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Abstract. Ride comfort and Road holding execution of the vehicle are the most critical factors in the suspension system 
performance study. Most of the time researchers assume the numerical model of vehicle suspension is a linear and 
detailed comparative study with the non-linear model that has not been done in previous researches. Hence, the numerical 
model for both linear and non-linear quarter vehicle suspension is developed in this research work to study the 
importance of nonlinearity suspension segments. The dynamic outcomes such as sprung and unsprung mass 
displacement, velocity, acceleration are calculated by conducting the simulation for light-duty and heavy-duty vehicles 
under sinusoidal and unit step road input based on developed numerical models and program codes. The outcome from 
this research paper shows that an extensive distinction has been seen in the ride comfort and street holding execution of 
the linear and non-linear car suspension framework. Simulation results show that there is an increase in ride comfort 
execution and road holding execution of the vehicle in the event of non-linear suspension than the typical linear 
suspension. In this way, it tends to get close for a sinusoidal road excitation the non-linear suspension consistently 
acquires preferred execution over the linear suspension. Considering the nonlinearity suspension segments is more 
important during modeling and designing of the vehicle suspension system. 

Keywords: Quarter vehicle linear suspension, Non-linear suspension, Ride comfort, Road holding execution, Numerical 
model, Suspension Parameters, Suspension performance criteria 

INTRODUCTION 

In this paper, a basic two-degree of freedom spring-mass-damper framework as appeared by Figure.1(a) & (b) 
represents the quarter car suspension model. It comprises one upper mass (sprung mass), one lower mass (unsprung 
mass), two springs, and one stun absorber[1].  

The street unsettling influence from different street contribution, for instance, single step street profile, 
sinusoidal street profile with pitching, flinging, and mixed model excitation are causing off-kilter drive and uproar in 
the vehicle body, so it is fundamental to examine the vibrations of the vehicle by considering those sorts of street 
inputs[2]- [3].  The driver-seat forces and suspension system of the seat play a major role in the comfort of the driver 
[4]- [5]. 
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A vehicle suspension is a non-linear system in genuine terms since it comprises of adaptable suspension tires and 
different parts, which have non-linear properties, for example, non-linear spring and damper, yet most of the 
researchers considered as a linear system for the matter of straightforwardness of numerical displaying of it. Along 
these lines, the disorganized reaction may happen as the vehicle moves over a street [6].  

A comparative study for quarter car 2 DOF system model shows the good performance in Non-linear model and 
it is validated using MATLAB-SIMULINK model with theoretical results [7]. Implementation of simulation 
methods in a non-linear active suspension system helps to achieve the optimal suspension performance [8–11].The 
simulation methods are helping to get optimal ride comfort under various conditions[12–14]. 

Most of the time researchers have assumed the numerical model of vehicle suspension is a linear and detailed 
comparative study concerning the non-linear model has not been done in previous researches [15–18]. Hence, the 
numerical model for both linear and non-linear quarter vehicle suspension is developed in this research work to 
study the importance of nonlinearity suspension segments under different road input profiles. 

NUMERICAL MODELING OF LINEAR QUARTER CAR PASSIVE SUSPENSION 
SYSTEM  

In this paper, the body connection and upper control arm considered as the sprung mass (Ms). While the tire and 
wheel get together, center point gathering and lower control arm approximated as unsprung mass(Mus). The free-
body outlines of Ms and Mus are indicated in Figure 1. Let us take, the mass Ms moves quicker in a vertical way than 
the mass Mus, at that point the lengthening of the spring K is given by X1-X2. The heading of the force applied by the 
spring K on the mass Ms is descending, as it will, in general, reestablish to the un-disfigured position. Because of 
Newton's third law of motion, the force applied by the spring K on the mass Mus has a similar extent, however, it 
acts the other way. 

  (a) (b) 
FIGURE 1.(a) Quarter car passive suspension model in Linear; (b) Free body diagram 

Figure.1 represents the model characteristics of the linear front quarter vehicle passive suspension. It displayed 
the spring-mass-damper frameworks and Free body Diagram of quarter car passive suspension model.  

In a linear framework, Hook’s law typically communicates the statement of a spring force: Fs=KX, where Fs is 
the spring force K is the spring stiffness, X is the spring displacement. Coulomb’s law of friction communicates the 
statement of damping force for moderate speed: Fd=Cẋ.  Fd represents the damping force, C represents the linear 
damping, ẋ representing the relative velocity.  

Utilizing the linear formulation of spring force, damping force, and tire spring force and by applying Newton's 
second law of motion for both sprung masses, Ms and un-sprung mass, Mus the conditions of two masses movement 
may be represented by the following equations (1) and (2).  

+ (1) 
+ ) -K ( = 0                                                 (2) 

State-Space Formation of Quarter-Car Suspension Framework 

Let the states of the system defined as the following state variables: 
y1= , = , =  and =  this implies that: 
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Therefore, the system of the first-order differential equation becomes; 
                             (3) 

                             (4) 
                             (5) 

                             (6) 
 

NUMERICAL MODELING OF THE NON-LINEAR QUARTER VEHICLE 
SUSPENSION SYSTEM 

In the event of the genuine vehicle suspension framework expecting it as non-linear model. Since, it is having 
more advantages and results accuracy in dynamic conditions. In this paper, the non-linear quarter vehicle suspension 
framework largely comprises coil springs having fourth-degree polynomial stiffness, suspension damping having 
cubic nonlinearities and quadratic tire stiffness nonlinearities. Quarter car passive suspension model in Non-linear 
condition is represented in Figure.2. 

 
FIGURE 2.Quarter car passive suspension model in Non-linear condition 

By applying Newton's second law[19] of movement for both sprung mass (Ms) and unsprung mass, (Mus); the 
conditions of movement of the two masses are given by: 

+  
    (7) 

 (8) 
To limit the second-order differential equation to an arrangement of first-order differential equations utilizing the 

state space approach, let the state of the framework defined as the accompanying state factors:y1=x1, = , =  
and =  this implies that: 

 
 
 
 

Therefore, the system of the first-order differential equation for equation (7) and (8) becomes; 
  (9) 

(10) 
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(11) 

(12)    
 

Road Excitation Modeling 

Road disturbance or excitation is the road profile or the road elevation along the road and includes everything 
from smooth roads to potholes and any up and down as shown in Fig. 3. (a) & (b). The road profile is highly 
affected the ride comfort and safety of the passengers. 

 

 

 

 

 

 
FIGURE 3. (a) Sinusoidal road excitations; (b) unit step road excitations[7] 

Sinusoidal Road Input  

The sporadic road profile that is appeared in Fig. 3 (a) considered as a sine wave spoke to by the condition: 
y(t)=A*sin( *t)                                                                                          (13)  

Where, y = road surface excitation at time t, A= amplitude of sine wave, and =radial recurrence of the wheel 
ignoring harsh road. The velocities of the vehicle and spiral recurrence of the wheels are related by the 
accompanying equation: 

                              (14) 
The velocity of the car pass over the sinusoidal road excitation is assumed as 9.5 km/hr and the wavelength of 

the sinusoidal road excitation is assumed as 2m. Based on Equation 14, which is equal to 30rad/s. 

Unit Step Road Input 

The irregular road profile that is appeared in Fig. 3 (b) is approximated by a unit step road input as given by the 
formula [20]: 

Y (t) speaks to Road surface disturbance at time t and 0.15m amplitude. 
For the two degrees of freedom quarter vehicle model, MATLAB codes are developed to analyze sprung and un-

sprung mass removal, velocity, and acceleration for the car travel over a sinusoidal and unit step road input. Input 
suspension parameters shown in Tables 1 is used in MATLAB for a linear and non-linear car suspension system 
with road input of sinusoidal and unit step conditions. Table 1 shows the input parameters for analysis of a linear 
quarter car suspension system for both types of vehicles obtained from the respected works of literature [21]. The 
amplitude of the rod excitation and simulation time is assumed as 0.15m and 5 seconds respectively. 
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TABLE 1. Linear suspension parameter for light-duty (car) and heavy-duty (bus) vehicles [22] 
 

Suspension Parameters Symbol   Car Bus Units          

Sprung Mass Ms 370 2050 kg 

Unsprung Mass Mus 40.5 100 kg 

Suspension Spring Stiffness K 21500 400000 N/m 

Damping Coefficient  C 1400 5000 N.s/m 

Coefficient of Tire Stiffness Kt 190900 2000000 N/m 

Road Excitation Amplitude A 0.15 0.15 M 

Simulation Time t 5 5 Second 

Fixed Step Size tstep 0.005 0.005 Second 
 

RESULT AND DISCUSSION 

The result and discussion of this study are based on the sinusoidal and unit step road irregularity and simulation 
parameters for both linear and non-linear quarter car passive suspension models of light-duty and heavy-duty 
vehicles that are given in Table 1. The sinusoidal and unit step road has been input into two models; the first one is 
the linear quarter car model and the other one is the non-linear quarter car model with 4th-degree suspension spring 
nonlinearity, 3rd-degree suspension damper nonlinearity, and quadratic tire nonlinearity. In this research,the 
amplitude of the road 0.15m has considered to study the effect of the non-linear suspension and the linear 
suspension on the vertical vibration of the vehicle. 

Comparison of the simulated results from MATLAB for linear and non-linear quarter car passive suspension 
model as shown in Figure. 4 and 5. Each of these figures consists of four different parametric plots which show 
sprung mass removal (displacement), velocity, acceleration, and unsprung mass removal for two different types of 
vehicles. It is obvious from the figures that there are good agreements between the two sets of results. 

Simulation Result for Light-Duty Vehicles under Sinusoidal Road Input 

The simulation of the mathematical model for a light-duty quarter car suspension system has produced the 
displacement, velocity, and acceleration of the sprung mass and displacement of unsprung mass in the case of 
sinusoidal road excitation. 

The graphical result in Figure. 4 (a); shows that the reduction of the sprung mass vertical displacement is 
approximately 50% in the case of non-linear suspension as compared with linear suspension. This occurs because 
the non-linear suspension model considered all the nonlinearities on the flexible components of the quarter car 
suspension systems. Figure. 4 (b) shows that sprung mass vertical velocity is limited by 58.2% if there should arise 
an occurrence of non-linear suspension as contrasted with and linear suspension framework. From Figure. 4 (c)  is 
conceivable to see that the sprung mass vertical velocity is limited by 66.4% in the event of non-linear suspension as 
contrasted and linear suspension, which yields better ride comfort performance of the vehicle when it proceeds 
onward the sinusoidal road profile. Likewise Figure. 4 (d) shows that unsprung mass uprooting is almost 37.2% 
which is less if there should be an occurrence of non-linear suspension than linear suspension framework; this 
suggests better street holding performance. Although, the ride comfort and street holding are negating boundaries, 
there is an increase in ride comfort execution and road holding execution of the vehicle in the event of non-linear 
suspension than the typical linear suspension. In this way, it tends to get close for a sinusoidal road excitation the 
non-linear suspension consistently acquires preferred execution over the linear suspension. 
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(a)                                                                                 (b) 

 

 
                                          (c)                                                                              (d) 

FIGURE 4. Simulation Result for Light-Duty Vehicles under Sinusoidal Road Input 

Comparative quantitative numerical values of the peak amplitude of the quantities sprung mass displacement, 
velocity, acceleration, and unsprung mass displacement are shown in Table 2. It is evident from Figure. 4 that non-
linear suspension gives lower amplitude for sprung mass displacement, velocity, and acceleration than the 
commonly used linear suspension model. Besides, unsprung mass displacement of the non-linear model is being 
lower even though amplitude is only slightly lower than the linear model.   

TABLE 2. Quantitative numerical values of peak amplitude for both models under sinusoidal road input 
Suspension 

performance criteria 
For the linear 

suspension model 
For the non-linear 
suspension model 

Percentage of 
variation 

Sprung Mass Displacement (m) 0.2 0.1 50% 

Unsprung Mass Displacement (m) 0.24 0.15 37.2% 

Sprung Mass Velocity (m/s) 5.85 2.45 58.2% 

Sprung Mass Acceleration (m/s2) 149 50 66.4% 

Simulation Result for Light-Duty Vehicles under Unit Step Road Input  

To concentrate in detail on the impact of road contributions on the vehicle suspension framework it is essential to 
include another street information, for example, a unit step street contribution with a similar amplitude of 0.15m. So 
that, a unit step street input is applied as per Figure. 5 and its impact on linear and non-linear suspension model of 
light-duty vehicle are analyzed. For unit step street input the presentation distinction between the linear and non-
linear suspension framework regarding the sprung mass displacement, velocity and acceleration, and unsprung mass 
displacement has been examined under Figure. 5 (a - d) respectively.  

Figure. 5 (a) shows that the sprung mass displacement reduced by 8.3% from supplanting an ordinary linear 
suspension with a non-linear suspension. From Figure. 5 (b) seen that sprung mass vertical velocity is decreased by 
44% if there should arise an occurrence of non-linear suspension as contrasted and linear suspension. To look at the 
ride comfort exhibitions of the two suspensions model it is smarter to see the vertical acceleration of the sprung 
mass as appeared in Figure. 5 (c). The impact of the non-linear suspension decreases the acceleration of the sprung 
mass from 67m/s2 to 49m/s2 or 26.86%, which is a moderately better ride comfort execution.  
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As it is shown in Figure. 5 (d) the road holding execution of the non-linear suspension additionally 
improved.Even though, the vertical displacement of unsprung mass higher at starting point yet, it settles quicker than 
the linear suspension. 

 (a)   (b) 

(c) (d) 

FIGURE 5. Simulation Result for Light-Duty Vehicles under Unit Step Road Input 
 

Table 3 shows the quantitative numerical values of peak amplitude for both models under unit step road input. It 
is possible to observe that the non-linear suspension model has better performance than the linear suspension model. 
In general Figure 6 and 7, indicates the non-linear car suspension system performed better than that of the 
conventional linear car suspension system for light-duty vehicles. 

TABLE 3. Quantitative numerical values of peak amplitude for both models under unit step road input 
 

Suspension  Performance Criteria For the linear 
suspension model 

For nonlinear 

suspension model 

Percentage 

of variation 

Sprung Mass Displacement (m) 0.24 0.22 8.3% 

Unsprung Mass Displacement (m) 0.25 0.29 13.8% 

Sprung Mass Velocity (m/s) 2.5 1.4 44% 

Sprung Mass Acceleration (m/s2) 67 49 26.86% 

 
These Figures illustrate clearly the effectiveness of absorbing vibrations in the non-linear suspension system over 

linear suspension system. Better ride comfort performance is achieved due to the less sprung mass acceleration and 
the minimum wheel suspension deflection (unsprung mass displacement) over the linear system. 

Simulation Result for Heavy-Duty Vehicles under Sinusoidal Road Input 

To detail study the effect of the nonlinear suspension it is important to use different vehicles with different 
suspension parameters under the same sinusoidal and unit step road input with the fixed amplitude of 0.15 m acting 
as the road input. For this case, a heavy-duty vehicle specifically a bus is selected for the comparative study of the 
linear and non-linear suspension system. The impact of non-linear suspension is studied and compared with the 
linear suspension system which is given in Figure. 6 and 7 for the heavy-duty vehicle bus.  

The vibration experienced by the sprung mass displacement is lower in the case of nonlinear suspension which is 
shown in Figure. 6 (a). The graph of sprung mass vertical acceleration shown in Figure. 6 (b) shows that reduction in 
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corresponding amplitudes in the case of non-linear suspension is more than linear suspension which indicates an 
improvement in ride comfort. On ascertaining values from the graphs, discovered that there is a decline in sprung 
mass acceleration roughly by 66.25% shows the improvement in ride comfort. Additionally, the road holding 
execution or unsprung mass displacement is reduced by 85% in the non-linear case as appeared in Figure. 6 (c). 

. (a) (b) 

(c) 
FIGURE 6. Simulation Result for Heavy-Duty Vehicles under Sinusoidal Road Input 

 Simulation Result for Heavy-Duty Vehicles under Unit Step Road Input 

To detail study the impact of road inputs on the car suspension system for another road input i.e., unit step road 
input with the same amplitude of 0.15m.For unit step road input the comparative analysis between various factors 
and conditions are illustrated under Figure. 7 (a)-(c) respectively.  

It is evident from Figure. 7 (a)-(c), that the non-linear suspension model gives a lower amplitude for sprung mass 
displacement and acceleration and unsprung mass displacement compared to linear suspension. On ascertaining 
values from the graphs, discovered that there is a decline in sprung mass acceleration approximately by 43.47% that 
is corresponding to improvement in ride comfort. Also, the road holding performance or unsprung mass 
displacement is reduced by 40.74% as shown in Figure. 7 (c). 

 (a)   (b)

 (c) 

FIGURE7. Simulation Result for Heavy-Duty Vehicles under Unit Step Road Input 
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CONCLUSION 

The outcome from this research paper shows that an extensive distinction has been seen in the ride comfort and 
road holding execution of the linear and non-linear car suspension framework. Most of the time researchers for the 
matter of straightforwardness of the numerical model of vehicle suspension is assumed as linear Model. Hence, the 
numerical model of both linear and non-linear quarter vehicle suspension is developed in this research work to study 
the importance of nonlinearity suspension segments. The amplitude of the road 0.15m has considered studying the 
effect of the non-linear suspension and the linear suspension on the vertical vibration of the vehicle for this study. 
The detailed analysis is carried out under Sinusoidal Road Input and Unit Step Road Input conditions for two 
different types of vehicles (Light Duty Vehicle Car and Heavy Duty Vehicle Bus) for the selected input suspension 
parameters.  Light duty vehicle car suspension performance criteria’s such as  sprung mass displacement (m) , 
unsprung mass displacement (m) , velocity (m/s), acceleration (m/s2) is reduced 50%, 37.2%, 58.2%, 66.4% under 
sinusoidal road input and reduced 8.3% , 13.8%, 44%, 26.86% under unit step road input for non-linear suspension 
model  when compared to linear suspension model.  

In the case of heavy-duty vehicle suspension, vibration experienced by the sprung mass displacement is lower in 
the case of nonlinear suspension, and reduction in corresponding amplitudes in the case of non-linear suspension is 
more than linear suspension which indicates an improvement in ride comfort. Sprung mass 
acceleration(m/s2)reduced by 66.25%& 43.47%shows the better improvement in ride comfort and road holding 
execution or unsprung mass displacement (m)  is reduced by 85% & 40.74% for the non-linear suspension model 
under sinusoidal road input and unit step road input conditions. 

Hence, it is concluded that comparison of the linear and non-linear quarter car passive suspension model and 
heavy-duty model simulation results shows that there is an increase in ride comfort execution and road holding 
execution of the vehicle in the event of non-linear suspension than the typical linear suspension. In this way, it tends 
to get close for a sinusoidal road excitation the non-linear suspension consistently acquires preferred execution over 
the linear suspension. Considering the nonlinearity suspension segments is more important during modeling and 
designing of the vehicle suspension system. 
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