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Abstract

In this research work we introduced generalized rational (o, v, ¢ )-Geraghty con-
traction type mappings and proved existence and uniqueness of fixed point for the
mappings introduced in the setting of complete b-metric spaces. Our results extend
and generalize related fixed-point results in the literature. Also, we provided ex-
amples in support of our main results. In this research under taking, we followed
analytical study design and used secondary sources of data such as published paper

and related books.
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Chapter 1

Introduction

1.1 Background of the study

The Banach contraction principle is one of the most fundamental results in fixed
point theory. Due to its usefulness and applications in many disciplines, several au-
thors have improved, extended and generalized this basic result by defining new
contractive conditions and replacing the metric space by more general abstract
spaces. In 1973, Geraghty, generalized the Banach contraction principle by con-
sidering an auxiliary function. In 2010, Amini-Harandi and Emami, (2010) charac-
terized the result of Geraghty in the context of a partially ordered complete metric
spaces. Caballero et al. (2012) discussed the existence of a best proximity point
of Geraghty contraction. Gordjiet al. (2012) defined the notion of y-Geraghty
type contraction and obtained results extending the results of Amini-Harandi and
Emami, (2010). Samet et al. (2012) defined the notion of (a, ¥)-contractive maps
and obtained remarkable fixed-point results. Karapinar and Samet, (2012) intro-
duced the concept of generalized (¢, y)- contractive mappings and obtained fixed
point-results for such mappings. In 2013, Cho et al., (2013) defined the concept
of generalized a-Geraghty contraction type maps and o-Geraghty contraction type
maps in the setting of a metric space and proved some fixed-point results for such
maps in the context of a complete metric space. Then in 2014, Karapinar, (2014)
introduced the concept of generalized (¢, y)-Geraghty contraction type maps and
proved fixed point results by generalizing the results obtained by Cho et al. (2013).
In 2017, Arshad and Hussain, (2017) defined generalized rational ¢-Geraghty con-
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traction type mappings and proved some fixed-point results. In 2020, Afshari et
al., (2020) introduced generalized (a, y)- Geraghty contractive type mappings and
investigated the existence and uniqueness of a fixed point for mappings introduced
in the setting of b-metric space. In 2021, Singh, et al., (2021) studied fixed point
results for generalized rational (o, y)-Geraghty contraction type mappings in the
setting of metric spaces. Inspired and motivated by the developments above, in this
research work we defined generalized rational (o, v, ¢ )-Geraghty contraction type
mappings and proved the existence and uniqueness of fixed-points for the maps

introduced in the setting of b-metric spaces.

1.2 Statement of the Problem

In 2013, Cho et al., (2013) defined the concept of generalized o -Geraghty contrac-
tion type maps in the setting of a metric space and proved some fixed-point results.
In 2014,Karapinar,(2014) introduced the concept of generalized (a, y)-Geraghty
contraction type maps and proved fixed point results in the setting of metric spaces.
In 2020, Afshari et al., (2020) introduced generalized (o, y)- Geraghty contrac-
tive type mappings and investigated the existence and uniqueness of fixed-points
for mappings introduced in the setting of b-metric spaces. In 2021, Singh, et al.,
(2021) studied fixed-point results for generalized rational (a, y)-Geraghty contrac-
tion type mappings in the setting of metric spaces. However, fixed-point results
for generalized rational (a, y, ¢)-Geraghty contraction type mappings in b-metric
spaces are not yet studied. Thus, in this study we concentrated on establishing and
proving fixed-point results for generalized rational (o, y, ¢ )-Geraghty contraction

type mappings in b- metric spaces.

1.3 Objectives of the study

1.3.1 General objective

The general objective of this research was to study fixed-point results for general-

ized rational (@, v, ¢)-Geraghty contraction type mappings in b- metric spaces.
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1.3.2 Specific objectives

This study has the following specific objectives

e To define generalized rational (o, v, ¢) -Geraghty contraction type mappings

in b-metric spaces.

e Establish fixed-point results for generalized rational (¢, v, ¢ ) -Geraghty con-

traction type mappings in b-metric spaces.

e To prove the existence of fixed-point results for generalized rational (a, ¥, ¢)

-Geraghty contraction type mappings in b- metric spaces.

e To verify the uniqueness of fixed-points for generalized rational (o, v, @) -

Geraghty contraction type mappings in b-metric spaces.

e To provide examples in support of our main findings.

1.4 Significance of the study

The result of this study may have the following importance:

e It may be used as a reference for any researcher who has interest in doing

research in the area.
e It may give basic research skill to the researcher.

e It may be applied to solve existence of solution of some integral and differ-

ential equations.

1.5 Delimitation of the Study

This study was delimited to prove the existence and uniqueness of fixed-point re-
sults for generalized rational (¢, y, ¢)-Geraghty contraction type mappings in b-

metric spaces.



Chapter 2

Review of Related literatures

The Banach contraction principle is one of the earliest and most important results in
fixed point theory. Because of its application in many disciplines such as chemistry,
physics, biology, computer science and many branches of mathematics, a lot of
authors have improved, generalized and extended this classical result in nonlinear
analysis, see, e.g., Rhoades, (1977), Amini-Harandi and Emami, (2010), Agarwal
et al., (2008), Huang and Zhang, (2007), Yang et al., (2011) and the references there
in. One of the interesting results was given by Geraghty, (1973) in the setting of
complete metric spaces by considering an auxiliary function. Later, Amini-Harandi
and Emami, (2010) characterized the result of Geraghty in the context of a partially
ordered complete metric space, and Caballero et al., (2012) discussed the existence
of a best proximity point of Geraghty contraction. Gordji et al., (2012) defined
the notion of y-Geraghty type contraction and supposedly improved and extended
the results of Amini-Harandi and Emami, (2010). Cho et al., (2013) defined the
concept of a-Geraghty contraction type maps in the setting of a metric space and
proved the existence and uniqueness of a fixed point of such maps in the context
of a complete metric space. Karapnar and Samet, (2012) proved that the results
of Gordji et al., (2012). A very interesting extension of the notion of a metric,
called b-metric, was proposed by (Czerwik ,1993, 1998). In these pioneer papers,
Czerwik observed some fixed-point results, including the analog of the Banach con-
traction principle in the context of complete b-metric spaces. In the sequel, several
papers have been reported on the existence (and the uniqueness) of (common) fixed

points of various classes of single-valued and multi-valued operators in the setting
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of b-metric spaces (see, e.g., Aydiet al.,(2012, 2014), Paesano and Vetro, (2015),
Roshan et al., (2014), Shahkoohi and Razani, (2014) and the related references
therein). Samet et al., (2012) considered the concept of an admissible mapping to
get a very general structure that combines several existing fixed-point theorems by
introducing (@, y)-contractive type mappings in complete metric spaces. Karapnar
and Samet, (2012) improved the results in Samet et al., (2012) by defining the no-
tion of generalized (o, y)-contractive type mappings.They listed several existing
results as consequences of their main results. Following these initial papers, Kara-
pnar, (2014), Karapnar and Samet, (2014) introduced (o, y)-Geraghty contraction
type mappings that generalize the results of Geraghty, (1973). In 2021, Singh, et
al., (2021) studied fixed point results for generalized rational (@, y)-Geraghty con-
traction type mappings in the setting of metric spaces. Inspired and motivated by
the developments above, in this paper we defined generalized rational (o, y,¢)
Geraghty contraction type mapping in the setting of b-metric spaces and obtained
the existence and uniqueness of fixed points of such mappings. We also gave an

example to illustrate our main findings.



Chapter 3

Methodology

3.1 Study period and site

The study was conducted at Jimma University under the department of mathematics
from September, 2021 G.C to February, 2022 G.C.

3.2 Study Design

In this research work we employed analytical method of design.

3.3 Source of Information

The relevant sources of information for this study were books, published articles

and related studies from internet.

3.4 Mathematical Procedure of the Study

In this research under taking, we followed the standard procedures. The procedures

are:
1. Establishing fixed point theorems.

2. Constructing sequences.



3. Showing that constructed sequences are b-Cauchy.
4. Showing the b-convergences of the sequences.
5. Proving the existence and uniqueness of fixed points.

6. Giving examples in support of the main findings.



Chapter 4

Preliminaries and Main Results

4.1 Preliminaries

Now, we state some notation, definitions and theorems which are useful for our
work as follows.

Notation Through out this thesis we denotes:

() R* = [0,);

(i1) N is the set of natural numbers;

(iii) R is the set of all real numbers;

(iv) @ = {¢ = R" — R™ such that ¢ is increasing, continuous and ¢ (¢) = 0 if and
only ift =0.};

(v) ®={6 =R" —[0,1) such that ,}1_r>r°109(tn) = 1| implies nll_r>r010(t,,) =0}

(vi) Q= {6 =R" —[0,1) such that lim 6(r,) = L implies lim (1) =0 }.

Definition 4.1 (Bakhtin, 1989) and (Czerwik, 1993). Let X be a non-empty set and
s > 1 be a given real number. A functiond : X x X — R" is a b-metric on X if, for
all, x,y,z € X, the following conditions hold:

(i) d(x,y) =0 if and only if x =y;

(i) d(x,y) = d(y,x);

(iii) d(x,z) < s[d(x,y) +d(y,z)] (b-triangular inequality).

Then the pair (X ,d) is called a b-metric space.

It should be noted that, the class of b-metric spaces is effectively larger than that of

metric spaces; every metric is a b-metric with s = 1, while the converse is not true.
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Example 4.1 (Roshan et al., 2014). Let X =R and d : X x X — R be given by
d(x,y) = (x —y)? for x,y € X, then d is a b-metric on X with s = 2, but it is not a
metric on X since for all x,y,z € R where, x =1,y =3 and z =5, we have d(1,5) %
d(1,3)4d(3,5). Thus, the triangle inequality for a metric does not hold.

Definition 4.2 ( Boriceanu et al., 2010) Let (X ,d) be a b-metric space with the co-
efficient s > 1 and let T : X — X be a given mapping. We say that T is b-continuous
at xo € X if and only if for every sequence {x,} in X, we have x,, — xo as n — oo,
then Tx, — Txg as n — o. If T is b-continuous at each points x € X, then we say

that T is b-continuous on X. In general, a b-metric is not necessarily b-continuous.

Example 4.2 (Boriceanu, 2009) Let X = NU{}.
Define a mapping d : X x X — R as follows:

0 if m=n
— —~| ifone of m and n is even and the other even or o

dimp)=¢ " "

5 if one of m and n is odd and the other is odd or oo

4 if others.

d(m,p) < 2[d(m,n)+d(n,p)| for all m,n,p € X.
Then (X,d) is a b-metric space with s = %.
Choose x, = 2n for each n € N. Then d(x,,%0) = d(2n,00) = 5~ — 0 as n — o, that
IS, X;; — 0 as n — oo,
But,
lim d(xn, 1) = 4 # 5 = d(o0,1).

n—oo

Hence, it is not continuous.

Definition 4.3 (Jovanovic et al., 2010). Let {x, } be a sequence in a b-metric space
(X,d). Then

(i) {xn} is called b-convergent if and only if there is x € X such that d(x,,x) — 0 as
n— oo;

(ii) {x,} is a b-Cauchy sequence if and only if d(x,,xm) — 0 as n,m — oo;
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(iii) A b-metric space is said to be complete if and only if each b-Cauchy sequence

in this space is b-convergent.

Definition 4.4 (Geraghty, 1973). Let X be a non-empty set. An operator T : X — X
is called a Geraghty contraction if there exists a function 0 € ® which satisfies for
all x,y € X the condition d(Tx,Ty) < 6(d(x,y))d(x,y).

Theorem 4.1 ( Geraghty, 1973). Let (X,d) be a complete metric space. If T : X —

X is a Geraghty contractive mapping, then T has a unique fixed point.

Definition 4.5 (Samet, 2012) Let X be a non-empty set, T : X — X and o : X X
X — RY be a function. Then T is said to be a- admissible if a(x,y) > 1 implies
o(Tx,Ty) > 1, forall x,y € X.

Definition 4.6 (Karpinar et al., 2013). Let X be a non-empty set. Amap T : X — X
is said to be triangular o-admissible if

(i) T is ac-admissible;

(ii) ot(x,z) > 1 and a(z,y) > 1 implies a(x,y) > 1 for all x,y,z € X.

Lemma 4.2 (Popescu, 2014). Let X be a non-empty set and T : X — X be a trian-
gular a-admissible map. Assume that there exists xg € X such that a(xp, Txp) > 1.
Define a sequence {x, } by x,11 = Tx,. Then we have (x,,x,,) > 1 for allm,n € N

with n < m.

Definition 4.7 (Popescu, 2014). Let X be a non-empty set, (X,d) be a b-metric
space and let ot : X x X — R™ be a function. X is said to be a-regular; if for every
sequence {x,} in X such that &t(xp,x,+1) > 1 for all n and x, — x € X as n — oo,
there exists a subsequence {x,, } of {x,} with a(x,,,x) > 1 for all k.
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4.2 Main Results

In this section we introduced generalized rational (@, y, ¢)-Geraghty contraction
type mappings in the setting of b-metric spaces and proved existence and unique-

ness of fixed- point for mappings introduced.

Definition 4.8 Let (X,d) be a b-metric space with the coefficient s > 1 and a. :
X x X — R" be a function. Then the mapping T : X — X is called generalized
rational (o, , ¢ )-Geraghty contraction type mapping if there exist 0 € Q, y, ¢ € O
such that for all x,y € X,

a(x.y)y(s°d(Tx,Ty)) < O(W(N(x,y)))Y(N(x,y)) +Lo(M(x,y), (4.1
where L > 0, M(x,y) = min{d(x,y),d(x,Tx),d(y,Ty),d(x,Ty),d(y,Tx)} and

dx,Ty)+d(y,Tx) d(x,Tx)d(y,Ty) d(x,Tx)d(y,Ty)
2s " 1+d(x,y) 7 1+d(Tx,Ty) ’

N(x,y) = Max{d(x,y),d(x, Tx),d(y,Ty),

d(x, Tx)[1 +d (. Ty)] d(nTy)[1+d(Tx,Ty)] }
14+d(Tx,Ty) 14+d(y,Ty) '

Theorem 4.3 Let (X,d) be a complete b-metric space with the coefficient s > 1,

o : X xX — R be a function and T : X — X be a mapping. Suppose that the

following conditions hold:

(i) T is generalized rational (., ¥, §)-Geraghty contraction type mapping;

(ii) T is triangular a-admissible mapping;

(iii) There exists xo € X such that a(xo,Txp) > 1;

(iv) T is b-continuous.

Then, T has a fixed point x € X and {T"xy} converges to x.

Proof: By (iii) there exists xo € X such that a.(xg,Txg) > 1. We construct a sequence

{xn} in X by x,11 = Tx, for each n € NU{O}. If x,,y = X941 = Txo, for some

n € NU{O} then xp, is a fixed point of T which completes the proof. Now, we

suppose X, # xp41 for alln € NU{0}.
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Now, by using (4.1) and Lemma 4.2 we have

W(d(Txn, Txn11))

0 (ns X )Y (5°d (T X, T 1))

O (W(N (xn,%n11))) W (N (X, Xp41))

+LO (M (xp,xn+1)), (4.2)

V(d(Xpt1,Xn42))

IN

IN

where

d(xna Txn—H) +d(xn+17 Txn)

N(Xp,Xpp1) = Max{d<xn;xn+l);d(xna Txn),d(Xn11,TXns1),

2s ’
d(mexn)d(xn—i-laTxn—i-l) d(xn,Txn)d(xn—i—l,Txn—l—l) d(xnaTxn)[l +d(xn+17Txn+l)]
1+d(xp,Xn+1) T 1+d(Tx,, Txps1) 1+d(Tx,, Txy41) ’

d(xn+laTxn+1)[1 +d(Txna Txn+l)]
L+d(xns1, Txnp1)

= Max{d(xn,%nt1),d(Xp+1,%n12) }

and

M(xp,xpt1) = Min{d(xn,xn+1),d(xn, Txn)yd(xpi1, Txni1), (d(xn, Txns1),d(Xn41, Txn)}

= Min {d(xnaxn—i-l)ad(xn—i-l;xn+2)7d(xnaxn+2)ad(xn+l7xn+1)} =0.
If N(xp,Xn+1) = d(Xp+1,%n+2), for some n € NU{0} then from (4.2), we have

Y(dXni1,%042)) = Y(d(Toxn, Txn 1))

0 (X, X011 Y (5 d (T, T 1))

O (W (N (X, Xn41))) W(N (X, Xn 1)) + LY (M (X, Xn 1))
O (w(d(xn+1,Xn12)))W(d(Xns1,Xn12))

%l//(d(x,,ﬂ Xn+2))

W(d (X1 1,%012)),

IAIA

IN
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which is a contradiction.

we get

W(d (xn—l—l s xn+2) )

IAN A

IN A

Therefore, N(x,,Xy+1) = d(xp,xn+1). Hence, from (4.2),

w(d(Txn, Txn11))

00, X )Y (5 A (T, T 1))

O (W (N (xn, Xn41))) W(N (X0, Xp41)) + L (M (X, X 41))
(w(d(xn,xn11))) w(d (xn, Xn11))

v(d(xn, Xn+1))

?]
1
W (d(Xn, Xn11))-

By the property of y from above inequality we obtain d(x,41,Xn+2) < d(Xp,Xp+1)

for all n € NU{0}. Thus, {d(x,,X,+1)} is a decreasing sequence of a nonnega-

tive real numbers and bounded below by 0. Hence, there exists r > 0 such that

lim d(x,,x,+1) = r. Now, we show that r = 0. Suppose on contrary that r > 0.
n—soo

By using (4.1), we have

1
;‘I’(d(xnﬂ s Xn42))

ININ

AN

V(d(Xng1,Xn42)
(

)
W d(Txn, TXn-i- ))

Ot(x xn+1) ( d(TxnaTanrl))
O (W (N (X, Xn+1))) YN (Xns Xng1)) + LO (M (X, Xn11))
(w(d(xn, X0 41))) w(d(Xn, X 11))

0
1
(1))

By applying limit in the above inequality as n — oo, we obtain

éllj(r) < 1im O (W (d (xn, %0 11))) W(r) < %‘lf(f)-

Therefore,

n—yoo

lim 6(y(d(n,%041))) = —

n—oo S
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Finally, by properties of 0 and y, we get

r}gl;lod(-xmxn—H) =0=r,

which is a contradiction. Hence,

lim d (X, Xp41) = 0. (4.3)

n—oo

We now prove that {x,} is a b-Cauchy sequence in X. Suppose that {x,} is not a
b-Cauchy sequence. Thus, there exists € > 0 for which we can find subsequences

{xm, } and {xn,} of {x,} with ny > my. > k such that

d (X1 Xn,) > € (4.4)

and d (X, Xn,_,) < €.

From (4.4) and the triangle inequality, we obtain

€ < d(xn,xm) < Sd<xnk7xnk+1) +Sd(xnk+17'xmk)

< Sd(xnk7xnk+l )+ Szd(xnk+1 s Xy )+ Szd('xmk+l ’xmk) 4.5)
Letting k — oo and taking (4.3) into account, inequality (4.5) yields

3 .
— <limsupd (X, |, Xm,,)- (4.6)
S k—soo

By Lemma 4.2, recall that 0t(X,, Xy, ) > 1. Consequently, by (4.1), we have

W(d(xﬂk+1 7xmk+1 )) W(d(Txanxmk))
(

< v s3d(Txnk,Txmk))
< oc(xmk,xnk)l[/(SSd(Txnk, Txm,))
< G(W(N(xnkaxmk») l[/(N(xnk,ka))

‘I'L(P (M(xnk’xmk»a (4-7)
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where

N (X, Xm,)

and

M (xnk 7xm/<)

Notice that

d(xnpxmkH) +d(xmk7xnk+1) < s[d(xnkaxmk) + d(xmkvxmk+1)] + S[d(xmk7xnk) +d(xnk7xnk+1)]

d (X, Txm, ) +d (X, Txp,)

= MaX{d(Xnk,xmk),d(Xnk, Txnk)ad(xmk7 Txmk)7

2s ’
d (X, Txn )d (X, TXmy)  d (X, T )d (X s Ty ) d (X s Ty ) [1+d (X s T, )]
1 +d (X, Xm,) T 14+d(Txn, Txm,) 1+d(Txp,, TXm,) ’

d(xmk7 Txmk) [1 + d(Txnk7 T’xmk)]
14+ d (X, Txm,)

d(xnk ) xmk+1 ) + d(xmk ’ xnkJrl )

— Max{d(xnk,xmk),d(xnk,xnkH),d(xmk,xmk+l),

25 ’
d (X, X )d oy, Xy, ) d s Xy ) (s Xy ) - A ongs Xng ) [1 + d (g Xy, )]
1+d (%, %m, ) ’ 1 +d(xnk+1 7xmk+1) 7 1 +d(xnk+1 7xmk+1) ’

d(xmkaxmk+l)[1 +d(x”k+l s Xy )]
U+ d (%X s Xomy. )

Min{d(xnk,xmk),d(xnk, Txn,),d(Xm, Txmy )y d (Xn s T, ) d (X, Txnk)}

= Min {d(xnk,xmk),d(xnk,xnk+l),d(xmk,xmk+1),d(xnk,xmk+1),d(xmk,xnk+l)} .

and

2s - 2s “.3)

d(x”k’xmk) < Sd(xnk7x”k—l)+Sd(x"k—17xmk>
< sd(Xpy X, )+ SE. 4.9)

By using (4.8) and (4.9), we get

limsup N (X, , Xm, ) < €, (4.10)

k—>oo
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J}E?OM(X""’X’”") =0. 4.11)
By taking the upper limit as k — oo and using (4.6), (4.10) and (4.11), inequality
(4.7) becomes

1 . .
EW(SE) S IV(SS) S llirisup l[/(S3d(Xnk+l ,ka“ )) S hgisup a(xmkvxnk) l[/(S3d<Xnk+1 ,)kaﬂ ))
= limsup & (X, %, ) W(s°d(T X, T, )

k—boo

limsup [0 (W(N (Xn, Xm,))) W(N (X, s Xm, ) +

k—roo

L¢ (M(xnwxmk))]
< y(se)limsup O (Y(N (X))

k—oo
1

< ;‘lf(sg)-

IA

Then limsup 0 (Y (N (xp,,Xm,))) = % Due to the fact that 0 € Q, we have

k—ro0

limsup y(N (x,, , X, )) = 0.

k—roo

Thus, we conclude that

lim y/(d(xy,,%m,)) = 0.

k—voo

By continuity property of Y we gate

klgl;lod<xnk7'xmk) = 07

which contradicts (4.4). Therefore, the sequence {x,} is a b-Cauchy sequence in X.
Since X is a complete b-metric space, there exists x € X such that li_r>n Xp = X. By
n—oo

the b-continuity of T we have
x= r}gr(}qxn+1 = nh_r&T(x,l) = T(nh_rggoxn) =Tx.

Therefore, x is a fixed point of T. O
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In the following by replacing the continuity assumption in the Theorem 4.3 by o-

regularity condition we get the following theorem.

Theorem 4.4 Let (X,d) be a complete b-metric space with the coefficient s > 1,
o :X xX — R" be a function and T : X — X be a mapping. Suppose that the
following conditions hold:

(i) T is generalized rational (o, y, ¢ )-Geraghty contraction type mapping;

(ii) T is triangular a-admissible mapping;

(iii) There exists xo € X such that o(xo,Txg) > 1;

(iv) X is a-regular.

Then, T has a fixed point x € X.

Proof: Following the lines in the proof of Theorem 4.3, by (iii) there exist xo € X

such that o (xp,Txg) > 1. We construct a sequence {x,} in X by x,,; = Tx, for

each n € NU{0} such that lim x,, = x. By a-regularity of X, a(x,,x,+1) > 1 and
n—oo

there exists a subsequence {x,, } of {x,} such that, for all k
0 (X, x) > 1. (4.12)

Now, we show Tx = x. Assume to the contrary, that T'x # x, then d(x, Tx) > 0.
By the triangular inequality, we have

d(x,Tx) < sd(x,xp,, ) +5d(xp,,,Tx) = sd(x,%,,, ) +sd(Txy,,Tx).
Letting & tends to infinity in the above inequality we get
d(x,Tx) < lil?linfsd(Txnk, Tx). (4.13)
—>00

By using the property of y, by (4.12) and (4.13), we get

w(s*d(x, Tx))

IN

lim y(s*d(Txy,, Tx))
k—ro0

IN

lim o (%, , )W (s d(Tx,,, Tx))

k—boo

< [N i X)) W(N i 2)) + L0 (M ()] (4.14)
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where

d(xp,, Tx)+d(x,Txy,)

N(xp,x) = Max{d(xnk,x),d(xnk, Txp,),d(x,Tx),

2s ’
d(xp,, Txp, )d(x,Tx) d(xp,,Txp,)d(x,Tx) d(xy,,Txp,)[1+d(x,Tx)]
1+d(xp,x) = 14+d(Tx,,Tx) ’ 14+d(Txy,, Tx) ’
d(x,Tx)[1+d(Tx,,,Tx)]
1+d(x,Tx)
d , T d(x,
_ Max{d(xnk,x),d(xnk,xnkﬂ),d(x, Tx), oy x);s SN
d(Xny s Xny,, )d(x, Tx) d(xnk,xnk+l)d(x,Tx) d(Xny s Xn, )1 +d(x,Tx)]
1+d(xy,x) 7 14+d(xy,,.Tx) ' 1+d(x,,,,,Tx) ’
d(x,Tx)[1+ d(xnk+1 , Tx)]
1+d(x,Tx)

and

M(xp,,x) = Min{d(xnk,x),d(xnk,Txnk),d(x,Tx),d(xnk,Tx),d(x,Txnk)}
= Min{d(xnk,x),d(xnk,xnkﬂ),d(x,Tx),d(xnk,Tx),d(x,xnkﬂ)}.

But,
d(xy,, Tx) +d(x, %, ) < sd(Xpy,x) +5d(x, Tx) +d(x, X, )
2s - 2s
Then, by (4.3), we get

d (X, Tx) +d(x, Xy, ) _ d(x,Tx)
<=5

lim sup
k—so0 2s

When £ tends to infinity, we deduce

lim N(x,,,x) = d(x,Tx)

k—roo
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and
lim M (x,,,x) = 0.

k—ro0

Since 6(Y(N(x,,,x))) < 1 forall k € N, (4.14), we obtain

Y(Sd(x,Tx)) < y(d(x ) < p(d(x,T)).

Since y € @, the above does not hold unless d(x,Tx) = 0, that is, Tx = x and x is
a fixed point of 7'. O

For the uniqueness of a fixed point we consider the following condition: Condition
(G): For all x,y € Fix(T) either a(x,y) > 1 or a(y,x) > 1. Where Fix(T') denotes
the set of all fixed point of 7.

Theorem 4.5 Adding condition (G) to the hypotheses of Theorem 4.3 (respectively,
Theorem 4.4), we obtain the uniqueness of the fixed point of T.

Proof: Suppose x and y are two distinct fixed point of 7. Now,

d(x,Ty)+d(y,Tx)

N(x,y) = Max{d(x,y),d(x, Tx),d(y,Ty),

2s ’
d(x,Tx)d(y,Ty) d(x,Tx)d(y,Ty) d(x,Tx)[1+d(y,Ty)]
1+d(x,y) ~ 1+4d(Tx,Ty) *  14+d(Tx,Ty)
d(y,Ty)[1 +d(Tx,Ty)]
1+d(y,Ty)

= Max{d(x,y),d(x,x),d(y,y), d(x,y);;d(y,x) ,

d(x,x)d(y,y) d(x,x)d(y,y) d(x,x)[1+d(y,y)]
1+d(x,y) ' 1+d(x,y) = 1+d(x,x)

d(y,y)[1 +d(x,y)]
1+d(y,y)
= Max{d(x,y),0} =d(x,y)
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and

M(x,y) = Min{d(x,y),d(x, Tx),d(y,Ty),d(x,Ty),d(y, Tx)}

= Min{d(x,y),d(x,x),d(y,y),d(x,y),d(y,x)} =0.

Hence,
v(d(x,y)) < w(s’d(x,y))
< alxyy)y(s'd(x,y))
< O(y(N(x,»)W(N(x,y)) +Lo(M(x,y))

v | = D

IAN A
<

~ S
- &
T =
= =

which is a contradiction. Therefore, x = y. Hence, T has a unique fixed point. O

Now, we give supportive example to our main result.

Example 4.3 Let X = [—1, 1] be endowed with the b-metric by d(x,y) = (x —y)?.
Then, (X,d) is a complete b-metric space with s = 2.
Let T : X — X be the mapping defined by

0 if—1<x<0

—x if0<x<1.

T(x)=

Define ot : X x X — R, I/J:R+—>R+,¢:R+%R+and9:R+—>[O>%)aS

1 ifx,ye[—1,0]
alx,y)=<0 ifx,yc(0,1] ;

1 .
1s Otherwise,

2
W) ="5:0() = §and 0(1) = 1
We next illustrate that all conditions in Theorem 4.3 are hold.
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Clearly T is continuous and triangular o.-admissible mapping.

Taking xo € [—1,0], we have o.(xo, Txp) = a(xp,0) =1 > 1.

We next prove that T is generalized rational (o, y,§)-Geraghty contraction type
mapping with L > 0. To show this we need to consider the following three cases:
Case (i) For x,y € [—1,0], we have
a(x,y)y(s’d(Tx,Ty)) =0 < O(y(N(x,)))y(N(x,)) + Lo (M(x,))-

Case (ii) For x,y € (0, 1], we have

a(x,)W(d(Tx, Ty)) = 0 < O (W (N (x.3))) W(N(x.»)) + Lo (M (x, ).

Case (iii) For x € [—1,0] and y € (0, 1], we have

Al )W(SATRTY)) = 2w(2d(0,))

_ 1 2
—15w@y)

32 4
:Ey
< O(Y(N(x, ) W(N(x,y)) +Lo(M(x,y)).

Thus, all the assumptions in Theorem 4.3 are satisfied and T has a unique fixed

point which is x = 0.

Example 4.4 Let X be a finite set defined as X = {4,5,6}.

Definedd : X x X — R as

d(x,x) =0 forall x€ X and

d(x,y) =d(y,x) forall x,y€X

d(4,5)=1,d(4,6) =4 and d(5,6) = 2.

Therefore (X,d) is complete b-metric spaces with s = %, but (X,d) is not a metric
space because it lacks the triangular inequality as follow:
d(4,6)=4>3=4d(4,5)+d(5,6)

Let T : X — X be the mapping defined by

5 ifx#4
6 ifx=4.

T(x)=
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Define ot : X xX =R, y:Rt - R*, ¢ :R" R, 0:R" —[0,2) as

I ifxyeX\{4}

1 .
0 otherwise.

Oc(x,y) =

w(t)=1; 0(t) =% and 8(1) = 3.
We next illustrate that all the conditions in Theorem 4.4 hold.
Taking xo = 5, we have o(xg,Txp) = o(5,T5) = a(5,5) = 1 > 1 and clearly, T is
triangular o-admissible mapping. Let {x,} be a sequence such that ot(x,,x,+1) > 1
forall n € N and x, — x as n — oo. By the definition of Q, for each n € N, we get
that x, € X\{4} = {5,6}. We obtain that x € {5,6}. Thus we have o/(x,,x) > 1 for
eachn € N.
We next prove T is generalized rational (o, y, ¢)-Geraghty contraction type map-
ping with L > 0. So we consider the following cases:
Case(i) For x =y or x =5 and y = 6 trivially T is generalized rational (a,y,®)-
Geraghty contraction type mapping.
Case(ii) For x =4 and y =5 or y = 6, we have
N(x,y) =4, M(x,y) =0 and
3 1 4 3
e )W(SATETY)) = S w((57d(6,5))
32

135
5

2
0

IN

(WN ) W(N(x,y)) + Lo (M(x,y)).

Hence, all assumptions in Theorem 4.4 are satisfied and thus T has a fixed point
which is x = 5.

Finally let x,y € Fix(T). Clearly x =y =5, therefore, by the definition of a, we
have o(x,y) = o(5,5) =1 > 1. So, all assumptions in Theorem 4.5 are satisfied

and thus T has a unique fixed point which is x = 5.
Now, we give some corollaries to our main findings.
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Corollary 4.6 Let (X,d) be a complete b-metric space with the coefficient s > 1,
o0: XXX R, 0ecQ yedPand T : X — X be a mapping. Suppose that the

following conditions hold:
(i) o (x,y)w(s°d(Tx, Ty)) < O(W(N(x,))) W(N(x,)), where

2

d(x, Tx)d(y, Ty) d(x,Tx)d(y, Ty)}

N = M d
(x7y> ax{ (x7y)7 1+d(x,y> Y 1+d(Tx,Ty)

(ii) T is triangular a-admissible mapping;

(iii) There exists xo € X such that o(xo,Txg) > 1;
(iv) T is b-continuous.

Then, T has a fixed point x € X.

: d(x,Tx)d(y,Ty) d(x,Tx)d(y,
Proof: The result follows by taking L= 0and N(x,y) = Max{d(x,y), (xli};)(xg)m ; (I?ZI}E)TX(,yTyT)y) }

in Theorem 4.3. O

Remark 4.1 By taking s = 1 in Corollary 4.6 we get the result of Singh, et al.

(2021) in complete metric spaces.

Corollary 4.7 Let (X,d) be a complete b-metric space with the coefficient s > 1,
o0:XxX =R, 0cQ ywedandT : X — X be a mapping. Suppose that the

following conditions hold:
(i) a(x,y)y(s’d(Tx,Ty)) < O(W(N(x,)) y(N(x,)), where

dx,Ty) +d(y,Tx) d(x,Tx)d(y,Ty) d(x,Tx)d(y,Ty)
2s T 1+d(x,y) 7 14d(Tx,Ty) ’

N(x,y) = Max{d(x,y),d(x, Tx),d(y,Ty),

d(x, Tx)[1 +d(y,Ty)] d(y,Ty)[1 +d(Tx,Ty)] }
14+d(Tx,Ty) ’ 1+d(y,Ty) ’

(ii) T is triangular a-admissible mapping;

(iii) There exists xo € X such that o(xo,Txg) > 1;
(iv) T is b-continuous or X is Q-regular.

Then, T has a fixed point x € X.

Proof: The result follows by taking L = 0 in Theorem 4.3 (or Theorem 4.4). a
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Corollary 4.8 Let (X,d) be a complete b-metric space with the coefficient s > 1,
0cQ v,0 cDand T : X — X be a mapping. Suppose that the following condi-
tions hold:

(i) y(s’d(Tx,Ty)) < O(W(N(x,) (N (x,y)) + Lo (M(x,)),
where L >0, M(x,y) = min{d(x,y),d(x,Tx),d(y,Ty),d(x,Ty),d(y,Tx)} and

d(x,Ty)+d(y,Tx) d(x,Tx)d(y,Ty) d(x,Tx)d(y,Ty)
2s " 1+d(x,y) 7 1+d(Tx,Ty) ’

N(x,y) = Max{d(x,y),d(x, Tx),d(y,Ty),

d(x, Tx)[1 +d(y, Ty)] d(y,Ty)[1 +d(Tx,Ty)] }
1+d(Tx,Ty) ’ 1+d(y,Ty) ’

(ii) T is b-continuous.

Then, T has a fixed point x € X.

Proof: The result follows by taking a(x,y) = 1 for all x,y € X in Theorem 4.3 .
([
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Chapter 5

Conclusion and Future scope

5.1 Conclusion

Singh, et al. (2021) established a fixed point results for generalized rational (o, y)-
Geraghty contraction type mappings in complete metric spaces and proved the ex-
istence and uniqueness of fixed points. In this research work, the authors estab-
lished fixed point results for generalized rational (ct, v, ¢)-Geraghty contraction
type mappings in the setting of complete b-metric space and proved the existence
and uniqueness of fixed points for the introduced mappings. The results of this
research work extend and generalize related fixed point results in the literature par-
ticularly that of Singh, et al. (2021) from metric space to b-metric space. We have

also supported the main results of this research work by applicable examples.

5.2 Future scope

There are some published results related to the existence of fixed point theorems
of mappings defined on b-metric spaces. The researchers believe the search for the
existence and uniqueness of fixed points of self-mappings satisfying generalized
rational (o, v, ¢ )-Geraghty contraction type mappings in b-metric space is an ac-
tive area of the study. So, any interested researchers can use this opportunity and

conduct their research work in this area.
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