, f(A) = (—x, 2] and f(B) = [0, ).
This implies T(4) < f(B) and T(B) < f(A). Hence, X = A U B is a co- cyclic representation
with respect to the pair (T, f) and collection{A, B}. Also, the maps f and T are weakly compatible.

Now we check whether the maps f and T have satisfy the inequality (4.2.1).

Case 1l: Letx € A andy € B.

We shall consider the following two sub cases x € A,y € [O,S] andx € A,y > %-
Ifx€e A and y € [0, g],the inequality clearly holds.

Let xeA,y>§,wehave
d(Tx,Ty) = ITx — Tyl +ITyl = 2;

d(fx,fy) =Ifx —fyl+ly=8y—>x=4->(9) =2

21



d(Tx,fx) =1Tx—fx |1+l fx| = 31x|=0;and
d(Ty, fy) =1 Ty = fy |+ fy =112y [+ 3y 1=3y 1
So, if we choose k = % ,we have
smax{d(fx, fy),d(Tx,fx),d(Ty, fy)} 2 d(Ty, fy) =3By —1) >2, vy >3
This implies

d(Tx,Ty) < 2max{d(fx, fy),d(Tx, fx),d(Ty, fy)} forall x € A,and y > .
Case2:LetxeBandy € A

Here also we consider the following two sub cases, i.e x € [O, %] ,Y €A, and x > % ,Y € A.
If x € [O, g] and y € A, the contraction condition clearly holds.

Ifx>§andyeA.Then
This implies

d(Tx,Ty) =1Tx—Ty |+ Ty |= 1;

d(fx,fy) =1 fx=fyl+l fy=lx—yl +lyl=3
d(Tx,fx)=1Tx—fx| +1fx|=3x—-1;and
d(Ty,fy) =1Ty—fyl +lfyl =31yl

Now, if we choose, k = g we get

= max{d(fx, fy), d(Tx, fx),d(Ty, fy)} = 2d(Tx, fx) ==(3x —1) > 1,forall x>Z
This implies

d(Tx,Ty) < 2max{d(fx, fy),d(Tx, fx),d(Ty, fy)} forall x > > and y € A.
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Hence T and f satisfy all conditions of Theorem 4.2.1. Moreover, 0 is a unique common fixed
pointof T and f in f(A) n f(B).

Remark: (i) We observe that by choosing x = % and k € (0,1). forany y > g, if we assume

d(Tx,Ty) < kd(x,y), we get 2 < k(3y — 2) which implies y > Z%—Zk) Since y > %,we conclude
that k > 1 which is not possible since ke (0,1). Hence, Example 4.2.4 is not applicable for
Corollary4.2.2.

if) Also, if we choose x = 2eAand x=2¢ B, we observe that Example 4.2.4 is not applicable in
3 3

Corollary 4.2.3 for any ke (0,1). Since d(Tx,Ty) =2,d(fx,fy)=2,d(x,Tx) = % and

5
dy,Ty) =3
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CHAPT ER FIVE: CONCLUSION AND FUTURE SCOPE
5.1 CONCLUSION
In 2011,Karapinar and Erhan [11] established the existence of fixed point for mapping satisfying
the Ciric type cyclic contraction in a complete metric space. And also in 2015, Panthi et al [15]
established a common fixed point theorem for two pairs of weakly compatible mappings in

dislocated metric space.

In this research work, we have established the existence of coincidence point and a unique
common fixed point of Ciric type co-cyclic contraction defined in dg-metric space.

We have supported the main result of this research work by example.

5.2 FUTURE SCOPE

There are several published results related to existence of fixed point self maps defined on
dislocated quasi metric space. There are also few results related to the existence of common fixed

point for a pair or more self maps in this space.

The researcher believes the research for the existence of coincidence and common fixed point of

maps satisfying different conditions in dislocated quasi metric space is active area of study.

So, for next coming postgraduate students of department of mathematics can exploit this
opportunity and conduct their research works in this area.
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