An Iterative Algorithm for Split Equality Fixed Point Problem of
Pseudo-pseudo Contractive Mappings in Hilbert Space.

X 9-.5.‘!-
e im ¢ he C o

A RESEARCH SUBMITTED TO THE DEPARTMENT OF MATHEMAT-
ICS IN PARTIAL FULFILLMENT FOR THE REQUIREMENTS OF THE
DEGREE OF MASTERS OF SCIENCE IN MATHEMATICS

By:Teyib A/Oli A/Chebsa

Adyvisor : Dr:Getahun Bekele (Ph.D.)
Co-Adyvisor : Ms:Abebech Yifru(M.Sc.)

July 3, 2023
Jimma, Ethiopia



Declaration

I, Teyib A/Oli A/Chebsa,with student ID number MR0196/14-0,the undersigned de-
clare that,this thesis paper entitled that An Iterative Algorithm for Split Equality
Fixed Point Problem of Peudo-Pseudo Contractive Mappings in Hilbert Spaces is
my own original work and it has not been submitted to any institution or university
elsewhere for the award of any academic degree or like. Where other sources of
information have been used or quoted,they have been indicated and acknowledged.
Name: Teyib A/Oli

Signature: .......ccoeeeeevieeenieennnnen.

The work has been done under the supervision of:
Name: Getahun Bekele (Ph.D.)

Name: Abebech Yifru (M.Sc.)
Signature: .......ccoccceeeeevieennennnen.
Date: ..o



Acknowledgment

First of all, I am indebted to the almighty Allah who gave me long life and helped
me to pass through different ups and downs to reach this time. Next, my special
heartfelt thanks go to my advisor, Dr. Getahun Bekele and co-advisor Ms. Abebech
Yifru for their unreserved support, advice and guidance throughout the work of this
research.This acknowledgment will not be complete without mentioning my family
and freinds who have always been therefor me when the journey was difficult;”your

confidence in me and love stirs me up and keeps me focused.I love you all”.

11



Acronym

Throughout this research, we denote the following.

N is stands for the set of positive integers.

R is stands forthe set of real numbers.

R is stands for the set of non-negative real numbers.
||.|| is the norm symbol.

(.,.) is the inner symbol.

SEP is split equality problem.

VIP is variational inequality problem.

V his gradient of /& and h is a function.

Vg is gradient of g and g is a function.

SMVIP is split monotone variational inequality problem.
SEFP is split equality feasibility problem.

SEVIP is split equality variational inclusion problem.

SEFPP is split equality fixed point problem.

Notation in this thesis

H denotes Hilbert Space.

H\,H,, Hs denotes Real Hilbert Spaces.
C and D denotes nonempty closed convex subset of real Hilbert Space .
F(T) denotes the set of all fixed point of a map T'.

F(S) denotes the set of all fixed point of a map S.
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Abstract

In this thesis we introduced an iterative algorithm for approximating a solution of
split equality fixed point problems (SEFPP) of peudo-pseudo contractive mappings
in Hilbert spaces and proved the strong convergence of a sequence generated by
proposed algorithm to a solution of the problem in Hilbert spaces provided that the
mappings are uniformly continuous. Finally,we applied our main results to solve
convex minimization problem. Our results extended and generalized some related

results in the literature.
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Chapter 1

Introduction

1.1 Background of the study

The theory of nonlinear functional analysis is quite rich and a fascinating area of
research, in particular, the fixed point theory. The theory of fixed point can be
classified into theories for the existence of fixed points and approximation of fixed
points. It has proven to be at the heart of technological development and numerous
applications ranging from engineering, computer science, mathematical sciences
and social sciences. In particular, fixed point techniques have been applied in di-
versified fields, such as science, economics, and engineering. Consequently, many
authors concentrated on providing iterative algorithms for approximation of fixed
points of mappings when they exist or assuming existence (see, e.g., Mann (1953),
Berinde (2007), Browder (1968), Khan (2008) and Krasnoselskii (1955)).

The well known method for approximating a fixed point of contraction mapping is
the Picard iterations. However, this iteration method may not always converge to a

fixed point of T, when T is non-expansive mapping.

So, for approximating fixed points of the classes of mappings are more general than
the class of contraction mappings. Many iterative schemes, such as Mann iteration,
Halpern Iteration, Ishikawa iteration, are introduced by different authors (see, e.g.,
Mann (1953), Halpern (1964), and Ishikawa (1974)).

Many authors have also constructed iterative algorithms called hybrid Mann and
hybrid Ishikawa algorithms to obtain strong convergence of the sequence proposed
by their method of converging a fixed point of Lipchitz pseudocontractive mappings
(see, e.g., Liu et al. (2011), Marino et al. (2009)).

In 2020, Zegeye and Wega (2020), introduced a new class of mapping which is more
general than the class of pseudocotractive mappings called pseudo-pseudocontractive

and established an iterative algorithm which converges strongly to a fixed point of
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pseudo-pseudocontractive mapping provided that the mapping T is uniformly con-

tinuous which is sequentially weakly continuous.

We also remark that many authors have studied different algorithms for approximat-
ing solutions of split equality fixed point problem (SEFPP) for nonlinear mappings
in the settings of Hilbert spaces (see, e.g., Moudafi (2014), Zhao (2014), Chang et
al. (2015), Boikanyo. O.A (2019), Wega (2022)). Split equality fixed point prob-
lem was first introduced by Moudafi (2014) in 2014.The split equality fixed point
problem can be mathematically formulated as the problem of finding x and y with

the property:

x € F(T),y € F(S) such that Ax = By. (1.1)

where A : Hy — H, and B : H, — Hj; are bounded linear mappings and F(T) and F(S)

denote the sets of fixed points of non-expansive mappings T and S, respectively.

In 2015, Zhao (2015) introduced an iterative process for the class of quasi-nonexpansive
mappings and proved that under certain assumptions, the algorithm aforementioned
converges weakly to a solution of the split equality fixed point problem without
prior knowledge of norms. In 2015, Chang et al. (2015) introduced an iterative
process for the class of quasi-pseudo contractive mappings and proved that under
certain assumptions, the algorithm aforementioned converges weakly to a solution

of the split equality fixed point problem.

Motivated and Inspired by the above works the purpose of this thesis is to introduce

a new iterative algorithm for approximating a solution of split equality fixed point

problem of pseudo-pseudo contractive mappings in Hilbert Spaces.

Moreover,we give an application to the convex minimization problems.Our results

extend and generalize many results in the literature.

Now, we recall some definitions that we used in the sequel.

Definition 1: A mapping T : H — H is said to be :



1) L—Lischitz mapping if and only if there exists L > 0 such that

|ITx—Ty|| <L||x—y||,forallx,y € H. (1.2)

1) nonexpansive if and only if

|1Tx—Ty|| < |lx—yl|, forallx,y € H. (1.3)
iii) pseudocontractive mapping if and only if
(Tx—Ty,x—y) <||x—yl||*, forallx,y € H. (1.4)

iv) Directed if Fix(T) # 0 and (Tx—x*,Tx—x) <0,forall x € H and x* € Fix(T)

v) Demicontractive if Fix(T) # 0 and there exists k € [0, 1) such that

| Tx —x*|| < ||x —x*||> +k||Tx —x||*, forallx € H and x* € Fix(T). (1.5)

vi) Quasi-pseudo contractive if Fix(T) # 0 and
|Tx —x*|| < ||x—x*||> + ||Tx —x||?, forallx € H and x* € Fix(T). (1.6)
vii) pseudo-pseudocontractive mapping if and only if.
(x—Tx,y—x) >0= (y—Ty,y—x) >0, forall

x,y€ H. (1.7)

viii) A point x* € H is said to be a fixed point of 7" if Tx* = x*.



1.2 Statements of the Problem

In past years, some iterative methods have been proposed to solve the split equality

fixed point problems in Hilbert Spaces for different classes of mappings.

Recently, Boikanyo, (2019) introduced an iterative method for the class of quasi-
pseudo-contractive mappings that converge strongly to some solution of the split
equality fixed point problem.

Very recently,Wega, (2022) established an iterative algorithm for approximating a
solution of SEFPP of pseudocontractive mappings and proved strong convergence

of the sequence generated by the proposed scheme to a solution of the problem in

the settings of Hilbert spaces. However, a scheme which converges strongly to a so-
lution of split equality fixed point problem of pseudo-pseudocontractive mappings

is not yet studied in real Hilbert spaces.

Motivated and inspired by the researcher works of Boikanyo,(2019) and Wega,(2022),now
in this thesis the researcher established a new iterative algorithm for approximating

a solution of split equality fixed point problem of pseudo-pseudo contractive map-

pings in Hilbert Spaces.



1.3 Objectives of the Study

1.3.1 General Objective

The general objective of this thesis was to study an iterative algorithm for split

equality fixed point problem of pseudo-pseudocontractive mappings in Hilbert Spaces.

1.3.2 Specific Objectives

The specific objectives of this thesis is to:

e investigate an iterative algorithm for approximating a solution of split equal-
ity fixed point problem of pseudo-pseudocontractive mappings in Hilbert

spaces.

e prove the sequence generated by the proposed algorithm is bounded in Hilbert

Spaces.

e prove the sequence generated by the proposed algorithm converges strongly

to a solution of split equality fixed point problem.

e apply our main result to find a solution of split equality minimum point prob-

lem for a convex function in Hilbert Spaces.



1.4 Significance of the Study

The study may have the following importance:
e It may give basic research skills to the researcher.
e [t may be applied to solve some rea world problem (optimation problem).

e [t may provide some background information for other researchers who want

to conduct a research on related topics.

1.5 Delimitation of the Study

This study was delimited to study iterative algorithm for split equality fixed point

problem of Pseudo-pseudocontractive mappings in Hilbert spaces.



Chapter 2

Review of Related Literatures

Let C and D be nonempty closed convex subsets of real Banach spaces H; and
H,; respectively. The split feasibility problem (SFP) was introduced by Censor and
Elfving (1994) and is formulated as to finding

z € C such that Ax € D, 2.1

where A : Hy — H, is a bounded linear operator. Such models were successfully
developed for resolution enhancement, instance in radiation therapy treatment plan-
ning, sensor networks, and etc (see, e.g., Chedume CE. and Ido K.(2016),Zegeye
and Wega(2020),Bortifeld et al.(2006) and references therein). Motivated by the
this problem, several authors have been studied and investigated several split type
problems (see, e.g.,Zegeye H.(2008),Su Y and Xu.HK.(2012),Zhao J.(2014)). In
2012, Censor et al (2010) established the following split variational inequality prob-
lem (SVIP) which can mathematically be formulated as the problem of finding:

z € C such that (Az,x—z)Vx € C, (2.2)

and such that
y =Az € D solves (Axz,x —z),Vx € D. (2.3)

Where A; : Hy — H; and A, : H, — H, are two mappings and A : H; :— H» is

bounded linear mappings.

In 2011, Moudafi (2011) introduced the split monotone variational inclusion prob-
lem (SMVIP) given by

z€ Hsuchthat 0 € Tiz+ Gz 2.4)

and such that
y=Az € H solves o € Try + G,y. (2.5)
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Where A : E| :— H, is bounded linear mappings and
Gy : Hy — 21" and G, : Hy — 2M2*

are multi-valued maximal monotone mappings and 71 : Hy — Hy and 7> : H, —
H; are two single valued and -inverse strongly monotone mappings and he proved
that the sequence generated by his algorithm converges weakly to a solution of
problem (2.6) in Hilbert spaces. Note that by taking G| = N¢ and G, = Np normal
cones of the closed convex sets C C H and D C Hjin problem (2.6) we recover the
split variational inequality problem (2.5) introduced by Censor et al (2010).
In 2013, Moudafi (2013) introduced the following split equality problem which can

be formulated as finding:
x € C,y € D such that Ax = By. (2.6)

Where C C Hy and D C H, are nonempty, closed and convex sets and A:H — H
and B : Hy — Hj are bounded linear mappings. Obviously, B = I and H, = H3, then
problem (2.7)reduces to problem (2.5).

Moreover, in 2014, Moudafi (2014) established the following split equality fixed
point problem (SEFPP) which can be formulated as finding:

x € F(T),y € F(S) such that Ax = By, 2.7)

where A : Hy — H3 and B : H, — Hj3 are bounded linear mappings and 7 : H; — H,
and S : Hy — H, are two nonlinear operators such that F(7T) # 0 and F(S) # 0
this problem recently studied by several authors (see, e.g., Boikanyo (2019), Wega
(2022)).

Recently, Boikanyo (2019) introduced an iterative method for the class of quasi-
pseudo-contractive mappings that always converge strongly to some solution of the

split equality fixed point problem.

More recently, Wega (2022) established an iterative scheme for approximating a
solution of SEFPP of pseudocontractive mappings and proved strong convergence
of the sequence generated by the proposed scheme to a solution of the problem in
the settings of Hilbert spaces.



2.1 Preliminaries

In this section we recall some known results which are used in our subsequent anal-

ysis.
For x € H, the projection mapping P. : H — C is defined by

|Pex — x|| = infyec|lx— ¥, (2.8)
and hence, P. satisfies: ||P.x — Poy||> < (P.x — P.y,x —y), for all x,y € H.
Definition 2.1.1 A mapping T : C :— H is called sequentially weakly continuous

if for each sequence {x,}, we have {x,} converges weakly to p implies {Tx,} con-

verges to T p.

Lemma 2.1.1 Forall x,y € H, the following inequalities hold.
i) 20x,y) = |Ix[] + | IyI]* = [l = yI]>
ii) [Jx+y[1% < lxell? +2(n,x +y).

Lemma 2.1.2 (Albert, 1996). let x € H, then
P.x € Cif and only if (y — Pex,x — P.x) <0, for everyy € C. (2.9)
This result implies that for all x € H
1Pex —z2|[* < |pe—2||* = |lx— Px|[Pz € C. (2.10)

Lemma 2.1.3 ( Mainge, 2008). Let {a;} be a sequence of real numbers that does
not decrease at infinity, in the sense that there exists a subsequence {ay;} of {ay}

such that ag; < Ak;+1 for all j > 0. Define an integer sequence {my} >k, as
my =max{ky <I<k:a;<aji}.
Then, my — oo as k — oo and for all k > ko

max{dm,,ar} < apmy+1-



Lemma 2.1.4 (Xu, 2002).Let {0y, } be a sequence of nonnegative real numbers sat-

isfying the following relation:
an+1 < (1 —ay)an+ apY, for n > ng where {a,} C (0,1) and {y,} C R, satisfies

Y o=, and limsupy, < 0. Then lim a, = 0.
n=1 n—seo e

Lemma 2.1.5 (Osilike and Igbokwe, 2000).Let H be a real Hilbert space, for all

xi € H and o; € [0,1] for i =1,2,3,...n, such that &y + 0x + 03 + ... + @, = 1, the

following holds:

lotoxo -+ 0t x1 .. 4+ 0 [|* = Xl 0416l |> — Lo j<n 001|125 — ;|

Lemma 2.1.6 ( He,20006).Let C, be a nonempty, closed and convex subset of H. Let
r(x), be a real valued function on H and defined K := {x € C : r(x) < 0}. IfK, is
nonempty and r is L-Lipshitz continuous with L > 0, then

||Pxx —x|| > 1 max{r(x),0}, forx € C.
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Chapter 3

Research Design and Methodology

In this section,the study area and period, mathematical study design, source of in-

formation and mathematical procedures will be presented.

3.1 Study Area and Period

The study was conducted at Jimma University under the department of mathematics
from September, 2022 G.C. to June, 2023 G.C.

3.2 Study Design

In order to achieve the objectives of this study employed analytical methods of

designing.

3.3 Sources of Information

The relevant sources of information for this study were published articles, different

mathematics books which are related to our research topic.

11



3.4 Mathematical Procedures

In this study we followed the procedures stated below:

e Establishing an iterative algorithm and constructing theorem for approximat-
ing a solution of split equality fixed point problem of pseudo-pseudocontractive

mappings in Hilbert spaces.

e Proving boundedness of the sequence generated by the proposed algorithm in
Hilbert Spaces.

e Proving strong convergence of the sequence generated by proposed method

to a split equality fixed point problem of pseudo-pseudocontractive mappings.

e Applying our main result to solve minimization problems.

12



Chapter 4

Main Result and Discussion

In this section, we shall make use of the following assumptions:

Assumption 1:

Ap: LetT : Hy — Hj and S : Hy — H» be uniformly continuous Pseudo-pseudo con-
tractive mappings on bounded subset of H; and H», respectively.

Ay i Let Q:={(x,y) € HH xHy:x € F(T),y € F(S) and Ax = By} # 0 where

A :H| — Hy and B : Hy — H3 are bounded linear mappings with adjoints A* and
B*, respectively. where Hj is another real Hilbert space.

Az:Leti € (0,1),u>0 and 8 €[5-,8] C (0, ).

Ag @ Let {a,} C (0,€) for some constant real number € > 0 be real sequence
such that nh_rgolo 0, =0,and ) 7 | 0 = oo.

As:Letgy: H xH; — H| x Hy and g, : Hy x H, — H, X H; be contraction map-
pings with constants ¢, @ € (0, \/LZ)’ respectively and we denote & = max{a;, 0 }.
Ag : Let the sequence {7y, } satisfies
0< 7y, < [|(Ax,—Bta) |2

"A*(Axn_Bt")H2+HB*(BI”—A)C”)||2 ,fOI‘ ne ’y
otherwise,y,=y > 0, such that the indexes ¥ = {n € N : Ax,, — Bt,, # 0}.

4.1 Algorithm:1

For arbitrary (xo,t9) € H, X H,, define an iterative algorithm by

Step 1. Compute

Zn=(1—=08)x,+8Tx, and d(x,) = x,, — 2y,
up = (1 —8)t, + 68t, and d'(t,,) = t,, — uy.

4.1

Step 2. Compute

Yn = Xn _Ynd(xn)a
Vo =t, — 1hd (1),

4.2)

13



where, Y, = 1/ such that j, is the smallest nonnegative integer j satisfying
(V(d(xa)) + T (x = V/d (x)) = Ton, d () < palld ()|,
and Y/ = 1/» such that j/ is the smallest nonnegative integer j satisfying

(W' d (1) +S(ta — 1/ d (1)) — Stuyd' (1)) < |’ (1) |-
Step 3. Compute

(
an = Pe(xy — 7A* (Ax, — Bty,)),
by = Pp(t, — YuB*(Bt, — Axy)), 43)
wn = Oha, + (1 - Gn)pn

\rn =0,b,+ (1 - en)(Iny

where C, = {x € H : (y, — Tyn,x —yn) < 0},
D,={x€H: {(v,—Svy,x—v,) <0} and {6,} C [p, 1) for p > 0 such that
pn = Fc,x, and g, = Pp, x,.

Step 4. Compute
Xnt+1 = angl(xn) + (1 - an)Wm

Int1 = angZ(tn) + (1 - an>rn~

(4.4)

Step S. Setn:=n+1 and go to Step 1.

Lemma 4.1.1 Suppose that the assumption A; — Ay hold, and {x,},{yn},{zn},
{un},{vn} are sequences, generated by Algorithm 1.Then the search rules in step
two are well defined.

Proof: Since 1 € (0,1), T and S are uniformly continuous mappings on H, We have
(W (d(x)) + T (xp —17d(x,)) — Tx,d(x,)) — 0 as j — oo,

and
(17 (d (x0)) + S(n — 17 d (x)) — S, d' (x0)) — O as j/ — oo.

14



Moreover, since ||d(x,)|| > 0 and ||d’(x,)|| > O there exist a non-negative integers

Jn and j! , satisfying the inequalities in Step 2. O

Lemma 4.1.2 Suppose that the assumption A| — Az hold. If {xn},{yn},{zn},{tn},{vn}

are sequences generated by Algorithm 1 then,
1 2
(n = Totn, d o)) = <ld (o).
and |
(tn — St d' (1,)) = 3Hd’(tn)nz. (4.5)

Proof: From equations (4.1), we have, z, = (1 — 8)x, + 6 Tx,, which gives us, z, —

xXn = 6(Tx, —x,) and hence

in —Xn

o

=Tx, —x, (4.6)

Thus, from the fact that d(x,,) = x,, — z,, we get

(xp —Txp,d(x,)) = <xngzn,xn—xn>
= %(xn—zn,xn—m
= éllxn—znll2 (4.7)
Similarly, we get
(b — Strd' (1)) = %th 2. .8)
O

Lemma 4.1.3 Suppose the assumptions A| — Az holds. Let (p,q) € Q,
let hy(xp) = (Yo — Tyn,Xn—yn), and let gn(t,) = (y = vy — Svp,t, — vp). Then, hy(p) <
0, &nu(q) <0, hu(xn) = Yu(s — p)lld(xa)ll?, and gu(tn) = Yy (5 — p)lld’ (1a)|1*
In particular, if d(x,) # 0 and d'(t,) # 0, then h(x,) > 0 and g(t,) > 0.

Proof: For the fact that (p,q) € Q, we have

(p—=Tp,ya—p) >0. (4.9)

15



This inequality and the fact that T is pseudo-pseudocontractive mapping, we obtain

ha(p) = Yn — TYn,yn — p) >0,

which gives us,
hu(p) = (Yn — TYn,p —yn) <O0.

In addition, from Step 2, of Algorithm 1, we have,

hy(xn) = (Yn—TYn,Xn —Yn)
= <Yn —Tyn,Xn — (xn - Tnd(xn)>
= Yn()’n - T)’nvd(xn»'

Furthermore, from the inequalities in Step 2, we have,
(Xn =Y+ Tyn— Ton,d (%)) < | (x)]?,
which implies
(n = Tyn, d(xn)) > (%0 = T, (50)) — 11l () |- (4.10)

From Lemma 4.0.2 and inequality above, we obtain

o= Ty (x)) > (5 — 1)) @i

By combining (4.10) and (4.11), we obtain,
1 2
ha (o) 2 Y — )l Cen) [~

Similarly, we obtain,

(1) 2 T4 (5~ )l )|

Theorem 4.1.4 Suppose the assumptions A| — A4 hold. Then, the sequence {(xp,t,)},
generated by the Algorithm 1 is bounded in Hilbert space, Hy X H;.

16



Proof: Let (p,q) € Q from Lemma 2.1.5 and and (2.10), we get

lwa—=plI*> = 1|6atn+ (1= 6,)pa—pl®
= |6u(an—p)+ (1 —6,)(Pc,xa—p)|I’
Oullan — plI* + (1 — 6,)[|Pe,xn — plI®
< Oullan—pII* + (1= 6)[llxn — pII* = ||xa — Po,xal| 7] (4.12)

IN

Similarly, we obtain
=l < 6ullbn—all>+ (1= 6:)[lltn —qlI* = [tn — Po, [ *].  (413)
Thus, by adding inequalities (4.12) and (4.13), we get

wa—pI> +llra—all> < 6ulllan— pl> + 16w —ql|’]
+(1 = 6) [l — pII* = | lxa — Pl ]
+(1=60) [t —al* = llta — Po,tul P).  (4.14)

In addition from (4.3) and (2.10), we obtain

lan—pl* = |[Pc(xn— mA* (Axy — Bty) — pl|?
< ||xn_7nA*(Axn_Btn>_P||2_Han_(xn_YnA*(Axn_Btn)Hz
< |lxa = plI* + 1 |A* (Axy — Btn)||* — Yal|Axy — Bt |?

—|%n — an — 1A (Ax, — Bt,)| % (4.15)
Similarly, we get

| bn _51”2 < |t _Q||2+Y3||B*(Btn —Axn)||2 — YullAxy _Btn||2
—||tn — by — ¥,B* (Bt — Axy)||%. (4.16)

17



By adding inequalities (4.15) and (4.16), we get

lan— plI*>+[1ba—all*> < |Jxa—pI* + [t — ql?
+ %, 1A% (Axy — Bt)||* + || B* (Btw — Ax,)||]
— 29| Ay — Bt |* — | s — @ — 1A (Axy — Bty)|?
—|ltn — bn — ¥uB* (Bty — Axy)|*. (4.17)

Moreover, from (4.17) and (A6), we obtain

lan—pl* +11bn—qll> < [} = pII* + I[tn — gl 1> = Yl |Axn — Bt
— %0 — @ — YA (Ax, — By ||?
—||tn — bp — ¥, B* (B, — Axy,) || (4.18)

Now, by substituting (4.18) in (4.14), we get

wa=pI>+lra—al> < lxa—pl*+llta—4l®
— (1= 6,)[lIPe, , X = xall* + [[Ppy 10— 1] ]
—0,7,||Ax, — Bta||* — 6,]|x0 — an — 1A (Ax,, — Bt,)| |2
—Onlltn — by — YuB™ (Bty — Axy )| | (4.19)

18



From (4.19), Lemma 2.1.5 and (AS), we get

n1 = Pl + 1 —all> = [0tag1 (6a) + (1 = o) wi — pl|?
+|0nga(tn) + (1= 04)rn — g
O‘n||81(xn)_p||2‘|‘(1_O‘n)HWn_PH2
+0t182(tn) — qII* + (1 — &) |r — p
0 (][g1(xn) — g1 (P)I + (181 (p) — pI1)* + (1 — @) |xa — p| >
+0u([182(ta) — 82(@)| + 1182(q) — ql)* + (1 — &) [tn — gl
[0 |[x, — plI” + 1181 (xn) — plI7]+ (1 — @) [[xa — pl >
+00 [0 [0 — gl >+ 1]82(ta) — gl PT + (1 — @) |2 — g |?
204, (0|0 — pII* + 11g1(p) — pII?) + (1 — &) |xa — p|
+200, (0|t — gl + || 22(q) — ql[?)
+(1— 0)[[tn — g[*- (4.20)

IN

IA

IN

IN

By setting R,(p,q) = ||x, — p||> + ||t — q||?, from inequality (4.20), we get

Rit1(pq) < (1—0(1—20%)Ru(p,q)
+2a,(|1g1(p) — pII* + 1182() — qlI?)

< max{Ra(p.g). 755 lei ()~ Pl + liga(a) ~ 4l .

and hence by induction

2(|1g1(p) — plI* +llg2(9) —gl*) }

Ru(p,q) < max {Ro(p,q), Y

which implies that {x, }, {#,} and hence {y,}, {vs}, {Tx,} and {Sv, } are bounded.
O

Theorem 4.1.5 Suppose the assumption (A1) — (A6) hold. Then, the sequence
{(xn,14)}, generated by Algorithm I converges strongly to (p,q) = Po(g1(p),82(q))-

Proof: Now, let (p,q) = Po(g1(p),g2(q)). From equation (2.8), we have,

2
I

lp = pall® < llp —xal® — |l — pul|.
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Similarly, we get

g = qull* < [|g = tall* = lltn — gal*- (4.21)

Since T is bounded on bounded subset of H. then their exists L > 0, such that
| Tyn —yull <L,
for all n > 0. Thus,

\hp(2) —hn(W)| = |0 — TYn, 2= Yn) — On — TYn, W — yn)|

= {yn—Tyn,z—w)|
< Hyn - TynH ”Z_ WH
S LHZ_W||7

which gives us that 4, is L- Lipschitz continuous on H. Thus, from Lemma 2.1.6

and Lemma 4.1.3, we obtain

hnXn 2,1 2 4
> —_ — . .
S 2 V(s — ) ()| (4.22)

ben = pall® >

Thus, from (4.21) and (4.22), we get

1
[P = pall® < llp =3l = X35 = 1) [ld Can) | (4.23)
Similarly, we get
21
lg=anll* < llg—tall* =X, (5 = 1)l ()| (4.24)

Now, from Lemma 2.1.5, ((4.23)), (4.19) and (4.15), we get

||9nan+ (1— en)pn —p||2+ Hanrff— (1 - en)%z _‘]H2
9n||an_p||2+ (1— 6n)||Pn_P||2+9n||bn_61||2+(1 - en)HCIn_qnz

Oulxn — P11 + (1= 6)Pxin — pII> + ulltw — g|* + (1 = 6) |1 — g

~ (X35 — PG | 5 (5 — )Pl )

ben = 1> + lltw — gl
1

- (B35 — PG+ 15 5~ w2 ). 25)

I = pII* + 7w —gI?

IN

IN
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By Lemma 2.1.1, Lemma 2.1.5 and (4.25), we obtain

IN

o (g1 (xa) = 81(p)) + (1 = a) (wa — ) + (g1 (p) — ) II*

Rur1(p,q) = llomgi(xa) + (1= otw)w(n) = plI> + [|0tga(ta) + (1 = 0ta)r(n) — q®
|
I

)
+[ 0t (g2(tn) — 82(q)) + (1 — @) (rn — q) + u(82(q) — g)
+20,[(g1(p) — Py Xnt1 — p) +(82(9) — @, 11 — q)]

< ol — plIP + (1= o) [wa = plI* + 01t — gl > + (1 = 0,)[[rn — g
+204 |81 (xn) = Pl[|Xn+1 —Xnll + 206 [ 82(2n) — gl tn+1 =t
+20[(81(p) — Py xn — p) +(82(9) — ¢:ta — )]

< (1=(1—0a)om)Ru(p,q)

+2(Xn||g1(xn) _pH ||xn+1 —an +2O‘n||82(tn) _QH th+1 _th
+204,[(g1(p) — P, xXn — p) +(82(q) — ¢ tn — q)]

2,1 2 4 2,1 20 4
(1= ) = (Y25 =W () [+ 17 (5 = w7 @)1,

which gives us

(1= o) — (V35 — e Con) |+ 75 (5 — 1) ) )

R.(p,q) —Rut1(p,q)
+200 g1 (%) — plll[%nr1 = Xull +200|82(t2) — gl ||tas1 —tal|
+204,[(g1(P) — pyxn — P) + (82(q) — q,ta — q)]. (4.26)

In addition, from (4.19), we get

Rut1(p,q) < Ru(p,q) +200[(81(P) — PyXus1 — p) +(82(q) — ¢stat1 — )]
~(L= B~ + sl
— 0Vl |Axy — Bty ||* — 64|y — an — 1aA™ (Ax, — Bty) ||
—Onlltn — bn — YuB™ (Bty — Axy )| . (4.27)
(4.28)

Next,we show that the sequence {R,(p,q)} converges strongly to zero. For this we

consider two cases as follows:

Case 1: Assume that there exist ng € N, such that the sequence of real numbers
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{Rn(p,q)} is decreasing for all n > ng. Thus, the sequence {R,(p,q)} convergent
and hence from (4.27) and the fact that ¢, — 0, we obtain

I

lim ||Pe, %, — x| |* = 1im ||Pp, t, —1,||* = lim |JAx,, — Bt,|| = 0,
n—o0 n—yo Nn—yoo

and

lim ||x, — a, — Y,A™ (Ax, — Bt,)|| = ,}Eﬁ, ||ty — by — YuB™ (Bt, — Axy)|| = 0,

n—oo

which implies that

,}g{}oHXn —ayl| < ,111_f>£10HXn —dn— VnA*(Axn — Bty)|| +’1li_r>£1°\\ynA*(Axn —Bt,)|| =0,
(4.29)

and

lim ||t, — b,|| < lim ||t, — by, — ¥, B* (Bt, — Axy)|| + lim ||y,B" (Bt, — Axy)|| = 0,
n—oo n—oo n—yoo

(4.30)
In addition, from (4.26), we have
lim Y7 d(xn)|[* = lim X, [ (1) [* = 0.
Then, from this we get
1im Yo ||d (x)||* = lim Y, [|d (1)||* = 0. (4.31)

Since the sequence {(x,,,)} is bounded, there exists a subsequence {(xy,, (xn,)},

of {(xn,1,)} which converges weakly to (p,q) € H, x H, and

limsup[(gi(p) — p.xu — p) + (82(q) — P,1tn — 9]

n—yoo
= ,}g[(g(p) — DX, — P) +82(q) — .ty — q)). (4.32)

Now, we prove that
lim |, — 2o | = lim [, — 10, ]| = 0 (4.33)
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First consider the case, when lilgninank > (. In this case there is Y > 0, such that
—>00
Yy, > 1 >0, forall kK € N. Thus, we have

1 1

2 2 2

”'x"k _an” = % Tﬂkank _anH < TYnka”k _an” .
ng

From this inequality and ((4.31)), we obtain
lim Hxnk —anHz =0
k—oo

and hence

]}E;?o ”'xnk — H
Second consider, when liminfi_,., Y, = 0. In this case
lim Y, = 0and lim |lxy, —,,[> = ¢ >0 (4.34)
—>00

k—roo

Consider, ¥}, = 1 Yz, + (1= X, )x,
Thus, from (4.34), we have

. o1
Jim (3, = 2| = Jim X, o5, — 2| =0 (4.35)
From inequality in Step 2 and definition of y;k, we obtain

“Hxnk_an”z < <xnk_y;lk+Ty;lk_Txnk7xnk_an>

IN

<xnk _y;zkaxnk - an> + <Ty;lk - Txnkvxnk _an>

< ot = Y o, — 2+ T — Tt [ — 20, 64.36)

From (4.35), (4.36) and the fact that T is uniformly continuous, we get lim,,_, ||xnk —
an|| = 0, which contradict (4.34). Thus, from this fact the equation (4.33) holds.
Furthermore, from Step 1 of the Algorithm 1, we have

an - (1 — 5)xnk + 5Txnk,
which gives as

”an _xnkH = 6||xnk - T)anH. 4.37)
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Hence, from equation (4.33), we obtain,

Jim [, — Ty, || = 0. (4.38)
Similarly, we get
Jim [, — Sty | = 0. (4.39)

Moreover, since {(x,,,t,, )}, which converges weakly to (p,g), then x,, — p and
tn, — . Thus, from (4.34), we get p € F(T) and g € F(S).
Next we show that Ap = Bg. But, observe that from Lemma 2.1.1 (ii) we get

|1Ap —Bg||* = ||[Ap —Axy, + Bty, — BG + Axy, — By, ||*
< HAx”lk_Btnk|‘2+2<Aﬁ_Bq7Aﬁ_Axnk+Btnk_Bq>7
— 0 as k — oo, (4.40)

and this implies Ap = Bg. That is (p,q) € Q. From the definition of x,; and
thi1, we have ||x, 11 —wyl|| = o]|g1(xn) —wn|| = 0, as n — oo, and |[|t,11 — ry|| =

04 ||g2(ty) — rn|| — 0, as n — oo, since oy, — oo, as n — co. From (4.26) and (4.29),

we get
%1 = Xnll < X1 —wall + [[wn — x|
< %1 = wall + [|6nan 4 (1 = 62) pn — x|
< Hxn+1_WnH+9nHan_xn|| (4.41)
+(1=6,)||pn —xn|| = 0asn— 0. 4.42)
Moreover,

Thus, from (4.41) and (4.43), we obtain

X1 —Xnl = [[Xnr1 —Wa+wy — x|

A

|Xn+1 — wa|| + ||[Wn — xa|| — 0, as n — 0. (4.44)
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Similarly we can show that
lthe1 —ta]] — 0, asn— 0. (4.45)

From (4.32) and Lemma 2.1.2, we have

limsup[{(g1(p) —p,xn—p)+(82(q9) —q,tn —q)] < lim[{g1(p) —q,xn, — P)

n—yoo k—>o0

+(22(9) — @, tn, — )]

= (g1(p)—p,p—p)+(2(q) —9,3—q)

< 0.

Now, we show that the sequence {R,(p,q)} converges strongly to 0. Indeed, from
Lemma 2.1.1 and 4.25, we obtain

Rn—H (P,q> < (1 - (1 - O‘)zan)Rn(pacI)

(1= a) (g1 ()~ prnst —p)

+(82(q) — ¢, tws1 — )] (4.47)

Finally, from (4.47), (4.44), (4.46) and Lemma 2.1.4, we get R,(p,q) — 0, as n — oo
and hence x,, — p and t,, — g as n — oo.
Case 2: Suppose that there exists a subsequence {Ry,;(p,q)} of {R.(p,q)} such that

Ru;(P,q) <Rp;+1(p,9q), for j > 0. (4.48)

Thus by Lemma 2.1.3 there exists a non-decreasing sequence {my}, of the set of

positive integer of numbers such that my — oo, as k — oo,

[, = pII* < [l 1 — pl|* and
max{Ry, (p,q),Re(P.q)} < Rp+1(p,q) forall k > 1. (4.49)
Following the method of Case 1, we obtain
Jim ||, o = |2 = Jim [P, = || =0,
klglgo”PDmktmk — || = klgl}oHPDmkxmk —tm|| =0,
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lim [|Axy, — By || =0,

and
klgn | |xmk —Qpy, — }/mkA* (Axmk —Btmk) || = klgn | ]tmk — by, — yka*(Btmk —Axmk) ||=0,

In addition, by following the method of Case 1, from the inequality (4.32), for

i =1,2, we obtain
khan; 1%, — Dimy || = /}g?o [tn — Gim, || = 0.
In addition, fori = 1,2
kll_Ef,‘o 1%, = zime | = 0= kh—r:}o [t = tim || = 0,

1 [ — X[ = 0 = lim [, =ty 11| =0,

and

limsup[{g1(p) — p,Xm+1— ) +(82(q) — @ tmer1 — q)] < 0. (4.50)

k—boo

Now, from (4.47), we get

Ry +1(p,q) < (1—(1—a)tm)Rn,(p,q)

i (1= )7 [(81(p) — Pt 1~ p)

+(g2(q) — ¢ tm+1 — q)]
(1= (1 - @)20)Rm+1(P,q)

+ 0y, (1 — 06)%[(& (P) = P, Xm1—p)

+(82(9) — 4, 1 — q)] 4.51)

IA

which implies that

2
O (1= @) Rms1(P,q) < O (1= &) 7 [(81(P) = PsXmy41 = )

+(22(q) — @, tmr1 — )] (4.52)
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Thus, from (4.48) and (4.52), we have

2
Re(p.q) < Rm+1(p,a) < 1= [&1(P) = psmer1 = p)
+(82(9) — 4, tm+1 — )] (4.53)
Hence using (4.50), we get
limsupRy(p,q) < limsup [(81(P) = PsXm+1 — P)
k—yo0 k—yoo —a
+(82(9) = @, tmr1 — @)] <0, (4.54)
which implies
limsupRi(p,q) =0, (4.55)
k—boo
and hence x; — p and 1y — g as, k — oo. O

Corollary 4.1.6 Suppose the assumption (A2) — (A6) hold. Let T : Hy — H; and
S: Hy — H be Uniformly Pseudo contractive mapping .Then , the sequence (xp,t,),
generated by Algorithm 1 converges strongly to (p,q) = Po(g1(p),82(q)).

In Algorithm 1 if we assume g; = m; and g, = m,. we obtain the following Algo-

rithm:

4.2 Algorithm:2

For arbitrary (xo,%9) € H; X H,, define an iterative algorithm by

Step 1. Compute

Zn=(1—=908)x,+ 0Tx, and d(x,) = x, — 2,
up = (1 —08)t,+ 68t, and d'(t,,) = t,, — uy.

(4.56)

Step 2. Compute
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Yn = Xn _Tnd(xn)a
vp =1, — Xd (1),

(4.57)

where, Y,, = 1/ such that j, is the smallest nonnegative integer j satisfying
(V(d(0n)) + T (n = Vd () = T, d () < plld ()1
and Y = 1/n such that j/ is the smallest nonnegative integer j' satisfying

W' d (ty) + Sty — 1 d'(t)) — Sta,d'(t)) < plld’ (8)||*.

Step 3. Compute

(

an = Pe(xy — A* (Ax, — Bty)),
b, = Pp(t, — v,B* (Bt, — Ax,)),
Wy = Opa, + (1 —6,)py

\rn = enbn + (1 - Gn)q;/”

where C, = {x € H : {y, — Ty,,x — yn) < 0},
D,={x€H: (vy,—Svy,x—v,) <0} and {6,} C [p, 1) for p > 0 such that
pn = Pc,x, and g, = Pp, x,.

Step 4. Compute
1 = Gty {1 = O W (4.59)
thy1 = Oymy + (1 — (Xn)l’n.

Step 5. Setn:=n+1 and go to Step 1.

Corollary 4.2.1 Suppose the assumption (A;) — (Ag) hold. Then the sequence
(xn,tn), generated by Algorithm 2 converges strongly to (p,q) = Po(my,m)).

Corollary 4.2.2 Suppose the assumption (A2) — (A6) hold. Let T : H; — H; and
S : Hy — H; be Pseudo contractive mapping.Then , the sequence (x,,?,), generated

by Algorithm 2 converges strongly to (p,q) = Po(my,my)).
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4.3 Application to Convex Minimization Problem

In this section, we apply our main result Theorem 4.4.1 to approximate a solution
of split equality minimum point problem (SEMPP) for a convex function in Hilbert

spaces.

Let g: HH — R and h: H, — R be a convex smooth function. We consider the
problem of approximating p* € H; and ¢* € H; such that

g(p") = min{g(x)},h(g") = min{h(x)} and Ap" = Bg". (4.60)

x€H,

This problem is equivalent, by Fermat’s rule, to the problem of finding p* € H; and
q* € H, such that

0=Vg(p*), 0=V h(q¢*) and Ap* = Bq", (4.61)

where Vg and V h are gradients of g and A, respectively. We note that V h and Vg
are monotone maps (see, e.g.,Baillon and Haddad, (1977) and Rockafellar, (1970) ).
One way of solving problem (4.61) is finding a solution of SEGFPP pseudo-contractive
mapsof S=1) —Vgand T =1 —V has a fixed point of § and a fixed point of T are
zero of Vg and V h, respectively. Thus, Algorithm 1 reduces to Algorithm 3 given

below.

4.4 Algorithm:3

For arbitrary (xo,%9) € H, X H,, define an iterative algorithm by

Step 1. Compute
Zn = Xp — O0Vgx, and d(x,) = x,, — 2,
up =ty — 8Vht, and d'(t,) = t, — uy,.

(4.62)

Step 2. Compute

Yn = Xn _Ynd(xn)a
v =t, — 1hd (1),

(4.63)
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where, Y, = 1/ such that j, is the smallest nonnegative integer j satisfying
(Vg (tn —d (xn)) = Vgon,d(xn)) < lld () 1%,
and Y/ = 1/» such that j/ is the smallest nonnegative integer j satisfying

(Vh(ty—17'd (ta)) = Vhin,d' (1)) < ' (1) |

Step 3. Compute

p
an = Pe(xy — mA* (Ax, — Bty),

by = Pe(ty — YuB* (Bty — Axy),

n C(n yn ( n n) (4.64)
Wnp = Gnan + (1 - en)pn

| 0 = Oubn + (1= 6,),

where C,, = {x € H : (Vgy,,x —y,) <0},
D, ={x€H: (Vhv,,x—v,) <0} and {6,} C [p,1) for p > 0 such that
pn = Fc,x, and g, = Pp, x,.

Step 4. Compute
Xn+1 = O‘ngl(xn) + (1 - an)Wm

the1 = Otngz(tn) + (1 — Otn)rn.

(4.65)

where g1 : H| — H; and g; : H, — H;, are contraction mappings with constant

coefficient ¢y and o, respectively.
Step 5. Setn:=n+1 and go to Step 1.

The method of proof of Theorem 4.1.5 provides the following theorem for approx-

imating a solution of SEMPP for convex functions in Hilbert spaces.

Theorem 4.4.1 Suppose assumption (A1) and (A3) — (A6) hold. Let g: Hy — R
be a convex smooth function with /; — Vg is uniformly continuous and 4 : H, — R

be a convex smooth function with I; —V & is uniformly continuous such that Q =
{(p*,q") € Hi x Hy : g(P*) = minyey,{g(x)}, h(g*) = minyep, {h(x)} and Ap* =

30



Bg*}+# 0. Then, the sequence generated by Algorithm 3 converges strongly to an
element (p*,q*) = Pa(g1(p"),82(q"))-

Proof: Consider S =5 —Vgand T =16 —V h. Then, we get that S and T are
uniformly continuous pseudocontractive mappings and fixed points of S and T are
zeros of Vg and V h, respectively, and hence minimum points of g and 4, respec-
tively. Thus, Theorem 4.1.5 provides the conclusion of Theorem 4.4.1. O

If in Algorithm 3, we assume H; = H = H3 and A = I = B, then SEMPP reduced to
a common minimum point problem for convex functions and the method of proof
of Theorem 4.1.5 provides the following Corollary for approximating a solution of

common minimum point problem for convex functions in Hilbert spaces.

Corollary 4.4.2 Suppose assumption(A;) and (A3) — (Ag) hold with H; = H, = H3
and A =1=B. Let g: H] — R be a convex smooth function with / — Vg is uniformly
continuous and 4 : H> — R be a convex smooth function with 7 —V £ is uniformly
continuous such that Q = {(p*,q*) € H| x Hy : g(p*) = min,ep,{g(x)}, h(q*) =
mingcg{h(x)} and Ap* = Bg*} # 0.

Then, the sequence generated by Algorithm 3 converges strongly to an element
(P*q") = Pa(s1(p"),82(q"))-
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Chapter 5

Conclusion and Future scope

5.1 Conclusion

In this thesis, we established an iterative algorithm for approximating a solution of
split equality fixed point problem for pseudo-pseudocontractive mappings in real
Hilbert space.

In addition, we also proved boundedness and a strong convergence of a sequence
generated by the proposed algorithm to a solution of split equality fixed point prob-
lem for pseudo-pseudocontractive mappings in real Hilbert spaces. Our result gen-
eralizes some related results in the literature. In particular, Theorem 4.1.5 gener-
alize the results of Moudafi(2014), Chang et al.(2015),Chidume et al.(2015) and

Zhao(2014). Also, we applied our main result to solve optimization problem.

5.2 Future Scope

In this thesis we obtained an iterative algorithm for approximating a solution of split
equality fixed point problem for pseudo-pseudocontractive mappings in real Hilbert
space. However, extending this result to a Banach spaces which are more general
than Hilbert spaces is an open problem. So, any interested researchers can use this

opportunity to conduct their research work in this area.
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