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Abstract

In this study, the numerical solution of Nonstandard Finite Difference Schemes for HIV Models
Arising in Epidemiology have been presented. First, the given domain or region is discritized
and the derivatives of the differential equation were replaced by nonstandard finite difference
approximations and solved at different time step-sizes and various parameters. The stability and
consistency of the method are established which shows convergence of the method. To wvalidate
the applicability of the method, model examples have been considered and solved at different time
step-sizes. As it can be observed from the numerical results presented in Tables and graphs, the
present method approrimates solution very well.
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Chapter 1

Introduction

1.1 Background of the Study

Numerical analysis is the area of mathematics and computer science that creates, analyzes, and
implements algorithms for solving numerically the problems of continuous mathematics. Such
problems originate generally from real-world applications of algebra, geometry and calculus,
and they involve variables which vary continuously. The application problems occur through-
out the natural sciences, social sciences, engineering, medicine, and business.

Mathematical models have played an important part in epidemiology and public health pol-
icy. It can plan how infectious disease progress to show the likely outcome of an epidemic
and help inform populations health. Mathematical epidemiology has been used in order to
understand how epidemics spread and to predict important disease properties, such as the
total number of populations who become infected. There are different classic disease models
that have been studied, so far and such disease includes the SI (susceptible-infected), the SIS
(susceptible-infected-susceptible), and the SIR (susceptible-infected-recovered) models, which
help us understand epidemics in a population. We thus have to find parameters for various
infectious diseases and use these parameters to calculate the effect of different interventions.

In most cases, these models describes systems of nonlinear ordinary differential equations.
Frequently, in these systems exact solutions are not obtainable and hence the need for numeri-
cal methods arises. However, as mentioned by Villanueva et al. (2008), standard methods like
those of Euler, Runge-Kutta and others fail to solve nonlinear systems generating oscillations,
chaos, and false steady states. One way to avoid such numerical instabilities is the construction
of nonstandard finite difference schemes. Dimitrov and Kojouharov (2007) pointed out that
numerical methods one uses to approximate the solutions of dynamical systems are expected
to be consistent with the original differential systems, and should be zero-stable and convergent.

In point of the above, in this thesis we develop Nonstandard Finite Difference Methods (NSFDMs),
which preserves different qualitative properties of the continuous dynamical systems such as,
monotonicity, positivity of solution, the equilibrium of the system, stability of the equilibrium
points and convergence. These schemes also are explored by many researchers to solve problems



in Epidemiology and other areas. A few of them are mentioned below.

Arenas et al. (2008) developed a nonstandard numerical scheme for an SIR (where S, I and R
stand for susceptible,infected and removed individuals) seasonal epidemiological model like Res-
piratory Syncytial Virus (RSV). They compared their methods with some well-known explicit
methods and simulation with data from Gambia and Finland are carried out. They showed
that the forward Euler and fourth order Runge-Kutta schemes do diverge for small step-size
used in the numerical simulations.

Dawit et al. (2016) described nonstandard finite difference schemes as an emerging alternative
method for solving a wide range of problems whose mathematical models involve algebraic,
differential and Biological Models as well as chaotic systems. These techniques have many
advantages over classical techniques and provide an efficient numerical solution.

Villanueva et al. (2008) developed nonstandard finite difference schemes to solve numerically a
mathematical model for obesity populations dynamics. A system of coupled nonlinear ordinary
differential equations can be used to analyze, understand and predict the dynamics of over-
weight and obese populations. They developed easily implemented NSFD scheme to achieve
convergence for larger time step-sizes than the Euler or the fourth-order Runge-Kutta schemes
and the MATLAB package implementation give negative values for some of the state variables.

Ibijola et al. (2008) stated the reason why nonstandard methods are needed despite the fact
that the availability of numerous standard methods to solve ordinary differential equation. In
fact, they have been able to point out that one of the shortcomings of standard methods is that
qualitative properties of the exact solution are not usually transferred to the numerical solution.

Yaghoubi et al. (2015) presented the efficiency of nonstandard finite difference method in
comparison with the standard finite difference method for numerical solution of first and sec-
ond order ordinary differential equations. They pointed out that nonstandard method is more
stable than the standard method and the domain of h for stability in the nonstandard method
is larger than those of the standard method.

Ashraf, F and Ahmad, M.(2019) analyzed NSFD method that preserves one of the essen-
tial properties of the solution such as the positivity of the solution when modeling epidemic
disease. Comparison is also made with other conventional approaches that are routinely used
for such problems.

Jodar et al. (2008) developed two competitive implicit finite diifference scheme for a deter-
ministic mathematical model associated with the evolution of influenza a disease in human
population.

In this thesis, we considered nonstandard finite difference schemes for models arising in Epi-
demiology. The governing model is an initial value problem for a system of nonlinear ordinary
differential equations. It describes the dynamics of HIV epidemic by partitioning human popu-



lation into susceptible and infectious sub-populations, which is denoted by S and I, respectively.
The model is modified by incorporating a function of the Hill type for the transmission rate of
HIV rather than the function e~ which is previously used by Bacaer et al. (2008), where X
is a parameter representing the behavioral change and H denotes the HIV prevalence.

The effective contact rate at time ¢ is denoted by f(H(t)). It is a decreasing function of the
HIV prevalence H that reflects a reduction in risky behavior resulting from the awareness of
individuals to a higher HIV prevalence. The death rates of susceptible and infected individuals
are respectively denoted by p; and po. Using these notations and terminology, the governing
model is described by the following nonlinear system of ordinary differential equations:

dS(t) =B— f(H(t))H(t)S(t)— u1S(t)

Cdt
2t (1.1)

— = FUHO)HBS(b)— pad (1)

where H(t) is the prevalence of HIV given by:

I(t)

(t) = N (1.2)

with N(t) = S(t) + I(t) as the total number of population.

The function f(H) in this model is considered to be the following function of the Hill type:

d
f(H):HTOHk, k>1 (1.3)

where d, Ay and k are real numbers.

Table 1.1: Description and values of parameters used in the system(1.1) taken from Obaid
Ahimed et al. (2011)

H Description Parameter ‘ Value H
Constant recruitment rate B 200/year
Maximum transmission rate d 0.7/year
Parameter representing behavior change Ao 5.9/year
Natural death rate I 0.02 /year
Mortality rate of infectious individuals 1% 0.1/year
Hill coefficient k variable

We will develop NSFDMs for the numerical solution of a nonlinear system of ordinary differential
equations describing the transmission dynamics of HIV. To keep the methods fully explicit, we
will use the forward difference approximations for the first derivative terms. The nonlocal
approximations will be used to tackle the nonlinear terms. In some cases, we will also make use
of denominator functions which are a little more complex functions of the time step-size than
the classical one. Furthermore, we will show that these NSFDMs preserve some key properties
of the corresponding continuous model and also we will analyze for stability of the scheme.



1.2 Statement of the Problem

We design a nonstandard finite difference method that satisfies positivity of the state variables
involved in the system. It is important that a numerical method preserves this property when
used to solve differential models arising in population Epidemiology because these state vari-
ables represent sub-populations which never take negative values.

To begin with, the time domain [0,T] is partitioned through the discrete time levels t,, = nh,
where h > 0 is the time step-size. To construct the NSFDM, we discretized the system (1.1)
based on the approximation of the temporal derivatives by a generalized first order forward
difference method.

Therefore, this study will attempt to answer the following questions related to nonlinear system
of ordinary differential equations eqn (1.1).

1. How does this study develop nonstandard finite difference methods for a mathematical
model of HIV infection equation preserving the essential features of the model?

2. Does the discrete model mimic the qualitative properties of the continuous model?

3. To what extent these methods converge?

1.3 Objectives of the Study

1.3.1 General Objective

The general objective of this study is to present numerical methods which are positive and
stable for solving a mathematical model of HIV infection equation.

1.3.2 Specific Objectives
The specific objectives of the study are:

e To formulate and analyze nonstandard finite difference method for a mathematical model
of HIV infection equation.

e To compare the numerical solutions obtained by the present methods with the other
methods.

e To establish the stability and convergence of the present schemes.



1.4 Significance of the Study

The results obtained in this research may;

Understand the dynamics of epidemiological systems.
e Serve as a reference material for scholars who works on this area.

Give an idea about the application of numerical methods in different field of studies.

Help the graduate students to acquire research skills and scientific procedures.

1.5 Delimitation of the Study

The mathematical models of Epidemiology arises in the dynamics of Biological systems.Though
mathematical models of Epidemiology are broad topics and has many applications in the real
world, this study is delimited to focus only on presenting nonstandard finite difference methods
models for arising in Epidemiology. Further, this study is delimited to a Mathematical Model
of HIV Infection eqn (1.1).



Chapter 2

Literature Review

2.1 A Mathematical Model of HIV Infection

Mathematical modeling is an important tool in understanding the spread and control of HIV.
Early diagnosis and immediate treatment of HIV infection as well as suppression of the viral
load remain the key interventions in reducing the HIV incidence. To understand the severity
of HIV epidemics as well as establishing a baseline, Su et al.(2016) constructed a deterministic
transmission model of HIV.

Kok et al. (2015) constructed a dynamic model of the continuum of HIV care in Vancou-
ver, Canada. This model incorporated the main activities and decisions in the delivery of anti
retro-viral therapy that included HIV testing, linkage to care and long-term retention in care
and treatment.

Obaid Ahimed et al. (2011) developed and analyzed a mathematical model for the tran-
simission dynamics of HIV that accounts for behavior change. The contact rate is modeled by
a decreasing function of HIV prevalence to reflect a reduction in risky behavior that results
from the awareness of individuals to a highest HIV prevalence. Obaid Ahimed investigated
the impact of this function with respect to its parameters on the system equilibria, the HIV
prevalence and the bifurcation behavior of the model.

Okosun, Makinde, and Takaidza (2013) used a deterministic model based on ordinary dif-
ferential equations to investigate the impact of combining prevention intervention strategies on
the spread of HIV in the presence of unaware infective.

Thiébaut and May (2013) highlighted the use of mathematical models to predict the impact of
early antiretroviral treatment (ART) of HIV infected individuals and pre-exposure prophylaxis
(PrEP) of uninfected individuals.

Pedro and Tchuenche (2010) developed a mathematical model to study the effect of socio-
economic classes in the transmission and spread of HIV.
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2.1.1 Epidemiology

Epidemiology is the study of the distribution of disease in human populations and of the search
for determinants of disease encountered in different groups. The study of epidemic models of
various types is currently highly topical in a number of different disciplines. Epidemiological
mathematical models of HIV transmission can be described as sets of simultaneous differential
equations which are formulated based upon specific assumptions about the transmission dy-
namics of the virus.

The NSFD methods were explored by many researchers to solve problems in the Biological
sciences and other areas. This section gives an overview on some chosen models on HIV infec-
tions in Epidemiology.

The mathematical model for HIV proposed by Bacaer et al. (2008) describes the dynamics
of HIV epidemic. The total human population is divided into susceptible and infectious sub-
populations denoted by S and I, respectively. It is assumed that, at any time t, new recruits
enter the susceptible class at a constant rate B. Upon effective contact with an infectious in-
dividual at time t, a susceptible individual acquires infection and moves into the class I of
infectious individuals.

2.2 Numerical Schemes

2.2.1 Finite Difference Scheme

Finite difference method is one of the most frequently used method for numerical solution
to both ordinary and partial differential equation. Examples of the methods includes Euler
method, Runge-Kutta , MATLAB ODE Solvers and etc. The method permits the solution of
the DE to be reduced to algebraic equations which can be solved numerically. Mickens, R.
(2001) described exact finite difference scheme, also rules for constructing nonstandard scheme
with its application.

Lakshmi et. al (2013) formulated techniques of finite difference scheme for linear boundary
value problem which is applied for solving ordinary differential equation and they found nu-
merical solution. Matlab coding is also developed. Numerial result is compared with analytic
solution that agreed with exact solution.

In numerical analysis, Finite-difference methods (FDM) are a class of numerical techniques
for solving differential equations by approximating derivatives with finite differences. Both the
spatial domain and time interval (if applicable) are discretized, or broken into a finite number of
steps, and the value of the solution at these discrete points is approximated by solving algebraic
equations containing finite differences and values from nearby points.

Grossmann et. al (2007) used finite difference methods to convert ordinary differential equa-
tions (ODE) or partial differential equations (PDE), which may be nonlinear, into a system

7



of linear equations that can be solved by matrix algebra techniques. Modern computers can
perform these linear algebra computations efficiently which, along with their relative ease of
implementation, has led to the widespread use of FDM in modern numerical analysis.

2.2.2 Nonstandard Finite Difference Methods

A finite difference scheme is called nonstandard finite difference method, if at least one of the
following conditions is met (Anguelov and Lubuma 2003):

e In the discrete derivative, the traditional denominator is replaced by a non-negative func-
tion ¢ such that, ¥(h) = h + O(h?), as h — 0.

e Nonlinear terms that occur in the differential equation are approximated in a nonlocal
way i.e. by a suitable function of several points of the mesh.

The concept of nonstandard finite difference schemes was proposed by Mickens in 1988 as a
solution to the numerical instability that exist in the use of Finite Difference schemes. Since
the discovery of this method, researchers like Angeulov and Lubuma(2009), Ibijola and Sun-
day(2008) etc. among others have suggested ways of building numerically reliable schemes
using the nonstandard modeling rules proposed. Improvement on this method are extensive
and continuing.

Nonstandard finite difference techniques developed by Mickens, have laid the foundation for
designing methods that preserve the dynamics, especially the stability property of fixed points
of the approximated differential system. The design of the nonstandard finite difference method
starts mostly with the concept of exact scheme. A major advantage of having an exact scheme
for a differential equation is that questions related to the usual considerations of consistency,
stability and convergence do not arise. It is to be noted that any method that is not standard
could be considered nonstandard.

Ibijola, E.A. and Obayomi, A.A. (2012) derived nonstandard finite difference scheme for non
autonomous ordinary differential equations. Nonlocal approximation and renormalization of
denominator function is used. Some numerical examples are given for construction of new non-
standard finite scheme. Scheme is compared with analytic solution and exact finite difference
methods. Also results are presented by graphs which show scheme is more reliable.

Obaid et.al. (2013) design a numerical method known as Nonstandard Finite difference method
(NSFDM). This method is use to solve model of HIV represented by a nonlinear system of or-
dinary differential equations. The model describes the dynamic of HIV epidemic by partition
of human population into susceptible and infectious sub-populations.



Chapter 3

Methodology

3.1 Study area and Period

The study was conducted in Jimma University, department of Mathematics from September
2020 to May 2022. Conceptually the study focuses on numerical methods particularly on
nonstandard finite difference schemes for models arising in Epidemiology.

3.2 Study Design

This study was documentary review design and experimental design on mathematical models
arising in Epidemiology.

Source of Information

The relevant source of information for this study are books, published articles and related
studies from Internet services and the experimental results obtained by writing MATLAB code
for the present numerical methods.

3.3 Mathematical Procedures

In order to achieve the above mentioned objectives, the study will follow the following steps:
1. Problem formulation of mathematical model,
2. Study the qualitative properties of the mathematical model,

3. The differential equations will be replaced by the nonstandard finite difference Method
applied to the mathematical model of HIV infection of equations,

4. Establishing the stability and convergence of the proposed scheme,
5. Write MATLAB code for the mathematical model of HIV infection system

6. Validate the schemes using numerical examples.

9



3.4 Ethical Considerations

To be legal for collecting all the above materials it is important to have a permission letter. So,
a letter of permission will be taken from Research and Ethical Review Board of the College of
Natural Science so as to make easy the collection of materials.
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Chapter 4

Description of the method and Results

4.1 Overview

4.1.1 Stability for Ordinary Differential Equations

Definition 1:- In terms of the solutions of a differential equation f(x) is said to be stable if
any other solution of the equation that starts out sufficiently close to it when x = 0 remains
close to it for succeeding value of x. If the difference between the solutions approaches zero as
x increases, the solution is called asymptotically stable. If a solution does not have either of
these properties, it is called unstable.

Stable and unstable equilibria play quite different roles in the dynamics of a system, it is
useful to be able to classify equilibrium points based on their stability.

Suppose that we have a set of autonomous ordinary differential equations, written in vector
form:

= f(z). (4.1)

Suppose that z* is an equilibrium point. By definition, f(z*) = 0. Now suppose that we take
a multivariate Taylor expansion of the right-hand side of the differential eqn(4.4)

since f(z*) = 0, the equation will be,

of

T = e (x — ") + ... (4.2)

x*

The partial derivative in the above equation is to be interpreted as the Jacobian matriz (J). If
the components of the state vector x are (z1, s, ..., z,) and the components of the rate vector

11



f are ( fi, fo, ..., fn), then the Jacobian matriz is defined as:

roh OA .. A
arl 8:E2 8$n
8f2 Of2 ... Of2

J = Ox1 Oxo Oxn
Ofn Ofn .. Ofn
L Oz Oxo Oxyn 4

Now define dx = = — x*. Taking a derivative of this definition, we get dz = z. If dx is small,
then only the first term in eqn (4.2) is significant since the higher terms involve powers of
the small displacement from equilibrium. If we want to know how trajectories behave near the
equilibrium point, e.g. whether they move toward or away from the equilibrium point, it should
therefore be good enough to keep just this term. Then we have

dx = J * oz

where J* is the Jacobian matrix evaluated at the equilibrium point.

Theorem 1: An equilibrium point z* of the differential eqn (4.1) is stable if all the eigen-
values of J*, the Jacobian evaluated at z* have negative real parts where as, the equilibrium
point is unstable if at least one of the eigenvalues has a positive real part.

Note that the theorem is silent on the issue of what happens if some of the eigenvalues have zero
real parts while the others are all negative. This case can not be decided based on linear stability
analysis. The nonlinear terms we left out of eqn (4.2) in fact determine the stability in this case.

Definition 2: (Basic reproduction number). The basic reproduction number, denoted
Ry is a well-known Epidemiology concept to measure the spread of an infectious diseases. It
is the expected number of secondary cases produced, in a completely susceptible population,
by a typical infective individual. If Ry < 1, then on average an infected individual produces
less than one new infected individual over the course of his infectious period, and the infection
cannot grow. Conversely, if Ry > 1, then each infected individual produces, on average, more
than one new infection, and the disease can invade the population.

To determine the local stability of the disease free equilibrium of a system of ordinary dif-
ferential equations, the following theorem will be used.

Theorem 2: Consider the disease transmission model given by (4.3) with f(x) satisfying
conditions (A;) — (As) given below. If zq is a DFE of the model, then z; is locally asymptoti-
cally stable if Ry < 1, but unstable if Ry > 1, where Ry as is given in definition 2. Define X
to be the set of all disease free states. That is

Xs={x>0lz; =0,i=1,...,m}.

Let F;(z) be the rate of appearance of new infections in compartment i, V;*(x) be the i rate

12



of transfer of individuals into compartment i by all other means, and V,”(x) be the i rate of
transfer of individuals out of compartment i. It is assumed that each function is continuously
differentiable at least twice in each variable. The disease transmission model consists of non-
negative initial conditions together with the following system of equations:

;= fi(x) = Fi(z) = Vi(z),i = 1,2,...,n, (4.3)

where V;(z) = V;”(z) — V;*(x) and the functions satisfy assumptions (A;) — (As). Since each

(2
function represents a directed transfer of individuals, they are all non-negative. Thus

(Ay) Ifx >0, then F;, V" | V- >0fori=1,...n.

7

(As) If 2, =0, then V" =0 . In particular, if x € X then V" (z) =0 for i = 1,...,m.
(As) F; =0 fori > m.
(Ay) If z € X, then Fy(z) =0 and V;*(z) =0 for i = 1,...,m.

(A5) If F(x) is set to zero, then all eigenvalues of Df(z) have negative real parts, where
D f(x¢) is the Jacobian matrix of system (4.3) evaluated at x.

To determine the local stability of an endemic equilibrium, we will use the following theorem,
which depends on the general center manifold theory.

Theorem 3: Consider a general system of ODEs with a parameter ¢:

d

d—f:f(x,¢),f:R"xR—>R” and f € C*(R" x R). (4.4)
Without loss of generality, it is assumed that 0 is an equilibrium for system (4.4) for all values
of the parameter ¢, that is

f(0,0) =0 for all ¢. (4.5)

Now, assume
e A=D,f(0,0) = ( aa?](;im (0,0)) is the linearization matrix of system (4.4) around the equilib-
rium 0 with evaluated at 0. Zero is a simple eigenvalue of A and all other eigenvalues of A have

negative real parts;

e Matrix A has a non-negative right eigenvector w and a left eigenvector v corresponding
to the zero eigenvalue.

Let f be the k-th component of f and

a= En VW W; O Ji (0,0) (4.6)
= - k' Wy jaxla : Y )
k=1
- 0 fi
_ E , 4
b o VEW; Gsczaqﬁ (07 0)7 ( 7)



The local dynamics of (4.4) around 0 are totally determined by a and b.

Case I.a > 0, b > 0: When ¢ < 0 with |¢| << 1,0 is locally asymptotically stable,
and there exists a positive unstable equilibrium; when 0 < ¢ < 1,0 is unstable and there exists
a negative and locally asymptotically stable equilibrium;

Case II. a < 0, b < 0 : When ¢ < 0 with |¢| << 1,0 is unstable; when 0 < ¢ < 1,0 is
locally asymptotically stable, and there exists a positive unstable equilibrium;

Case III. @ > 0,b < 0 : When ¢ < 0 with |¢| << 1,0 is unstable, and there exists a lo-
cally asymptotically stable negative equilibrium; when 0 < ¢ << 1,0 is stable, and a positive
unstable equilibrium appears;

Case IV. a < 0,b > 0 : When changes from negative to positive, 0 changes its stability
from stable to unstable. Correspondingly a negative unstable equilibrium becomes positive
and locally asymptotically stable.

4.1.2 Stability for Discrete Systems

Theorem 4: Assume that the functions f(z,y) and g(z,y) have continuous first-order partial
derivatives in z and y on some open set in R? that contains the point (z,%). Then the fixed
point (z,y) of the nonlinear system, which is defined by:

Ti41 = f(xta yt)7
Yt+1 = g(xta yt)7

is locally asymptotically stable if the eigenvalues of the Jacobian matrix J evaluated at the
fixed points satisfy |\;| < 1 iff

Tr(J) <1+det(J) < 2.

The equilibrium is unstable if |[A\;| > 1 for at least one i, that is, if any one of the following

three inequalities is satisfied:

Tr(J) > 1+ det(J),

Tr(J) < —1—det(J), or

det(J) > 1.
where, T'r(J) and det(.J) are the Trace and determinant of the Jacobian matrix and defined
follows:
Definition 3: The trace of a square matrix J, denoted by tr(J), is defined to be the sum of
elements on the main diagonal (from the upper left to the lower right) of J.

Definition 4: The determinant is a scalar value that is a function of the entries of a square
matrix.

Lemma 1: The roots of the second degree polynomial

g(\) = X2+ a1\ + ay, (4.8)
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satisfy |\;| < 1,4 = 1,2, if and only if the following conditions are satisfied:
(Z) g(l) =1+a;+ay >0,
(ZZ) g(—l) =1—a;+a >0,
(ii3) 9(0) = Ja| < 1.

Lemma 2: (Jurry conditions, Schur-Cohn criteria, n=3). Consider the characteristic polyno-
mial
p<>\) = )\3 + CL1/\2 + CLQ)\ + as.
The solutions A;,i = 1,2,3, of p(A) = 0 satisfy |\;| < 1 iff the following three conditions hold:
(1) p(1)=1+4ai+a+a3>0,
(i1) (=1)3p(=1)=1—a; +ay —az > 0,
(it7) 1 —a? > |as — azay|

4.1.3 Well-posedness for Ordinary Differential Equations

The differential equation

dx
pri X(z,t), (4.9)

is said to be well-posed if its solution exists, unique, and continuously depends on its initial
values. If X satisfies the Lipschitz condition (5), then the differential equation (4.9) defines a
well-posed initial value problem.

Definition 5:(Lipschitz condition). A family of vector fields X (z,t) satisfies a Lipschitz
condition in a region R of (z,t)-space if and only if, for some Lipschitz constant L,

| X (z,t) — X(y,t)| < Llz —y| if (x,t) and (y,t) € R. (4.10)

4.2 Mathematical Model

The description of nonstandard finite difference method and its stability and convergence anal-
ysis will be discussed. Consider Mathematical model of HIV infection the governing model is
described by the following nonlinear system of ordinary differential equations of the form:

AW _ g ) HSE) - mS()
o (4.11)

MO _ pe) @S0~ pai (1)
where H(t) is the prevalence of HIV given by:
(t) = % (4.12)

with N(t) = S(t) + I(t) as the total number of population.
The function f(H) in this model is considered to be the following function of the Hill type:

d
= > .
FH) = 5o B2 (4.13)
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where d, Ay and k are real numbers.

4.2.1 Qualitative Analysis of the Model
Well-posedness of the Model

We show that system (4.11) is a well-posed, that is, its solution exists, it is unique, and contin-
uously depends on the data (initial values). In view of the results presented in Section 4.1.3, it
suffices to show that the system satisfies Lipschitz condition given in definition 5.

Proposition 1: System (4.11) has a unique solution that continuously depends on initial
values.
Proof. Let

xwo=| 76 |

such that fi(z(t)) and fo(x(t)) represent the right hand sides of equations (4.11) and let x(t),
y(t) be in some region R = R? where

and

Now for system (4.11), we have

&
~

[ X (2, 1) = X(7,1)| =

o =
—~
8

/;/-\

= =
MH
(L]
|
=

IA
=
A/O\)/-\A
|
2
b+
= iy
|
= =
=
=
= =

~i
|

IA
kS
]
| IS | ~

I—|m‘

=
)

=
S\
]
=t
=
T
2

Thus, we have

where L = pqpo. This completes the proof.
Since S(t) > 0 and I(t) > 0, it is easy to show that 0 < H < 1 and 0 < f(H) < d. Hence, we
could establish the above proposition because of the boundedness of the state variables, H and

f(H).

16



Monotonicity

In the SI model, the number of susceptible individuals decreases monotonically, that is S"*! <
S™ , for all n. We also have that the number of infected individuals increases monotonically,
that is 1™t > 1", for all n. Monotonicity can be seen from the model equations. The equation
for S™™1 is S™ less a non-negative value, so S™*! is less than or equal to S™ for every n. Note
that the monotonicity of S™ and " is strict when Sy < N. We will require the discretized
models to be monotonic.

The positivity of the solutions

Positivity means that under certain conditions on the model parameters the number of suscep-
tible individuals stays between 0 and N, as does the number of infected individuals, for every
n.
Theorem 5: The set
B
D={(S1)eR* :S+1<—}
M1

is positivity-invariant for the system (4.11).
Proof Let N = S+1, then

N=S+1,
N = B~ f(H(t)H(£)S(t)— muS(t) + FHE)HO)S()— pal (2)
= B— N — (u + p2)I(t)
Then, N(t) < N(0)e " + ,u_<1_ i)
Thus
B
lim sup(t) < "

Furthermore, N < 0 if N > %.

This shows that solutions of systems(4.11) point towards D. Hence D is positively invariant
and solutions of (4.11) are bounded.

To find the basic reproduction number, Ry, system (4.11) can be re-written as

dI(t) dIs o
it~ A+ GRS+ 7

s _ o 1S (4.15)
a T T TGS+ )

By using the same notations as in Van den Driessche, P. and Watmough,J(2002), we define
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dIs

(T 2o(5)F) (S+1)
F =
0
pol
V =
—B + ,ulS + 4is

(1o (5" (S+D)

Hence, we obtain F' = d and V' = py. Thus, the basic reproduction number of the system (4.11)
is the spectral radius of the operator F'(V)~!. That is:

Ry =L (4.16)

The equilibrium of the system

To find the equilibria of system (4.11), we notice that, in terms of the prevalence of HIV at an
equilibrium
* ]*
St I

= H*(S*+ 1) = I*

Thus, for
B
= 5" =
JH*)H* +
*k
N B(1+ \H* )
I
for ddgf) =0= f(H")H*S"— uxI* =0
= uol* = f(H*)H*S*
L e JUHTST
H2

Then substituting for S*, we have

B BdH"

*

=1

Substituting S* and I* in H*(S* + I*) = I* , we obtain the characteristic equation as:
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_I_ fd
dH* + pa(L+ M H™)  po[dH* + pn (L4 A H**)][ ] pio[dH* + pua (14 AgH*)]

{ 1+ A\ H*) BdH* BdH*

*[ 1+ XN H*™) +dH* dH*
= H =
pra[dH* + puy (1 + X H*F)] pa[dH* + p1 (1 + A H**)]
= H*[po(1 + NoH**) + dH*] = dH*
H*[pg + prodo H™ 4+ dH*] = s RoH*, where d = Ry
H*[pig 4 oo H™ + dH*] — o RyH* = 0
H*[1g + podoH™ + dH* — p12Ro] = 0

H* (Ao H** + dH* + pio(1 — Rg)) = 0

the system (4.11) has the above characteristic equation:

i.e.

H* (e Ao H*™ 4+ dH* + pi2(1 — Rp)) = 0. (4.17)

* Disease Free Equilibrium

where H* = 0 corresponds to the disease free equilibrium

B
E; = (—,0). (4.18)
H1
* The endemic equilibrium is given by
B * * *
e ety
JH*)H* + 142
B Bf(H")H* ) 12
= FE = ) , where f(H") = ——F——
(qu*+u1(1—H*) pa(f (H*)H* + ) FH) (1—H*)
B(1 - H* BH*
N ( ( ) | - )
B _ * *
N < (1—-H") | BH )
pa(l — H*) + poH* o H* + pa (1 — H*)
B(1 - H* BH*
E* = < ( ) , > (4.19)
pr(1— H*) + poH* " puy (1 — H*) + po H*
where H* is a positive solution of the equation
oMo H** + dH* + pa(1 — Ry) = 0. (4.20)
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However, the above endemic equilibrium will be unique if Ry > 1. (Note that, in this case,
the function defined by Eqn(4.20) is increasing, which means that there is only one endemic
equilibrium point.) To this end,

e If Ry <1, then only the disease free equilibrium exists;

e If Ry > 1, then there exists a unique endemic equilibrium.

For k=0 or H=1
The unique endemic equilibrium
E* = (Ey, E3)
B(1 + X\gH*")

Ef =
B(1+4 o)
= B =
Pd (1 + o)
B(1+ X\o) . :
= bk = ,  which exists only Ry >1
P n(Ro— 1)+ (I + o) v
(T4 M) + pa(Ro — 1)
b BAH"
2 ppldH* + pa (14 Mo H*))
Bd
= B =
2 pafd + pa (14 X))
Bus(Ry — 1) . .
= b = , which exists only Ry > 1
? 7 palpa(Ro — 1) + (14 o) s
B -1
B = (Ro —1)

pa(1+ o) + pa(Ro — 1)

(4.21)

jo ( B(1+ Ao B(Ro—1) )
(L4 Xo) + pa(Ro — 1) (1 + Xo) + pia(Ro — 1) )

4.2.2 Local Stability of the Equilibrium Points
Local Stability of the Disease Free Equilibrium

Theorem 6: The disease free equilibrium of system (4.11), £, is locally asymptotically stable
if Ry < 1 and unstable if Ry > 1.
Proof. The Jacobian matrix of the system (4.11) evaluated at the disease free equilibrium, Ef,

1S
*\ —H1 —d
‘](EO)_( O _'uz_d>'
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Being a triangular matrix, the eigenvalues of the above matrix are the entries along the main
diagonal, i.e.,

Al = —i
Ay = —pp —d
= MQ(R() - 1)

Thus, A; is always negative. The second eigenvalue, Ao, is negative if Ry < 1 and positive if
Ry > 1.

Local Stability of The Endemic Equilibrium

The stability of the endemic equilibrium of system (4.11) is given in the following result.
Theorem 7: The endemic equilibrium, E*, of system (4.15) is locally asymptotically sta-

ble if Ry > 1 and unstable if Ry < 1.
Proof. The Jacobian matrix of the system (4.11) evaluated at the endemic equilibrium

/Ll(l—i-)\o)—i-uz(Ro— 1) N1(1+/\0>+N2(R0_ 1)
p1RE+p1 RN +dR2—2dRo+d d
- (1+X0)R2 " RZ
J(E*) = (4.23)
(Ro—1)2d peR2—d
(I+X0)RZ R}
The characteristic equation associated with the above matrix is given by
AN+ AN+ A, =0, (4.24)
where ) )
Al _ /JqRO)\O + dR(](RO — 12> + ,ulRo + Mg)\oRo(Ro — 1) and (425)
Ay = pipaRo(Ro — 1) + )\OM12M2RO(R0 — 1) 4+ dpa(Ro — 1)2' (4.26)

It should be noted that both A; and A, are greater that zero if Ry > 1. Hence, the eigenvalues
of the Jacobian matrix are negative or have negative real parts.
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4.3 Construction of the Nonstandard Finite Difference
Method

Definition 6: A discretization scheme is called consistent, if the discretized equations con-
verges to the given differential equations for both the time step and grid size tending to zero.
A consistent scheme gives us the security that we really solve the governing equations.

To construct the NSFDMs, we discretized the system (4.11) by using nonstandard explicit
schemes that satisfies the positivity of the state variables involved in the system. In addition
to using a nonstandard denominator function and some nonlocal discretization we used in the
right hand side of the equation(1.1).

i.e when ¢(h) = h, we refered to NSFDM-I, and ¢ (h) = (eﬂi_l), o > 11, which is NSFDM-II.
To begin with, the time domain [0, T | is partitioned through the discrete time levels ¢,, = nh,
where h > 0 is the time step-size. Then we have

for S(t) € C'(R)and I(t) € C*(R), the discrete derivatives are defined by:
ds(t)  S(t+h) — S()

+O(Y(h)) as h =0

dt ¥(h)
(4.27)
di(t) I(t+h)—1(t)
ek o) +O(¢(h))as h — 0

Where 9(h) is denominator function, which is a real valued function and satisfies
Y(h) = h+ O(h?), for all h>0

Denoting the approximations of S(nh) and I(nh) by S™ and I™, respectively, where n =
0,1,2,..., the NSFDM reads

Sn—i—l -5 n+1 n n gn+1
I”+1 - I n n Qn+1 n+1 (428)
O SAH")H"S™ = pol
Discretization for S
Sn+1 _ Sn

e =B — 5" — f(H")H"S"!
= M S = (B = S™ — f(HN S ()
= S = S (B — S — F(HT)VH S ) (h)
= " = "+ By(h) — (u + f(HMH")S™ 4 (h)
= )

Sn+1

= S" 4 (uy + F(HMYH™)S™ (k) = S™ + By(h
= S"TH 1+ (u + F(H")H™)3p(h)) = S™ + Bi(h)
L ogntl _ S" + By(h)
(L4 (p1 + f(H")H™)Yp(h))

22



also discretization for I as follows

1l ]n
Y(h)

= "M — " = (f(H")H"S™ ! — pp I 1)y (h)

= " = 1" = G(h) f(H") H"S™ — po "4 (h)
= """ + oo I”“w(h) "+ (h) f(H") H" "

= 1M1+ pop(h)) = I" + 2 (h) f(H") H" S" !
I"+4(h) f < )H"S”“

(1 + patp(h))

(Hn)Hnsn—‘rl _ M21n+1

= [T =

where discretizations for H and f (H) are given by
H" = San and f(H™) = T

n k)
From above, we obtained the fo<|10vv1ng equation.

S™ + Bi(h)
L+ (pa + f(H")H")b(h)
Yl + w( ) ( n)HnSn—i—l
14 ot (h) '

Sn—l—l

(4.29)
]n—l—l —

From the above equations (4.29) the positivity of the solutions are reflected. That means if the
initial values S(0) and I(0) are non-negative values, then the right hand side of (4.29) admits
positive terms for any of n =0,1,2,3, ....

In the next section, we determine the stability properties of equation (4.28) and verify that
whether the continuous and discrete models have the same equilibria and both models mimic
similar qualitative features near these equilibria.

4.3.1 Fixed Points and Stablity Analysis

The fixed points defined by (S, I) of (4.28) can be obtained by solving

N
~|

P
e

)
)

)

(4.30)

~|
(I
~i U

@5

)

where F(S,I) and G(S,I) can be obtaineed by considering the right hand sides in (4.29). i.e

5 7 S+ Bi(h) _ 3

FOD = = s mom o
Gsn) < TEPOIDES

U 1+ pep(h)
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Firstly we have to solve for S by using fixed points of F. Then

Next we solve for I by using fixed points of G, i.e

1+ povp(h)
= I(1+ pgtp(h)) = T+ (h) f(H)HS
= I(1+ patp(h)) — I = ¢(h) f(H)HS
= I(1+ potp(h)) — I = (h) f(H)HS
= I(1+ patp(h) —1) = Y(h)f(H)HS
- = LA
N f(H)Hf(H)gﬂn
K2

_ BfE)H
7 U + )
fo_ BIUDH

po(f(H)H + 1)

Then by using S and I we substitute in the following equation, to obtain the characteristic
equation.
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S+1
=HS+1)=1
;xH( B N Bf(H)H )Z Bf(H)H
SHE)H 4y po(f(H)H + 1) po(f(H)H + 1)
:>H(Bu2+Bf()>: Bf(H)H
po(f(H)H + 1) po(f(H)H + 1)
= H(ps + f(H)H) = f(H)H
_ dH dH
= e T 3 70 = T
= H(pa(1+ N H*) +dH) = dH
= H(py + podoH* +dH) = dH
= H(pg + podoH* + dH) = pyRoH, where d = jiaRy

We can observe that, the characteristic equations of the continuous system (4.11) given by
(4.17) and discrete model (4.32) has similar forms.

Next, we calculate the disease Free Equilibrium for discrete model when H = 0

BE=(5 1)
) B Bf(H)H )
= F= =
(f(H)H+M1 Mz(f( H+ f1)
_ B ).0 _
= Fy = , where H =10
" (f(O)-0+M1 pa(f + )
- B
= FEy=(—,0) (4.33)
121
and the endemic Equilibrium
E=(S,1I)
P ( _ B f(H)HS)
SUH)H + 2 /)
;xE:( B B/UH )
SOH)H + pa " po(f(H)H + 1)
_ B BH — 125
:E:< — ,——= — |, where f(H) = =
g+t R 1-H
) B(1— ) BH )
= F = = = ——
:E:< B(l_—H) | B_H _>
pi(l = H) + poH " iy (1 — H) + po H
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o B(1—-H) BH
be (/Ll(l_H)‘F,uQ[:[’lul(l—[_{)+M2H)’ (4.34)

where H is positive solution of the equation
oo H* + dH + po(1 — Ry) = 0. (4.35)

From equation (4.19) and (4.34) we can see that for any k, the continuous system (4.11) and
the discrete system (4.28) have the same equilibrium points.

Fork=0 or H=1

E = (E\, E))
s B0+ Mo H*)
L dH + pa (14 X H*)
- B(1+ \)
By = h H=1
= I PRI WE where
_ B(1+ Xo) . .
= FE = , which exists only Ry > 1
Y a(Ro— D)+ (14 2) s
5 B(1+4 )
P (1 ho) 4 pa(Ro — 1)
_ BdH
By = _ _
= FE Bd Wh H=1
= , ere =
L ol + (1 X))
_ BILLQ(RO - 1) . .
= FEy = , which exists only Ry > 1
© 7 palpa(Ro — 1) + (1 + o) o
- B(Ry—1)
Es =
pa(L+ o) + pa(Ro — 1)
_ B(1+ X B(Ry—1
,u1(1 + )\0) + MQ(RO — 1) /11(1 + )\0) + ,UQ(R() — 1)

We have shown that both the discrete model as well as continuous model have similar equilibria
points.

4.3.2 Local and Global Stability of Fixed Points

Theorem 8: Let ¢(h) be a real valued function such that (h) = h + O(h?). If Ry < 1
the system (4.28) is unconditionally stable at the disease free equilibrium, Ey = (%,0) and
unstable otherwise.
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Proof:- The Jacobian Matrix of the system (4.28) evaluated at the disease free equilibrium,

Ey, is
Ju J os o
sy = () - ( - )
85 oI
- . S+ By(h) S+ By
H=0 FO D = T WG+ m) ~ 1+ ot + )
OF _ U+ () +m) + (5 + BOM) (0(1) gs)
a5 (1+9(h) (2L + m))?
OF — 1+¢(h)m
95~ (L+v(hym)?
oF 1
795 T 1+ d(hm
OF _ (54 Bu(h) (1 + () (gl + m)) - (§+BW)XL+Wm%£ﬁ+Mm/
ol (1 +¢( )( g+[)2 +:u1))
_OF 0= (54 Bum)(au(h) (G
oI (1+ 9 (h) (gl + m))?
OF _ (54 By(n)(du(h)(G)
oI (1+ §(h) (gl + )2
oF  —u(h)dSEeS

TOT T A+ ehm)?
OF  w(h)d(S* + Bu(h)S)

oI~ S2(1+ v(h)m)
:ggz_wmm90+¢<%>

ol S2(1+ o(h))?

OF __w(di+ym% B B

o~ (Atohme @ e lmT e e
L OF _u(Wd(1+ d(hm)

ol (1 +(h)p)?

OF  w(h)d

oI 1+v(h)m
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o _ L+ o) f(H)AS
A e )
TS ()
= G(S,1) = 1+ pato(h)
T+ (h) <L dl 15+B—¢h))
= G(S,1) 1S fuﬂ(h) e
B I +(h)dI(S + B(h)) )

(S + D)L+ $(h) (57 + p) (L + patp(h))

oG  w(h)d  (I(1+puw(h)(S+1) — (1 + o (h)I(S + 1))

08 1+ patb(h) (1 + pp(h)(S + 1)+ dI)
aG W(h)d
T o5 1+ potp(h)’
(9G
=0
85
(84 By (M) A+ (M)p) (S+D+f (A I-I(S+D) A+ (h)pi+y(h) f(H))
o _ 1+v()d GO G
o1 L+ ¢ (h)pe
= oG _ Lt vih)d ﬁzfzg’(“)))s where p; = B
ol L+ oW Hi="g
8_G 1+ Y(h)d
oI 1+ ¢(h)us
From the above we obtained
1 __p(h)d
_ 1+ (h)pr 1+ (h)p1
J(Ey) =
0 1+ (h)d
144 (h) p2

Since the matrix is triangular, the eigenvalues are the diagonal elements. i.e

1 N — 1+ (h)d

M= T e T T e

The inequality |\;| < 1 always holds since Ry < 1 for the disease free equilibrium.
Hence, the spectral radius p(J) = |\;| < 1 if Ry < 1, for all h.

Theorem 9: The endemic equilibrium of the system (4.28), E, is unconditionally locally
asymptotically stable if Ry > 1.

Proof. The Jacobian matrix of the system (4.28) evaluated at the endemic equilibrium (4.36)
is
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Ro(1+X0)+1(h)pa(Ro—1) o p2(1+X0)1(h)
Ro((1+3(R)p1)(1+A0)+4p(R)p2(Ro—1)) Ro((1+4(h)p1) (1+A0)+4p(h)u2(Ro—1))

J(Eo) =
u2(Ro—1)2(h) Ro+v(h)p2
Ro(1+4(h)p2)(1+Xo0) Ro(1+4(h)p2)

which can be written in the following form:

B by —by
J(Eo) =
by by
- W + as
7 aias + Roas’
by — M
2 aias + Rg(lg7
b _ a2(R0 - ].)
3 asan )
by = %
7

with a; = Ro(1 4+ No),
az = P(h)us(Ro — 1),
az =1+ P(h)u,
ag = (1 + Xo)?,
as =14 Ao,
ag = Ro +¥(h)pus,
a7 = Ro(1 + ¢(h)p2).

Since we have Ry > 1, it follows that a; > 0,1 <7 <7,

0<bl,b4< 1 and bg,bg > 0.

The characteristic equation associated with the above matrix is given by
g(\) =A% — A\ + Ay =0, (4.37)

where

A =b;+by, >0 and A2:b164+b2b3 > 0.
Lemma 3: (Brauer and Castillo-Chavez, 2001) The roots of Eqn(4.37) satisfy |\;| <
1,7 = 1,2, if and only if the following conditions are satisfied: L.g(l)=1—A;+ A, >0,

2.9(-1)=1+A;+ A, >0,

g(l) =1 —A1 —f-AQ,

= (1 = 01)(1 = by) + bobs > 0, (4.38)
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as both b; and b, are less than unity. Also
since both A; and A, are greater than zero. Moreover, we have

g(O) - A27
_ V1 + U9 < 1’ (440)
v1 + Rovg + v

since Ry > 1, where
V1 = Ro(l -+ )\0) > O,

Vo = lILLQ(RO + )\0) + l2[1,g(R0 — ].) > 0,
V3 = l,u1(1 + /\0)(1 + l,UQ) > 0.

We conclude that from the equation (4.34) to (4.40), the conditions of Lemma 3 hold.
Therefore, the eigenvalues of the associated Jacobian matrix in this case are strictly less than
unity in modulus when Ry > 1 for all step-sizes.

Hence, the numerical method (4.28) is unconditionally stable at its endemic equilibrium FE.
Lemma 4: Under the description of methods the results, we can conclude that both the
continuous model eqn (4.11) as well as the discrete model (4.28)) have the same equilibria, and

their behavior is qualitatively similar near these equilibria.
Therefore, the nonstandard finite difference method (4.28) is elementary stable(consistent).
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4.4 Numerical Results and Simulations

In this section, we show numerically that both of these methods (NSFDM-I and NSFDM-II)
are consistent when the Hill coefficient & > 2. A number of different numerical simulations are
carried out and comparisons are made with other well-known numerical methods for various
time step-sizes h. Parameter values used in the simulations are presented in Table 1.1 (which
gives Ry > 1). Some of these parameters are varied to test the robustness of the methods.

4.4.1 Numerical Stability Analysis of the Fixed Points

The spectral radii of the Jacobian matrices corresponding to the endemic equilibria of the
numerical method for different values of Hill coefficient k£ and the time step-size h are tabulated
in this section. The equilibria remain the same for any value of k.
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Table 4.1: The spectral radii of the Jacobian matrices corresponding to the fixed points of
NSFDM-I for k£ > 2.
k h =10.01 h=0.5 h=1 h =10 h =20 h =100

0.9990 0.9696 0.9587 0.4312 0.2417 0.0341
0.9990 0.9658 0.9499 0.3524 0.1366 0.1774
0.9990 0.9630 0.9427 0.3035 0.0713 0.2664
0.9989 0.9613 0.9376 0.2724 0.0298 0.3230
0.9989 0.9600 0.9340 0.2531 0.0041 0.3581
0.9989 0.9586 0.9311 0.2421 0.0105 0.3780
0.9990 0.9568 0.9278 0.2373 0.0170 0.3868
0.9990 0.9518 0.9219 0.2371 0.0172 0.3872
10 0.9990 0.9532 0.9192 0.2404 0.0128 0.3810

OO0 | O U =] W N

Table 4.2: The spectral radii of the Jacobian matrices corresponding to the fixed points of
NSFDM-II for k > 2.

k h =0.01 h=0.5 h=1 h =10 h =20 h =100

2 0.9949 0.9260 0.8730 0.2250 0.0507 1.3991e-05
3 0.9948 0.9034 0.8305 0.1730 0.0477 1.3991e-05
4 0.9947 0.8851 0.7980 0.1633 0.0470 1.3991e-05
) 0.9947 0.8723 0.7771 0.1596 0.0468 1.3991e-05
6 0.9947 0.8638 0.7638 0.1577 0.0466 1.3991e-05
7 0.9948 0.8575 0.7545 0.1566 0.0465 1.3991e-05
8 0.9949 0.8517 0.7466 0.1557 0.0465 1.3991e-05
9 0.9950 0.8447 0.7378 0.1545 0.0479 1.0581e-02
10 0.9952 0.8278 0.7204 0.1751 0.1146 8.7652e-02

In the above table 4.1 and 4.2 all the spectral radii are less than one in magnitude irrespec-
tive of the time step-size used in the simulations. Hence, each of these fixed points is locally
asymptotically stable if Ry > 1 for k = 2,3, ..., 10.

Note:- Numerical simulations illustrated that all susceptible and infection solutions converge
to equilibrium point when the basic reproduction number is greater than unity corresponding
to the endemic equilibria and when the basic reproduction number is less than unity corre-
sponding to the disease free equilbium of numerical method, while the susceptible and infection
increases or decreases and then remain constant.
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4.4.2 Numerical Simulations for the Disease Free equilibrium

The disease free equilibrium (DFE) is calculated using the proposed NSFDMs along with other
numerical methods conventionally used. A thorough comparison of these methods are presented
for many different scenarios. The maximum transmission rate, d, is very important from the
Biological point of view and hence its value will be varied in a certain range while keeping
Ry < 1 (as needed for DFE). The numerical value of this DFE is given by E§ = (10000, 0). The
initial condition considered in this part of the simulations is taken as (S(0), 7(0)) = (9800, 200),
unless otherwise mentioned.

In order to check whether these numerical methods converge to the theoretical value of the
DFE, we require a tolerance value. To this end, for susceptibles we consider its value as 1%
of the susceptible population whereas we consider 20 individuals as the tolerance value for
the infectious population. Although all the numerical methods converge to the disease free
equilibrium, Ej, for any time step-size used when d = 0.07, we can see from Figure 4.1 that
only the NSFDM-II achieves much better convergence.
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Figure 4.1: Profiles of solutions [susceptibles (S(t)): left figure and infectious individuals (I(t)):

right figure] obtained by using different numerical methods for h = 1 when d = 0.07.

Table 4.3: Results obtained by different numerical methods when d = 0.07.

h  odedb RK4 NSFDM-I  NSFDM-II
0.01 Convergent Convergent Divergent  Convergent
0.5 Convergent Convergent Convergent Convergent
0.1 Convergent Convergent Convergent Convergent
1 Convergent Convergent Convergent Convergent

4 Convergent Convergent Convergent Convergent
6  Convergent Convergent Convergent Convergent

It is shown that in Table 4.3 when d = 0.07, only the NSFDM-II converges to the correct DFE,

The disease free equilibrium (5™, I*)

Ej; for different values of the step-size.
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Figure 4.2: Profiles of solutions obtained by using different numerical methods for h = 0.01

when d = 0.09.

In Table 4.4 it is shown that when d = 0.09, the NSFDM-I and NSFDM-II converges to the
correct DFE, I for different values of the step-size. This is also shown in figure 4.2 and 4.3.

Table 4.4: Results obtained by different numerical methods when d = 0.09.

| b odeds RK4 NSFDM-I  NSFDM-II |
0.01 Divergent Divergent Divergent Convergent
0.1 Divergent Divergent Divergent  Convergent
0.5 Divergent Divergent Divergent Convergent
1 Divergent Divergent Convergent Convergent
The disease equilibrium (S*, I*) = (10000, 0)
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Figure 4.3: Profiles of solutions obtained by using different numerical methods for h = 1 when

d = 0.09.

To see the robustness of the NSFDMs with respect to the initial conditions, the results are
presented in Table 4.5. In this table we also put the results obtained by Runge-Kutta method
fourth order and the MATLAB solver ode45. It can be seen that the NSFDM-II converge for
all initial conditions whereas the others do not. This also can be see from figure 4.4.

Table 4.5: Results obtained by different numerical methods for different initial conditions when
h=1andd = 0.07.

S(0) I(0) odedb RK4 NSFDM-I  NSFDM-II
9950 50 Convergent Convergent Convergent Convergent
9900 100  Convergent Convergent Convergent Convergent
9850 150  Convergent Convergent Divergent — Convergent
800 200 Divergent  Divergent  Divergent  Convergent
7000 3000 Divergent  Divergent  Divergent  Convergent
2000 8000 Divergent  Divergent  Divergent  Convergent

The disease equilibrium (S*, I*) = (10000, 0)
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Figure 4.5: Profiles of solutions for infectious individuals obtained by the NSFDM-I, NSFDM-I1T

and Euler method when d = 0.05, us

As far as the positivity of the solutions obtained by these methods is concerned, we note that

the Euler method does not preserve this property although it converges for a wide range of the

However, NSFDMs always preserves this property. This is

step-sizes and initial conditions.

shown in figure 4.5.
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4.4.3 Numerical Simulations for the Endemic Equilibria

The convergence behavior of the numerical methods to the endemic equilibria studied under
this section. We provide the results for various values of the Hill coefficient k.

case I: Hill coefficient k = 1

When k = 1, the unique endemic equilibrium, E*, of system (4.11) is locally asymptotically
stable if Ry > 1. i.e d > us The tolerance values for S* and I* are 1% and 10%, respectively.
All numerical methods converge almost to the endemic equilibrium E* when d > pusy is shown
in figure 4.6 and 4.7. However,the NSFDM-II converges more accurately.

Furthermore, all the numerical methods converge to the correct endemic equilibrium for any
initial conditions used. However, when d close to ps (which means that Ry close to 1), only the
NSFDM-II could achieve convergence for a wide range of the initial conditions. This is shown
in Table 4.6 as well as in Figure 4.8.
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and with h= 0.01 and initial conditions (S(0), I(0)) = (8280, 1179).

Table 4.6: Results obtained by different numerical methods for different initial conditions when

h=1andd=0.11.

S(0) 1(0) odedb RK4 NSFDM-I  NSFDM-II
9236 223  Convergent Convergent Convergent Convergent
9318 141  Convergent Convergent Convergent Convergent
9267 192  Divergent  Divergent  Divergent  Convergent
8275 1184 Divergent  Divergent  Divergent  Convergent
6280 3179 Divergent  Divergent  Divergent  Convergent
3324 6135 Divergent Divergent Divergent Convergent

The disease equilibrium (S*, I*) = (9324, 135)
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Figure 4.7: Profiles of solutions obtained by using different numerical methods when d = 0.11
and with h= 0.1 and initial conditions (S(0), I(0)) = (8280, 1179).
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Figure 4.9: Profiles of solutions obtained by the NSFDM-I and Euler method when d = 0.7, ps
= 0.3, initial conditions as (S(0), I(0)) = (965, 2096) and h = 4.

Again as in the case of DFE, the preservation of the positivity of the solutions is observed for
NSFDM-I and NSFDM-II. The Euler method failed to do so although it converges asymptoti-
cally to the correct endemic equilibrium. This is depicted in Figure 4.9 above.
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Figure 4.10: Profiles of solutions obtained by using different numerical methods when d =
0.1001 and with h= 0.01(in the left figure), h = 0.1 (in the right figure) and initial conditions
(5(0), 1(0)) = (500, 2524).

Case 1I: Hill coefficient k£ > 1

In this section, simulation results are presented for different numerical methods for a range of
k > 1. As in the previous case, the tolerance value for S* is taken as 1%. However, for k > 1,
there will be sufficient fluctuations in the dynamics of the infectious population and therefore
we would not take the tolerance as 10% in this case; and hence 1% tolerance would suffice for
I*. Tt can be seen that all the methods mentioned in the tables converge for small step-sizes.
However, when the step-sizes are larger then only NSFDMs converge to the correct endemic
equilibrium. This is shown in tables 4.7, 4.8 and 4.9. Furthermore, figures 4.10, 4.11 and 4.12
below, show how the different numerical methods converge to the equilibrium in each case when
the step-size is 0.01 and 0.1.

Table 4.7: Results obtained by different numerical methods for k = 2 and initial conditions as
(5(0), I(0)) = (500, 2524) with different step-sizes.

H h  odedb RK4 NSFDM-I  NSFDM-II H
0.01 Convergent Convergent Convergent Convergent
1 Convergent Convergent Convergent Convergent
4 Convergent Convergent Convergent Convergent
8  Convergent Convergent Convergent Convergent
12 Failed Convergent Convergent Convergent
15 Failed Divergent  Convergent Convergent
20 Failed Divergent  Convergent Convergent

In this case, the endemic equilibrium is given by:
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Figure 4.11: Profiles of solutions obtained by using different numerical methods when d =
0.1001 and with h= 0.01(in the left figure), h = 0.1 (in the right figure), k=2 and initial
conditions (S(0), I(0)) = (810, 1800).

Table 4.8: Results obtained by different numerical methods for k = 2 and initial conditions as
(S(0), I(0)) = (810, 1800) with different step-sizes.

| b odets RK4 NSFDM-I ~ NSFDM-II |
0.01 Convergent Convergent Convergent Convergent
1 Convergent Convergent Convergent Convergent
3 Convergent Convergent Convergent Convergent
4  Failed Convergent Convergent Convergent
6  Failed Convergent Convergent Convergent
10 Failed Divergent  Convergent Convergent
15  Failed Divergent  Convergent Convergent
20  Failed Divergent =~ Convergent Convergent

In this case, the endemic equilibrium is given by: (S*, I*) = (763, 1847).
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Figure 4.12: Profiles of solutions obtained by using different numerical methods when d =
0.1001 and with h= 0.01(in the left figure), h = 0.1 (in the right figure) and initial conditions
(S(0), 1(0)) = (873, 1545).

Table 4.9: Results obtained by different numerical methods for k = 2 and initial conditions as
(S(0), I(0)) = (873, 1545) with different step-sizes.

| b odets RK4 NSFDM-I ~ NSFDM-II |
0.01 Convergent Convergent Convergent Convergent
1 Convergent Convergent Convergent Convergent
3 Failed Convergent Convergent Convergent
4  Failed Convergent Convergent Convergent
6  Failed Divergent  Convergent Convergent
10 Failed Divergent  Convergent Convergent
15  Failed Divergent  Convergent Convergent
20  Failed Divergent =~ Convergent Convergent

In this case, the endemic equilibrium is given by: (S*, I*) = (523, 1895).
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Chapter 5

Conclusion and Scope for The Future
Work

5.1 Conclusion

In this thesis, a nonstandard finite difference scheme for HIV models arising in Epidemiology is
proposed for solving a mathematical model of HIV represented by a nonlinear system of ordinary
differential equations. The NSFDM methods of this thesis is very competitive, qualitatively
stable, that is, it produces results which are dynamically consistent with those of the continuous
system. In numerical simulation the NSFDMs are preserve the positivity of solutions and the
stability properties of the equilibria for arbitrary time step-sizes, while the solutions obtained
by other numerical methods experience difficulties in either preserving the positivity of the
solutions or in converging to the correct equilibria.

When numerical simulations using a particular method are performed for a set of parameters
that usually fit the model well then the method normally tends to converge. However, a slight
change in the values of these parameters can make some methods unreliable. From these results
NSFDMs could mimic the relevant dynamics whereas the other numerical methods failed to do
SO.

5.2 Scope for The Future Work

In this thesis, a nonstandard finite difference scheme for HIV models arising in Epidemiology is
formulated and analysed. The method gives more accurate numerical solution and converges to
true equilibrium. In the future work, we intend to extend the schemes to other epidemiological
models.
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