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Abstract

Malaria is one of the main public health problems in Ethiopia. This inspires an urgent need of
conducting a comprehensive study as input for policy makers and future preparation to mitigate
malaria in the country and the region. Mathematical modeling of infectious diseases helped
humankind to understand transmission speed and forecast disease outbreaks. Bearing in mind
these points, in this thesis, mathematical model of malaria transmission was formulated based on
compartmental model approach. The findings of this thesis encompass the following points.
Existence of unique solution of the model was proved. Boundedness and positivity of the model
were proved. Basic reproduction number was also calculated by using next generation matrix.
The local stability conditions of disease free and endemic equilibrium points were also well
investigated by the using Routh Hurwitz stability criteria. Particularly, disease free equilibrium
point is unstable in the presence of contaminated environment. The endemic equilibrium point is
locally asymptotically stable provided that basic reproduction number is greater than one. It is
proved that endemic equilibrium point is also globally stable with some conditions by using
Lyapunov method. Furthermore, sensitivity analysis of the model parameters was also carried
out using Normalized forward sensitivity index. Finally, in order to verify the applicability of the

result, MATLAB simulation was implemented and agrees with the analytical result.

Key words: Mathematical model, equilibrium point, basic reproduction number,

Local stability, global stability, sensitivity analysis, Lyapunov method.



List of Abbreviations

CDC
DEs
DFEP
EEP
SEI
SEIR

WHO

Centers for Disease Control

Differential Equations

Disease free equilibrium point

Endemic equilibrium point

Susceptible Exposed Infectious
Susceptible Exposed Infectious Recovery

World Health Organization



List of Figure

Figure 1: The flow chart for the spread of malaria diS€ase.............cccoeviiiiiieiiiiiccice, 5
Figure 2: Population graph VEISES TIME. .........oiiiiiieiiiiiiisieeeeee st 33
Figure 3: Graph of Susceptible human population verse time for different transfer rate of human
from susceptible class to contaminated enVIrONMENT. ...........cccoviiiieienin e 34
Figure 4: Graph of exposed human population verse time for different transfer rate of human
from susceptible class to contaminated enVIFONMENL. ...........cccvvieiieiinie e 34
Figure 5: Graph of infected humans verse time for different transfer rate of human populations
from contaminated environment to INfected ClasS. .........coovviiiiiicies 35
Figure 6: Graph of mosquito population verse time for different transfer rate of mosquito from

susceptible Class t0 INTECTEA. .........ccveiiiie i 35



Table of Contents Pages

DIBCIATALION ...t b bbbt bbb r bbb e [
ACKNOWIBAGEMENT ...ttt e et este et e se e s beesteanaesteeeesreenreeneeas ii
AADSTFACT ...t bbbt ii
LiSt O ADDIEVIALIONS ......eeieiiiie et 1\
IS o) T 0TSSR v
CHAPTER ONE ... .ottt b et e b e s e e bt e e mt e e s be e enbeesbeeenbeennee e 1
INTRODUGCTION ..ottt bbbt e et et enbe et e e beeenbe e nree e 1
1.1 Background OF the STUAY ..........ooiiiiiiieiie e 1
1.2 Statement of the ProbIEM ..o s 4
1.3 ODbjJectives Of the STUAY .......c.coeiiiiiccce e e 6
1.3.1 GENEIal ODJECHIVE ....cuviieiecie ettt e e e re e nre e 6
1.3.2 SPECITIC ODJECHIVES ....vevieie ettt sttt e ae e sreene e 6

1.4 Significance 0f the STUAY ..........coviiiii e 6
1.5 Delimitation of the StUAY .......coooiiiiiece e 6
CHAPTER 2 ..ottt b ettt b e et e bt e et e bt e st e et e e e b e e nne e 7
LITERATURE REVIEW ...ttt nnne e 7
CHAPTER 3 .ottt ettt h et e ket e bt e s be e e nb e e beeenbeenneeenbeesbeeanteens 10
METHODOLOGY ..ottt ettt et e st e s bt e s mb e e b e e ste e ebeeanbeesbeeenbeenneeanee 10
3.1 Study Area and PEITOG. ........coueiieiieieieie ettt 10
3.2 STUAY DEBSIGN ..ttt bbbt bttt b e bbb ene s 10
3.3:S0Urce Of INTOIMALION ..o eneas 10
3.4 Mathematical Procedure of the StUAY ..........cccviiiiiiiiie e 10
CHAPTER-FOUR ...ttt ettt et e se e e nae e nbeesbneenne e 11

Vi



RESULT AND DISCUSSION .....oiiiiiiiiiiiiiii e 11

4.1 PIEIIMINAIIES. ... vttt bbbt b bbb e et b et 11
4.2 Mathematical Model FOrmMUIAtION. .........ccocviiiiiiiic e 14
G Y oo (=] B AN g £ S S SSOS 16
4.3.1 Existence and Uniqueness of Solution of the Model.............cccocoiiiiieniniiiene 16
4.3.2 Positivity of the Solutions of the Model ..o 17
4.3.3 Boundedness of the Solution of the Model ............cccooiiiiiiii e 19
4.3.4 Equilibrium Points of the Model ... 21

4.4 Basic Reproduction NUMDET ..o s 24
4.5 Local Stability Analysis Of DFEP ... s 26
4.6 Local Stability Analysis OF EEP.........cccociiieie e 29
4.7 Global Stability Analysis Of EEP ...........cccooiiiiiiie e 30
4.8 SENSITIVITY ANAIYSIS....uiiiiiiiciieie ettt et e st e e s re e te e e sneesreesreenee e 32
4.9 MATLAB SIMUIBLION ...t 33
4. 10 DISCUSSIONS ....vtttteseettsteeete skttt sttt b bbbttt bbbt b et b e b e e bt b et bt nn et nne s 36
CHAPTER FIVE ...ttt ettt sttt et e nae e b e e neeenne e 37
5. CONCLUSION AND FUTURE SCOPE ..ottt 37
5.1 CONCIUSIONS ...ttt bbbttt b et e b e bbb bbb 37
5.2 FULUIE SCOPE....cutiiieitet etttk b e b ettt b ettt e bt et et e b nne e 38
RETEIENICES ... bbb bbb bbb bRttt bbb b 39

vii



CHAPTER ONE
INTRODUCTION

1.1 Background of the Study

Malaria is a serious illness caused by Plasmodium that is transmitted to humans through the bites of
infected female Anopheles mosquitoes. Malaria is one of the main public health problems in
Ethiopia. The distribution and transmission of malaria in Ethiopia vary from place to place largely
determined by altitude. Altitude affects the pattern of malaria distribution in Ethiopia through its
effect on temperature. The risk of malaria is highest in the western lowlands of Oromia,
Ambhara, Tigray, and almost the entire regions of Gambella and Benishangul Gumuz regions(Ayele
et al.,2012).If the malaria disease is left untreated, it can progress to severe illness and death within
a period of 24 hrs (WHO, 2022). According to the World Health Organization, the cases of malaria

are still increasing.

Worldwide there were approximately 241 million cases in 2020 which is high compared to 227
million cases in 2019 (WHO, 2022). Consequently, the number of deaths due to malaria is also
increasing. There were approximately 627,000 malaria deaths in 2020, which is an increase of
690,000 deaths over the previous year (WHO, 2022). The exact number of people getting sick and
dying of malaria every year in Ethiopia is not known. However, it is known that millions of people
get sick and tens of thousands of people die due to malaria every year and that rate of mortality
(death) and morbidity (illness) dramatically increase during epidemics Aschalew and Tadesse
(2016).

The world health organization (WHO) states that, in 2016, there was an estimate of 216 million
cases of malaria in 91 countries. In the United States, the Centers for Disease Control and
Prevention (CDC) reports 1,700 cases of malaria annually. Having more than 85% of malaria cases
occurring in Africa has generated an increasing research interest in predictive modeling of the
distribution, intensity, and other factors responsible for malaria transmission. Different mitigation
strategies were applied to curb the effect of malaria. For instance, Ethiopia has been trying to

control and eliminate malaria for more than 60 years.



To assess the feasibility of malaria elimination, the WHO assessment tools/recommendations for
the elimination of malaria were used. Based on WHOQO parameters, the country has achieved
remarkable progress in the fight against malaria during the most recent decades. Malaria morbidity
and mortality were reduced with intensive use of insecticide residual spray, treated nets,
chemotherapies, improved diagnosis and case management, improved quality of laboratories,
continued support from malaria partners, and political commitment of the Ethiopian government

towards malaria prevention and control.

Researchers in the area of infectious disease were one of the foremost to realize the important role
of mathematical models in providing an explicit framework for understanding the disease
transmission dynamics between hosts and parasites. In mathematical models, several known clinical
and biological information is included in a simplified form by selecting features that seem to be
important to the question being investigated in disease progression and dynamics. Therefore, a
model is an approximation of the complex reality, and its structure depends on the processes being

studied and aimed for extrapolation.

Mathematical modeling is the application of mathematics to describe real-world problems and
investigate related important questions. Using mathematical tools, the real-world problem is
translated in to a mathematical problem, which mimics the real-world problem. A solution to the
mathematical model is interpreted in the language of real-world problems to make predictions about
the real world. A mathematical model plays an indispensable role in different fields of disciplines
such as physics, biology, and electrical engineering and also in the social sciences. Physicists,

Engineers, Computer scientists and Economists use mathematical models most extensively.

Several studies on the investigation of the dynamics of malaria have been made using different
mathematical models for different objectives. A compartmental mathematical model to forecast the
population dynamics of mosquitoes and their life cycle concerning seasonal variations of rainfall
and temperature was introduced (Vaidya et al., 2014). The populations within the compartments
were expressed in the form of a system of coupled differential equations (DEs) which describes

changes in the mosquito population through the process of maturation and mortality.

Moshe and Andrew (2004) presented a first step in the preparation of a weather-driven dynamical
model of malaria transmission, for use in both observed weather data and seasonal climate

forecasts.



The model incorporates the stages of the malaria vector and their dependence on temperature,
rainfall, and part of the within-host parasite population dynamics. Some of these elements lack
concrete theoretical and empirical development, requiring further input. Makinde and Okosun
(2011) presented the impact of optimal control strategies on malaria spread with infected
immigrants. They applied optimal control theory to a continuous malaria model that includes

treatment and vaccination to control the spread of malaria.

Osman and Adu (2017) formulated mathematical modeling of malaria transmission for both the
human population as well as mosquito population at time t. They divided the human population into
four classes (SEIR): Susceptible Exposed Infectious Recovery human and of the population of

mosquitoes are divided into three classes: susceptible Exposed Infectious (SEI).

Temesgen et al., (2022) proposed and developed a deterministic malaria transmission dynamic
model with climate variability and nonlinear incidence. They concluded that reducing human-
mosquito contact, increasing mosquito mortality, and increasing the treated rate of infected humans

can all help to reduce the malaria burden in the community.

Phong et al., (2018) Presented a stochastic lattice-based model that couples mosquito dispersal and
a susceptible-exposed-infected-recovered epidemics model developed for predicting the dynamics
of malaria in heterogeneous environments. The approximation of stochastic integrals with respect to
Brownian motion was used to derive a model of stochastic differential equations. The results show
that stochastic equations that capture uncertainties in the life cycle of mosquitoes and interactions
among vectors, parasites, and hosts provide a mechanism for the disruptionsof malaria.

A time-dependent deterministic mathematical model focusing on the role of preventing and
controlling the transmission dynamics of recurrent malaria is considered and analyzed (Olaniyi et
al., 2023). The authors formulated a non-autonomous model that is justified by exploring the
sensitivities of the basic reproduction number to changes in the parameters of its time-invariant
version. Nitu Kumari and Sandeep Sharma (2018) propose an SIS type of epidemiolocal model to
understand the role of environmental pollution in the spread of infectious diseases. Environmental

pollution is one of the leading causes of mortality across the globe.



There are evidence in the literature which reflects the fact that regular exposure to environmental
pollution leads to reduced immunity in the human population. Therefore, they introduce environ-
mental pollution as one of the concepts in understanding the dynamics of infectious disease. The
expression of the basic reproduction number is obtained for the proposed model. A detailed
dynamical analysis of the model has been performed using the theory of ordinary differential
equations, a dynamical system, and basic reproduction numbers. Numerical simulations along with

sensitivity analysis are performed to support their analytical findings.

The above-reviewed studies have developed a mathematical model of malaria dynamics by viewing
different aspects. Some of them considered deterministic models, Larvicides model that
incorporates the impact of climate variability and Pupacides model while others stochastic model.
In this study, we will consider the impact of environmental contamination on the dynamics of
malaria which seems didn’t get much attention in the earlier studies. We couldn’t find any
mathematical model developed by incorporating environmental contamination for the investigation

of the dynamics of malaria transmission.

1.2 Statement of the Problem

Malaria is one of the protozoan blood parasites that cause morbidity and mortality globally (Kassa
et al., 2014). It is a major public health problem throughout human history, particularly in the
tropical and subtropical parts of the world. According to records from the Ethiopian Federal
Ministry of Health, 75% of the country is a malarious area at which 68% of the total population is
living in that area (Ayele et al., 2012). Malaria is a very severe and leading cause of morbidity and
mortality for many years in Ethiopia (Sena et al., 2014). There are two peaks of seasonal
transmissions of malaria in Ethiopia; the months of September to December (autumn) and March to
May (spring) (Alemu et al., 2012). Malaria control is challenging due to many factors. The
complexity of the disease control process, the cost of the control program, and the resistance of the
parasite to anti-malaria drugs, and vectors to insecticides, are some of the challenges. There is a
variation in disease patterns and transmission dynamics from place to place, by season and
according to varying environmental circumstances. The approaches in the planning and
implementation of prevention and control activities also vary based on local realities.
Environmental factors affect the transmission intensity, seasonality and geographical distribution of

malaria and together with the vector, the human, and the parasite compose the malaria system.



The availability of basic infrastructure (water, sanitation, waste collection) in residential areas is
another factor that can modify human exposure to malaria infection, depending on the
characteristics of local malaria vectors. The needs to collect water from streams or closer to areas
where mosquito density is higher, to bathe in rivers, and to defecate and urinate near forested areas
around villages are associated with a higher human—vector contact (Castro et al, 2006; Gryseels et
al., 2015). Also, the accumulations of waste that can block the water flow of drains contribute to the

formation of water pools ideal for mosquito breeding (Castro et al, 2010).

Considered the biggest global health threat of the 21st century (Costello et al., 2009; WHO 2009;
Watts et al., 2015), climate change is a significant environmental change currently unfolding, with
worldwide consequences. Climatic effects on vector-borne diseases can occur directly, through
extreme events (e.g., drought, flooding), increases in average temperature, and changes in
precipitation patterns, but also indirectly, by population displacement, and water and food
insecurity, which impact individuals. Then, we consider the assessment of the potential change in

malaria risk caused by environmental pollution based on the flow chart shown in figurel.
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Figure 1: The flow chart for the spread of malaria disease.
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1.3 Objectives of the Study

1.3.1 General Objective

The general objective of the study is to analyze the transmission dynamics of malaria via

mathematical model approach by incorporating environmental contamination.

1.3.2 Specific Objectives
The specific objectives of the study are:

% To formulate of mathematical model of malaria transmission dynamics,

% To prove existence and uniqueness of the solution model,

% To prove boundedness and positivity of the solution of model,
¢+ To compute basic reproduction number,

%+ To determine local stability condition of model,

% To determine global stability condition of model,

% To carryout sensitivity analysis of the model parameters.

1.4 Significance of the Study
This study is significant for the following reasons:
+ The study helps as eye-opening information for decision-makers on reducing the spread of
malaria in a community.

+ As input for further investigations on the subject of transmission dynamics of malaria.
1.5 Delimitation of the Study

This study is delimited to the analysis of the mathematical model that was developed from the flow

chart in figure 1.1 and conducting a qualitative and quantitative analysis.



CHAPTER 2

LITERATURE REVIEW

In Ethiopia, the epidemiological pattern of malaria transmission is generally unstable and seasonal,
with the level of transmission varying from place to place because of differences in altitude and
rainfall patterns. Changes have been observed in the epidemiology of malaria through time.
Previously, malaria was known to occur in areas below 2000 m but currently it has been
documented to occur indigenously even in areas above 2400 m, such as Addis Ababa, Akaki
(Weyessa et al., 2004). So, unstable malaria occurs in most parts of the country particularly in the
highland fringes where climatic conditions are conducive for its transmission. The major
transmission of malaria follows the June to September rains and occurs between September to
December while the minor transmission season occurs between April to May following the
February to March rains. Some localities also experience perennial malaria, because the
environmental and climatological situations permit the continual breeding of vectors in permanent

breeding site.

Mathematical modeling over the years have been useful in analyzing various diseases dynamics,
such as Malaria, HIV/AIDS and Tuberculosis and also play an important role in the better
understanding of epidemiological patterns for disease control. Mathematical modeling of malaria
transmission has started by Ronald Ross in 1911. Sir Ronald Ross was the first person to prepare
scientific mathematical models which aimed at studying malaria transmission and control. He
developed the model in 1916 which had a basic deterministic formula and a simple SIS model
(Susceptible, Infected and Susceptible) with the assumption that at any time the total population can
be divided into distinct human compartments. The models have been employed in malaria control
studies and they have been very helpful in controlling malaria. He used a mathematical model to
show that bringing a mosquito population below a certain threshold was sufficient to eliminate

malaria transmission.

Cai et al., (2010) pointed out that infective immigrants are a vital factor to consider in the ongoing
development strategies to eradicate vector borne diseases such as malaria in the urban centers as

well as in the rural areas. There are a number of reviews of epidemiology models. They tend to



focus on different modeling approaches to understand the dynamics of a particular infectious of

mathematical models (mainly differential equation based) for the transmission of Malaria.

Tum wiine et al., (2009) used SIS and SI models in the human hosts and mosquito vectors for the
study of malaria epidemics that last for a short period in which birth and immunity to the disease
were ignored. They observed that the system was in equilibrium only at the point of extinction that

was neither stable nor unstable.

Abaye et al., (2015) studied mathematical modeling of endemic malaria transmission. They
describe SIR model in human population and SI model in mosquito population. In this model they
studied the important parameters in the transmission and spread of malaria disease, and tried to
develop effective solutions and strategies for its prevention and control, and eventually how to
eradicate it. The model is formulated for the spread of malaria in the human and mosquito
population with the total population size at time t denoted by Np(t) and Ny (t) respectively. These
are further compartmentalized into epidemiological classes as Susceptible Spy(t) infected Ix(t), and

recovered Ry(t) human population, and susceptible Sy(t) and infected I,(t) vector population.

Alemu Geleta et al., (2018) a model for malaria is formulated taking into account both the human
and mosquito populations. An SIR model with infected immigrants to infected human is formulated
for humans and an SI model is formulated for mosquito with constant recruitment for both human
and mosquito population. Mosquito dynamics is studied along with human dynamics because
mosquito population determines to a large extent whether a malaria outbreak will occur or not.
Further, the positivity and boundedness of the solution of the model developed is verified to
discover that the model equation is mathematically and epidemiologically well posed. The disease
free equilibrium theory is applied to the model developed to study the stability analysis. In
particular, the stability properties were investigated by paying more attention to the basic
reproduction number and Lyapunov function. The existing work is expanded by putting the missing
detail i.e., incorporating the infected immigrants to infected human compartments to SIR model and
making reasonable contributions in malaria control. From the numerical results, it is found that the

prevention of infected immigrants has a strong impact on malaria disease control.

Muhamad Adzib and Fajar Adi (2020) presented malaria is widely spread in tropical and sub-
tropical areas, covering more than 100 countries in the world. In particular, the countries in

Southeast Asia and Sub- Sahara are regions that have high endemicity.
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Malaria become a global concern because of it is the fifth cause of death from infectious diseases

worldwide (after respiratory infections, HIV/AIDS, diarrheal diseases, and tuberculosis).

The majority of mathematical models for the infectious disease cases start from the same fact that
the population can be divided into several different classes. For the malaria disease, a population of
human who has malaria plague is assumed to follow the SEIR model, which is introduced by
Kermack and McKendrik.

Mathematical models of malaria disease are developed from several perspectives. The interaction
between humans and mosquitoes in malaria model with some criteria is considered by some

literature where the goal is to eliminate malaria disease.

Temesgen et al., (2022) Studied about mathematical modeling for malaria transmission dynamics.
They presented malaria is a vector-borne disease caused by a parasite called Plasmodium and
transmitted between humans and mosquitoes via bites of infected female Anopheles mosquitoes. It
is @ major public health problem, particularly on the African continent. This disease can also be
transmitted by blood transfusion or congenital. According to the world malaria report published in
December 2021, an estimated 241 million cases and 627000 deaths occurred worldwide, with the
African Region accounting for 95 percent of all cases in 2020. Climate variability is recognized to
have a significant impact on the malaria vector’s life cycle, and the life of the mosquito is governed
by temperature and rainfall (K.P. Paaijmans et al., 2010). The most effective way to avoid the
malaria dynamics are treated bed net, treatment with antimalarial drugs, and indoor residual
spraying (Okosun et al., 2013).

Despite all the above mentioned investigation, the impact of environmental contamination didn’t

get more attention yet. Consequently, this study focuses on filling this gap.



CHAPTER 3

METHODOLOGY

3.1 Study Area and Period

The study was conducted in Jimma University department of Mathematics under the differential

stream from September, 2022 to June, 2023.

3.2 Study Design
Mixed study design was employed in this study.

3.3 Source of Information

The relevant information or data that was used to conduct this thesis were journals, books,

published articles, and related studies from the Internet.

3.4 Mathematical Procedure of the Study

In order to achieve the objectives of the study, the following procedures were followed:

1.

2
3
4
5.
6
7
8
9

Developing the mathematical model for malaria transmission dynamics,
Proving existence and uniqueness of the solution,

Proving positivity of the solution of the model,

Proving boundedness of the model,

Determining equilibrium points of the model,

. Computing basic reproduction number about disease free equilibrium point,

Linearizing the model,
Determining local stability condition of the equilibrium points,
Determining global stability condition of the equilibrium points,

10. Carrying out sensitivity analysis of the model parameters,

11. Performing MATLAB simulation to verify the qualitative analysis.

10



CHAPTER-FOUR

RESULT AND DISCUSSION

4.1 Preliminaries

Definition 4.1: Layek (2015). A point x*€ER™ is said to be an equilibrium point (steady state) of the

system of % = f(x) where,f (x) be continuous function and x(0) = xo, if f(x*) = 0.

Definition 4.2: Layek (2015) a function L: DcR™ — R is said to be positive definite if,

1. L(x) >0, forall x € R"
2. L(x)=0,forallx=0
3. L(x) > o,asx »> o

Any function L is called Lyapunov functions, if it satisfies the conditions of positive definiteness
and 2 < 0 for all x € D\{xo}.

Definition 4.3: (See in Layek(2015)). Let x, be an equilibrium point of the system

% = f(x),x(0) = xp and consider L: D ¢ R™ — R be continuously differentiable function

such that

1. L(xo) == 0
2. L(x)>0,forall x € DcR"

3. % < 0Vx € D\{xp}, ||x]| » 0 = L(x) — oo. Then the point x, is globally
asymptotically stable.

Definition 4.4: Equilibrium point is a point at which the rate-of-change for all of state variables are

Zero.

Definition 4.5: Basic reproduction number is defined as numbers of secondary infections

appear from one infected individual.

Definition 4.6: Local stability of an equilibrium point means that if we put the system somewhere

near by the point then it will move itself to the equilibrium point in some time.

Definition 4.7: The disease-free equilibrium is defined as the point at which no disease is present in

the population.

11



Definition 4.8: Endemic equilibrium points are steady state situations where the disease persist in

the population (all state variables are positive).

Definition 4.9: Uniformly bounded functions are bounded functions that can all be bounded by the

same constant.
Theorem 4.1: Lyapunov Stability Theorem (Khalil, 2002)
Let X =X"be an equilibrium point of non-linear system of % =f(x),f:D>R".
SupposeV : D — R be continuously differentiable function such that:-
L V(x)=0
. V(x)>0 for allxe D—{x"}

m dV (x)

<OforallxeD —{x*} (Domain D excluding X").Then X =X is stable.
Theorem 4.2: (Globally asymptotically stable)
Let X=X be an equilibrium point of non-linear system of% =f(x), f:D>R".
Let V : D — R be continuously differentiable function such that:-

1L V(x)=0

2. V(x)>0forallxe D—{x*} (Domain D excluding X’)

3. dvdix)<0for all xeD—{x} (Domain D excluding X")

Then X = X" is globally asymptotically stable.

12



Theorem 4.3: (Gronwall Inequality) (Perko, 2013)

Let x(t) be a function that is satisfying the following differential inequality

% <ax+Db; x(0)=x, where a,bare constants. Then, for all t>0we have:
at b at .
X(t) <x,e™ +—(e* -1); a=0and x(t) <x,+bt;a=0
a

Theorem 4.4: LaSalle invariance principle (LaSalle, 1976)

Suppose that x” =0 is an equilibrium point of system an autonomous dynamical system, and V is

a Lyapunov function on some neighborhood U of x” =0. If x, €U has its forward trajectory
bounded with limit points in U , and M is the largest invariant set of E ={x" U :V(x") =0},

then the solution ¢(x,,t) > M ast — .

13



4.2 Mathematical Model Formulation

Our model is formulated based on the following assumptions.

1.
2.
3.

Both the human and mosquito population sizes are not constant.

The recovered individuals in human populations are enter to susceptible class.

The populations in compartments of both humans and mosquitoes are non-negative, and so
all the parameters involved in the model.

All new borns and immigrants are susceptible to infection.

The development of malaria starts when the infectious female mosquito bites the human
host.

Humans enter the susceptible class through birth rate, immigration rate and recovery rate.
All human populations are subject to natural death rate and disease induced death rate.
All mosquito populations are subject to natural death rate and death due to intervention
strategies.

Immigration of infected individual is excluded because infected individuals cannot move

from place to place as a result of the diseases.

Based on Figure 1 and above assumptions, the following mathematical model is formulated.

c;—f:7r1+l,1/R—0(SD—(,B+,u)S

Z—f=¢CD+aSD—(5+p+y)E

Z—fzﬂS—gCD—gbCD—uC

%:5E+5CD—(9+dl+y)l (4.1)
(;—I?:pE+t9l —(v+u)R

(L—'\t/'znz—/uvu—dzlvl

%-?:AMl—dzD
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Subjected to initial conditions

S(0)=S,>0, E(0)=E, >0, C(0)=C,>0, 1(0)=1,
RO)=R, >0, M(0)=M, >0 , D(0)=D, >0

Table 1: Description of parameters and State variables of the model (1)

(4.2)

Parameters | Description

1 Birth and Immigration rate of Human population

1, Birth and Immigration rate of Mosquito Population

a Contact rate of susceptible individuals with infectious mosquito

yoj Transfer rate of human from susceptible class to contaminated environment

v Transfer rate of human populations from recovered class to susceptible class

H Natural mortality rate of human populations

P The rate of converted human from exposed class to recovered class

1) Transfer rate of human populations from exposed class to infected class

d, Disease induced death rate of human populations

d, Death rate of mosquito by naturally and intervention strategies

¢ Transfer rate of human populations from contaminated environment to exposed
class

£ Transfer rate of human populations from contaminated environment to infected
class

A Transfer rate of mosquito from susceptible class to infected.

0 The rate at which infected individuals becomes recovered
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State Variables of the Model

S Susceptible Human
E Exposed Human
C Number of humans in contaminated environment

I Infected Human

R Recovered Human
M Susceptible Mosquito
D Infected Mosquito

4.3 Model Analysis

4.3.1 Existence and Uniqueness of Solution of the Model

The validity and authenticity of any mathematical model depends on the existence and uniqueness
of the solutions for the governing system of equations. In model (4.1) if the initial conditions
5(0)>0,c(0)>0,1(0) >0,R(0)>0,M(0)>0,D(0),and t, > 0, then forall t € R the
solutions S(t), E(t),C(t),I(t), R(t), M(t), D(t) exists in R7,

Proof:

The model (4.1) is described by a system of first order autonomous nonlinear differential

equations. It can be rewritten in the matrix form as % = f(x) such that

S(t) I, + YR —aSD — (B + w)S

E(t) ¢CD+aSD—(6+p+u)E\

c(t) | BS—(eD+¢pD+p)C |
x(t)=| I(t) |[And f(x)=| SE +eCD— (0 +d; + )l

R(t) pE + 01 — (Y + wR

M(¢) M, — AMI — d,M

D(t) AMI — d,D
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Here, observe that f has a continuous first partial derivative with respect to each state variables in
R7, .1t follows that f is locally Lipschitz on R”, .And we deduce the existence and uniqueness of
the maximal solution of the Cauchy problem associated with the model (4.1) relating to the initial
condition (to, xo)eR X R . Thus, the result is the direct outcome of fundamental existence and
uniqueness theorem Hubbard &West (2013).

4.3.2 Positivity of the Solutions of the Model
Theorem 1: The solution of model (4.1) given by system of nonlinear first order ordinary

differential equation is positive for all ¢t > 0.

Proof: From the first equation in the model(4.1), we have

§=n1+¢R—aSD—(ﬁ+u)sz—(aD+/3+u)5

S2—(B+u+ab)s

Integrating by separation of variables
as
J5=-J(B+n+aD)dt
InS > —{(B+Wt+a [ D()dt}
S(t) > Soe—(ﬁ+u)t+afD(t)dt >0 (4.3)

From the second equation in the model (4.1)
%=(1)CD+aSD—(6+p+u)E2—(5+p+u)E
L _S+p+WE
dt
Integrating by separation of variables
[Z2=[@+p+wdt
InE=>—-00+p+wWt+K

E(t) = Eqe~@®+P+) > (4.4)
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From the third equation in the model (4.1)

ac

” =BS—(eD+¢D +wWC = —(eD + ¢D + u)C
2> —(eD+¢D +)C

Integrating by separation of variables
f%z—f(sD+¢D+u)dt

InC = —pt+ [(e+ ¢)Ddt +k

InC=>—pt+(e+¢) [ Ddt +k

C(t) = Coe—ut+(£+¢)fDdt >0

From the fourth equation in the model (4.1)

dal

dt=6E+sCD—(0+d1+u)I2—(9+d1+u)1
dal
Integrating by separation of variables

f%z—f(9+d1+u)dt

Inl>—(0+d, +Wt+k

I(t) = [je~@+dt0t > @

From the fifth equation in the model (4.1)

dRr

S = PE+0I - +WR=2-W+WR
dRr
—=—@W+wR
Integrating by separation of variables
[ 2 = [+ wdt

InR=>-W+wt+k

R(t) = Rye~W+wt > ¢
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From the sixth equation in the model (4.1)

‘Z_’Z’ = I, — AMI — d,M > —(d, + A[)M

B> —(d, + )M
Integrating by separation of variables
[S22 = [(dy + AD) dt
InM > —{d,t + A [ I(t)}dt
M(t) = Mye~det+A[1®)dt > ¢ (4.8)

From the seventh equation in the model (4.1)

% = AMI - d,D = —d,D

dD
- 2 _dzD
dt

Integrating by separation of variables
da
[Z2—[d,dt
ln D = _dzt + k
D(t) = Dye %t > 0 (4.9)
From equations (4.3) to (4.9) the above theorem one is proved.

4.3.3 Boundedness of the Solution of the Model

Theorem 2: All the solution of S(t), E(t),C(t),I(t), R(t) ,M(t) and D(t) of model (4.1) which

initiate in R, are uniformly bounded.

Proof:

N, (t) = S(t) + C(£) + E(t) + I(t) and  N,,,(¢) = M(t) + D(t)

dNR(t) _ dS(t) | dE(t) , dC(t) , dI(t) , dR(t)
dt _dt+dt+dt+dt+dt
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dN,(t)

=L +YR—aSD - (B+u)S+¢dpCD +aSD — (6 +p+WE +BS

dt
—(eD+¢D+ u)C+6E+eCD— (0 +dy+w)l+pE+060I— @)+ uwR
dN, (t
;t()=171+1pR—aSD—,85—uS+c1)CD+aSD—6E—pE—uE+,BS—sDC
— ¢DC — uC + SE + £CD — 01 — dyI — ul + pE + 61 — YR — uR
PO = 11, — S — pE — puC — dyl — pl — R
LB =1l —u(S+E+C+I+R)—dyl
B = 1, — uNy — dyI < TT; — pNy,
dNp(t)

— tuNy <1
Now by using Grown wall inequality

N, () < % + Nge k¢

1m0 Np (£) < Timgo (22 + Noe ™)
7

N, (t) < %

This implies that N, (£) — ”7 ast — o

dNp(t) _ dM(t) | dD(t)
at dt dt

L = 11, - AMI — d;M + AMI — d,D

Pl = 11, - dy(M + D)

AN (2)
—;nt = II, — d; Ny,

dNp ()

QT d,Np, (t) = 11,

This is linear first ODE and solve by the method of integrating factor.

edzt—dN;';(t) + dye %2 Ny, (t) = et
e®2tN,, (t) = [, e%tdt + C

20
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N, (t) = e~ %, [ e%tdt + C

e—dztnzedzt

Np,(t) = — —t Ce 42t
_ Iz —dyt
N,,(t) = - + Ce
2

lime 0 Ny (£) = lim, o0 (52 + Ce™428) = 22 (4.11)
2

2

Nm(t)e%as t > o
2

From equations (4.10) to (4.11) the above theorem two is proved.

4.3.4 Equilibrium Points of the Model

Solving the dynamic system (4.1) by setting the rate of change with respect to time t of all

dynamical system to zero, we obtain two equilibria points:

I.  Disease Free Equilibrium point (DFE)
ii.  Endemic Equilibrium point (EE)

Disease-Free Equilibrium Point

Disease-free equilibrium points are steady state solutions where there is no malaria in the human

population or plasmodium parasite in the mosquito population.

(I, + YR — aSD — (B + 1)S = 0

¢CD +aSD— (6 +p+uwE=0

BS — (eD + ¢D + p)C =0

{SE+eCD— (0 +dy +wI=0 (4.12)
pE+0I — (W +wWR=0

I, — AMI —d,M =0

\ AMI —d,D =0

Thus, the disease-free equilibrium point, E, , for the malaria model implies that

From seventh equation:

— G20
1= (4.13)

From second equation of Eq.(4.12),
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__ ¢CD+asD

S+p+u (4“14)

Substituting (4.13) and (4.14) into fourth equation of equation (4.12)

¢CD+asD d,D
( Stptn )+8CD—(6+d1+u)W—0
SpC+8as d2] _ _
D| e +eC—(0+d+w)2|=0 =D =0

d,D

Then I=— =1=0
M

¢pCD+asSD
S+p+u

Substituting D = 0 into second equation E = =>E=0

Substituting I = 0 and E = 0 into fifth equation R = pj:zl =>R=0

Substituting D = 0 and R = 0 into first equation I1; + YR —aSD — (B + u)S =0

I=@+W)S =5=—0
1 U B+ U
Substituting D = 0 into third equation S — (éD + ¢D + u)C =0
BS Bl
S—uC=0 2C=— =C=—-—
pE—H i R

And also, substitutite I = 0 into fifth equation 11, — AMI —d,M = 0

IT,

Hz_dzMZO ﬁM:
d;

Let (S*,E*,C*,I",R*,M*,D") be steady state of Eq.(4.12) This can be obtained by solving the
above equation.

11 Il 11
EO = ( ! FOP ﬁ ! ;0;0;_2
B+u ulB+u d,

This represents the state in which there is no infection in the society (in the absence of malaria).

,0)

The Endemic Equilibrium Point

For the analysis of the spread of an infection, the endemic equilibrium exhibits a state in the

population where the disease is prevalent (i.e. steady state solutions where the disease persists in the
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population). At this state; an individual has to contact each other so all state variables are
positive.N; = (S*,E*,C*,I" ,R*,M*,D") be the positive endemic equilibrium point of model
system(4.1).Then, the positive endemic equilibrium point can be obtained by setting the left hand

side of all equations in model system(4.1) to zero. That means, setting

das dE ac dl dR aM dD . .
—=—=—=—=—=—=—=0, solving we obtain:
dt dt dt dt dt dt dt

Z=0= I, +YR —aS'D* — (B +w)S" =0

I, +YR* — (aD*+ B+ uw)S* =0
I, +YR* = (aD* + f + pn)S*

I, +yYR*

S* =
aD*+B+u

%:0 = ¢C*'D*+aS'D*—(§+p+wWE* =0

C*D* + aS*D* = (§ + p + WE”

$C*+as*
S+p+u

B = $C*D*+as*D* _ D*(
S+p+u

)

=0 = S — (D" + D" +p)C =0

BS* = (eD* + ¢pD* + p)C*

. _ BS*
T (e+)D*+u

Now, substituting C* into the equation

B = ¢C*D*+asS*D*
- S+p+u
¢BS*D* * y*
B = (£+¢)D*+ﬂ+a5‘ D
S+p+u

x _ cxns | PBH((e+d)D* +w)a
Er=5D ((s+¢)D*+u)(6+p+u)]

%=0 = SE*+&C*'D*— (@ +d, + I =0

SE* +eC*'D* = (0 + dy + p)I*

__ SE*+&C*D*

I = Substituting E* and C*
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I = D*[(6¢pC*+6aS*)(eD*+pD*+u)+(5+p+u)eBS*]
B (5+p+u)(eD*+PD*+1) (0 +d 1 +11)

%zoz:pE+M—{¢+um*=0

pE*+0I" = (Y + WR*

R* = PE O
Y+u
dM * ok * " .
* 172
T A +dy
2
Substituting M* = —2— into the equation D* = 24--
AI*+d2 dz
_H *
D" = il = pr =Ml
dz (AI*+d3)d,

4.4 Basic Reproduction Number

The basic reproduction number, denoted by R, , is defined as number of secondary infections

appears from one infected individual. The basic reproduction number of the system is calculated by
applying the next generation matrix method. The next-generation matrix is used to derive the basic

reproduction number, for a compartmental model of the spread of infectious diseases.

The infected subsystem of the model is:

%—E=¢CD+0{SD—(5+p+,u)E
dl
a=5E+gCD—(9+dl+y)l
O _ imi—d,p

dt
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0 0 PP, +ar,
ﬂ(ﬂ+ﬂ) o+p+u 0 0
T=[0 0 pem | V= -5  O+d+u 0
Pu 0 0o d,
0 2% 0
d,

T represents transmission matrix and V represents transition matrix.

1
-_ 0 0
/ (u+d6+p) \‘
1| 0 1 o |
k(u+6+p)(u+6+d1) (u+6+d;) I
1
0 0 d_z

/ (I a + Cbﬁnﬂ\

dop (B + )
I bl e I
0 — |
k d, (B + 1) /|

AlL,S Al .
LU+ +p)U+0+dy) do(utO+dy)

Eigenvalues of TV~ are

1 = M Al (aS+PBS+duc+des+dep)
1 d2? u(B+1) (u+6+p) (u+6+dy)

1. = — M Al (a6+PBS+duc+des+dep)
2 dy? W(B+u) (u+8+p)(u+6+ds)

M Al (a8 +PBS+duc+des+dep)
do? u(B+m) (u+8+p) (u+6+dy)

The spectral radius of TV ™ is \/

This spectral radius is called basic reproduction number. As a result,

R. — M Al (a8 +PBS+duc+ded+dep)
0 d2 2 u(B+m) (u+6+p) (ut+0+d)
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4.5 Local Stability Analysis of DFEP

,0,—21 0,0, nz 0) is Unstable.

Theorem 3: The disease-free equilibrium point is E, = (ﬁ+u B

Proof: The Jacobian matrix of the model evaluated at disease free equilibrium point is:

B + 1) 0 0 0 " 0 —ally
H p+u
¢pII; + pally
0 —GHp+p) 0 0 0 PPEL T Haly
@+p+m T
—(e+ ¢)BI,
0 0 0 0 TP
g (B + )
A = Eﬁﬂl
0 5 0 0 0 P
u(p + u)
0 p 0 6 —@+u O 0
0 A 0 d 0
d, 2
Al
0 0 = 0 0 —d,
d,

The characteristic polynomial of matrix A is given by:

P(A) =27 + Aj2° + A,25 + A32* + A 03 + AsA? + AgA + A,

2ud3+ 2p2d,+ upd, + pdd, + ppd,

Where A; =
ere A, =B+ pu+ "

A, = (udy® + pdd, + 4p2d,” + 2ppd,® + plyd, + 2u8 dy? 4 u?éd, + 2ppd,’
+ p?pd, + wPdd, + wppd, — B*I €M, — BulleMly)/(nd;y) + ((B

+ WQudy” + 2pPd, + ppd, + p8d, + ppd,))/(ndy).
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A; = ((B + wWudy,® + u3d, + 4u?d,” + 2pgd,” + p2gd, + 2udd,” + u?sd,
+ 2upd,” + upd, + wPdd, + pPpd, — BN, — BullyeAll,))/(udy)
— (Bu*My e, — 2 pPd,” — 2¢pdy® — 2u%8d,” — 2uPpd,™2 — wpd,’
— udd,® — ppd,® — 2uPdd,” — 2uPpd,® — 2u?d,® + 2p2ull e,
+ B2l e, + p?all M1,8 + B2, eM1,8 + B2I,eMl,p + B2 ADII,S
+ B2M,eMl,d, + Buyll eMl, + Buall,Al,8 + PBull;eMl,§ + Bull;eAll,p

+ BUWLADILS + BullieMlydy)/(ndy).

Ay = — (BuPell, M, — ﬂ2¢d23 - .‘1250123 — u? pd23 - H¢d23 -8 - prdzg _ll3d23
+ pdaIl A1,8 + B2u? MyeMl, + Bu?WIl eddl, + p?uPll eAl, + PuodlA1,8
+ BulM eAl,8 + B2ull edll, 8 + pYall,A1,8 + Bu?Il eAll,p
+ B2 il eMI,p + B2 eA1,8 + BulllAPILS + B2l APIl,S
+ B2 Yl eMl,p + BAYILAPILS + 2Bu’ll el d, + 2B*ull )], d,
+ B2l eMl,d, + p?all M1,8d, + B2I,eM1,8d, + B2I1,Al,pd,
+ B2, API,8d, + Bupall,AI1,8 + Bull eAll,§ + Bupll,eAll,p
+ BUYILAPILS + Bupll, el dy + Buall,All,8d, + Pull,eAll,8d,
+ Bull el pd, + BullAdpIl,8d,)/(ndy) — (B + W) (2PuI, eAl, — 2u3d,”
= 2udy” — 2028d," — 2u°dy” — pbdy” — pddy” — ppdy” — 2up8d,”
— 2uPpd,® — 2u2d,® + 2B%ull e, + B2l e, + p2all,A1,5
+ B2M,eM1,8 + B2M,eM,p + B2 ADITLS + BRI eMll,d, + Buyll eAll,
+ Bpodl;AI,6 + PBull eMl,6 + Bullyedl,p + Bl ADII,0

+ Bullielll,dy))/(udy).
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Ag = — (Bull eI, dy + pdall M1,8d, + B2u?llell,d, + Bu?yll e)ll,d,
+ B2 wll M, dy + Buall;AM1,8d, + Bu?M eAll,8d, + pil elll,8d,
+ wYall,A1,8d, + Bu?l eMl,pd, + B*ull eMl,pd, + B*Wil;eAll,8d,
+ ButlAPIl,8d, + B2l Al1,8d, + B>WiT el pd, + B2WIT ADITL,Ed,
+ Buyall;Al1,6d, + Buyll;eAll,8d, + Buwlil;eAll,pd,
+ BUYITAIT,8d,)/(ndy) — (B + W (BT M, — p*§d,® — p?8d,”
— u?pd,® — ppd,® — wPpd,® — pdd,? 4 W3l A1, 8 + BEu2, eMl,
+ BulPIl eI, + B?ull edll, + Bu?all,A1,8 + Bu?lleAl,8 + B2I1,A1,8
+ wYall,Al1,8 + Bu?llieMI,p + B?wil;eM,p + B>WIl;eAl,8
+ B UM APILS + B2ullAPITL,S + B2l eMl,p + B2 YIIADIT,E
+ 2u?BM el d, + 22l M1, d, + B2 e, d, + p?adl, AMT,8d,
+ B%IM,eM,8d, + B*I el pd, + B2 APIT,8d, + Budall, Al,8
+ BuYll eAll, 6 + Bpyll edll,p + BuYILAPILLS + Bull eAll,d,

+ BuallhAll;8d;, + Bully GAII,8d, + Bulliedll,pd, + B AdITL6d,))/(ndy) -

Ag = —((B + W(BUPMeMT,d, + uPall,M,8d, + AUt eN,d, + Bu Wil M, d,
+ B2uYll eAll,d, + Bu?all,M1,8d, + Bu?Il eMll,8d, + B2l eAl1,8d,
+ 2 Pall,A1,8d, + Bu?l eMI,pd, + B2l e, pd, + B2, €A1, 8d,
+ BUPILADITL8d, + B2l AGIT,8d, + B2 Wil eMypd, + B2 YIT ADIT,8d,
+ Buwall;All,6d, + Buwll eAll,8d, + Buyll eAll,pd,

+ B Adll8d,))/(ndy).
A, =0

Since A <0, there is sign change in the first column of Routh-Hurwitch array. Hence, the theorem
proved.
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. . A . _ i Bl m, .
Remark: The disease free equilibrium point E, = (ﬁ+u’0’u(ﬁ+u) ,0,0, " 0) is locally
asymptotically stable if R, <1 when C compartment is absent. This fact revealed that in the

presence of contaminated environment there is always malaria and hence one has to avoid

environmental contamination to live in malaria free environment.

4.6 Local Stability Analysis of EEP
Theorem 4: The endemic equilibrium point E, :(S*, EC,I",R",M", D*) is locally

asymptotically stable if R, >1.

Proof: The Jacobian matrix of the model evaluated at endemic equilibrium point is:

aD (B + u) 0 0 0 % 0 -as
aD’ —(6+p+u) D" 0 0 0 ¢C +aS”
B 0 —(e+¢)D" 0 0 0 —(e+4)C

0 5 eD —(0+d+p)lT O 0 £C’

0 Yo, 0 0 —(l//+,u) 0 0

0 0 0 -AM 0 -1 —d, 0

0 0 0 M 0 alr d,

The characteristic polynomial of the matrix is given by:
P(A) = A7 + B;A° 4+ B,A° + B3A* + B, A3 + BsA% + BA + B,

where

Bi=—aD"—(B+wW—(@+pu+p)+ ¢D*—eD*—(O+d + W — W+ + A" + 2d,.
B, =(@D)@+p+w) —aD* (D) +B+wW@+p+p) —(B+wWdD* + aD*eD* +
aD*eD* + aD*O+d  + W= @ +p+ WD+ P+WO+d; + )+ (@ +p+wed" +
G+p+wWO@+di+Wr+ad*W+wW—-¢pD*O+d; + W+ P+WW+ ) —aD*AI* +
eD'O+di +WI"=B+WA"+G+p+WW+W—PD"W+wW —(G+p+wWA" +

SGDA* +eD*(W+ ) —eD'A* —eCAM* W+ WO +d +WI"—1I"(0+dy + WA —
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W+ WAI* +2aD*d, +2(B+ wd, +2(6 + p + wd, — 26D*d, + 2eD*d, + 2(0 + d; +

wWIld, + 2( + wd, — Al*d, + d5 .

Similarly, B,,B,, B;, B, & B, can be calculated like that of DFEP.

WhenR, >1, Routh-Hurwitch Stability criteria are satisfied. Hence, the proof.

4.7 Global Stability Analysis of EEP
Theorem 5: The EEP given by E, = (S*, EC,I',R,M", D*) is globally asymptotically stable

provided that the following conditions are satisfied

(7, +wR-aS'D) <4(aD+(f+u))mS",

((5+p+u)E —pR")<4(5+p+u)(B+u)S’S,
(BS+£C°D+¢C'D+uC")<4(£D+¢D+u)AC’S,
(SE+£CD+(0+d,+u)1")<4(0+d,+u)51'E (4.15)
(7, ++AM T +d,M") < 4(21 +d,) z,M

(PE+61+(w +u)R") <4(y +u)eCDI”

(AMI +d,D") < 44d,MID’

Proof: Consider the following Lyapunov function,
1 N 1 . 1 * 1 * 1 x
V(S.E.C.L.RM,D)= (S-S )2+§(E—E )2+E(C—C )2+§(| -1 )2+E(R—R )

1 e 1 .
+§(M M )2+E(D—D )

(1)V(S,E,C,1,R,M,D)>0
(2)V(s"E".C",I",R,M",D")=0

Differentiating V with respect to t along the solution of Eq. (4.1),

dv ds dE dc di drR
o (s s)dt (E E)dt (c c)dt (I—I)E+(R R)dt

dM dD
(M |\/|)dt (D D)dt
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dv

" ——=(S-8")(z,+yR-aSD—(B+u)S)+(E-E")(¢CD+aSD—(5+ p+u)E)

+(C-C")(BS-£CD—-gCD - uC)+(1-1")(SE+£CD—(O+d, +u) 1)+
(R=R")(PE+61 —(y + u)R)+(M =M ") (7, — AMI —=d,M ) +(D-D")(AMI —d,D)

%lz(ﬂls +yRS—aS’D—(B+u)S* -8 ~wRS" —aS"SD—(f+u)S’S)
+(¢CDE +aSDE — (5 + p+ 1) E* ~gCDE” —aSDE” + (5 + p+ ) E'E)
+(/#SC - £C*D—¢C’D - uC* — BSC” +£C"CD +¢C'CD+uC'C)
+(SEl +£CDI —(0+d, + 1) 1* =SEI = £CDI" +(0+d, + u)1'1)
+(PER+OIR~(y + u)R* - pER —OIR" +(y + 1) R'R)
+(M=M")(z,M -AM?1 =d,M? = 7,M "+ AM"MI +d,M "M )

+(AMID -d,D* -~ AMID" +d,D"D)

=—(aD+(B+u))S* +(m,+yR-aS'D)S -7’
~(8+p+u)E*+((8+ p+u)E —pRT)E—(B+u)S’S
—(eD+¢D+u)C? +(BS +£C'D+¢C'D+uC")C - BC’S
—(6+d, +,u) (5E+gCD+(H+d +u) *)I—5I*E
—(Al+d,)M? + (7, ++AM T +d,M )M = 7,M"

~(w +u)R*+(pE+01 +(y + 4)R")R-£CDI"
~d,D’ +(AMI +d,D") D - AMID"

When conditions given by Eq. (4.14) are satisfied (ii_\t/ <0

As aresult, ‘ij\t/ <0& Z—\:—Owhen (S.E.C,1,R,M,D)=(S",E",C",I",R",M",D")

Hence, by LaSalle’s invariance principle, the EEP is globally asymptotically stable.
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4.8 SENSITIVITY ANALYSIS

Sensitivity analysis helps to identify the parameters, which have an effect in expanding and
controlling the disease. Sensitivity analysis is carried out on the basic parameters, to identify their
effect to the transmission of the malaria. To go through sensitivity analysis, we applied the

normalized forward sensitivity index definition. The Normalized forward sensitivity index of a

variable, p, that depends differentiable on a parameter, p, is defined as: A™ :%x£ for p
oop R,

represents all the basic parameters.

Table 2: Parameters value used for MATLAB Simulation

Parameters | Value AF;O _ Ry (P Parameters Value AF;O _ Ry (P
o R o R,
7, 100 Positive A 0.000096 | Negative
4 0.51 Zero S(0) 1000
a 0.00053 | Positive
yij 0.26 Negative E(0) 200
H 0.00003 | Negative C(0) 400
) 0.00008 | Positive 1(0) 200
o 0.00045 | Positive R(0) 100
d, 0.058 Negative M (0) 500
d, 0.0074 | Negative E(0) 300
Y 0.37 Negative 0 0.0055 Negative
£ 0.00005 | Positive T, 10 Positive
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The sensitivity indices of the basic reproductive number with respect to main parameters revealed
that, those parameters that have positive indices (7,7,,a,¢,0,6) show that
they have great impact on expanding the disease if their values are increasing. Also those
parameters in which their sensitivity indices are negative (u, /5,6, p,4,6,d,,d,) have an effect of
minimizing the disease as their values increase. Therefore, this study recommends to work on

decreasing the positive indices and increasing negative indices parameters to lessen the effect of

malaria transmission.
49 MATLAB SIMULATION

MATLAB simulation was implemented by using parameters value subjected to initial conditions as
given in table 2. Some of the parameters values were taken from the literature and others were

assumed as the model was developed for the first time by this study.
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Figure 2: Population graph verses time.
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Figure 3: Graph of Susceptible human population verse time for different transfer rate of human

from susceptible class to contaminated environment.
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Figure 4: Graph of exposed human population verse time for different transfer rate of human from
susceptible class to contaminated environment.
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Figure 5: Graph of infected humans verse time for different transfer rate of human populations

from contaminated environment to infected class.
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Figure 6: Graph of mosquito population verse time for different transfer rate of mosquito from

susceptible class to infected.
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4.10 Discussions

Figure 2 indicates the stability of endemic equilibrium point as all the trajectories converges to
some number. In this case the basic reproduction number is 2.0254 which agree with the analytical
result stated in theorem 4.4. Figure 3 revealed that increasing transfer rate of human from
susceptible class to contaminated environment decreases susceptible human population. Figure 4
indicates that increasing transfer rate of human from susceptible class to contaminated environment
decreases exposed human population directly. Figure 5 indicates that increasing transfer rate of
human populations from contaminated environment to infected class increases infected human
population. Figure 6 indicates increasing transfer rate of mosquito from susceptible class to infected
decreases mosquito populations.
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CHAPTER FIVE

5. CONCLUSION AND FUTURE SCOPE

5.1 Conclusions

The findings of this thesis are concluded as follows. New mathematical model for malaria
transmission dynamics incorporating environmental pollution is formulated based on
compartmental approach. Qualitative analysis like existence of unique solution of the model
solution, boundedness and positivity of the model were proved well. Equilibrium points of the
model (disease free and endemic equilibrium points) were calculated. Basic reproduction number

was calculated by using next generation matrix.

Furthermore, local stability conditions of the model were also well investigated for both disease
free and endemic equilibrium points. Global stability conditions of endemic equilibrium point are
also well spelled out. Moreover, sensitivity analysis of the model parameters was also carried out.
Finally, in order to verify the applicability of the result MATLAB simulation was implemented and

agrees with the analytical result.
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5.2 Future Scope
Upcoming investigators can conduct the following study.

+ Refinement of the mathematical model by incorporating other important factor like

seasonality,
+ Optimal control analysis of the model is also further investigation,

+ It is also possible to extend the model to fractional order derivative to make new analysis

with new result,

+ Furthermore, introducing time delay into the model and conducting qualitative analysis like
bifurcation, global stability, existence of periodic solution and limit cycle is also future

scope of the study.

This study recommends police makers to put the following points into consideration.

+ The result of local stability analysis of disease free equilibrium point recommends to avoid

environmental contamination to reduce the effect malaria in the societies,

+ The result of sensitivity analysis recommends working on decreasing the positive indices

and increasing negative indices parameters to lessen the effect of malaria transmission.
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