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Abstract

The study of continuity and compactness properties of Volterra type integral operator on

spaces of holomorphic functions over different domains is a wide history. Specifically, on

Fock spaces with domain the whole complex plane, it was initiated by (Constantin, 2012)

and continued by (Mengestie, 2013). In (Mengestie, 2013) and (Mengestie and Worku,

2018) the authors have considered these properties of the generalized Volterra type inte-

gral operators acting between Fock spaces with Gaussian weight |z|
2

2
. Recently, (Mengestie

and Takele, 2023) characterized bounded and compact generalized Volterra type integral

operators on generalized Fock spaces with weight functions growing faster than the Gaus-

sian weight. Their result shows that the operator experiences richer bounded and compact

structure in this spaces than Fock spaces with Gaussian weight. In this thesis, we stud-

ied these properties of generalized Volterra type integral on Fock-Sobolev spaces with

weight functions growing slower than Gaussian weight. We first characterize bounded

and compact properties in terms Brezin type integral transform and then give a sim-

plified characterization. Our result shows that, the operator has similar structure when

compared with Fock spaces with Gaussian weights. The results obtained in this thesis

unify and extend a number of results in the area. In particular, it generalizes the results

of (Mengestie, 2016), (Mengestie, 2017) and (Mengestie and Worku, 2018).
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Chapter 1

Introduction

1.1 Background of the study

The study of integral operators is an important area of study, as these operators are widely

used in various fields of mathematics and science. One such type of integral operator is

the Volterra type integral operator, which arises in many areas, such as in control theory

and mathematical modeling.

Definition 1.1.1. For a given space H(U) of analytic functions on U , the Volterra-type

integral operator on H(U), induced by a analytic symbol function g, is defined as

Vgf(z) =

∫ z

0

f(w)g′(w)dw.

The operator is first introduced by (Pommerenke, 1977) and then studied by other au-

thors with the aim to investigate the connection between their behaviors and the function-

theoretic properties of the symbol g.

A natural question that arises is whether these operators are continuous or compact in

the setting of different spaces, as this has significant implications for their properties

and behavior. In this context, the study of continuity and compactness of Volterra type

integral operators has been the subject of much research in modern analysis.

Definition 1.1.2. Let X and Y be Banach spaces and T : X → Y a linear operator.

i) If there is a constant c > 0 such that ‖Tx‖ ≤ c‖x‖, x ∈ X , then we say that T is a

bounded (or equivalently continuous) linear operator .

ii) If ‖Txn‖ → 0 whenever xn → 0 weakly in X, then we say that T is compact.
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(Pommerenke, 1977) investigated continuity of Volterra type integral operator on the

Hardy space Hp, for p = 2, and almost after two decades it was extended to whole Hp

space, for 0 < p < ∞, by (Aleman and Siskakis, 1995), further studying compactness

property also. Later (Aleman and Siskakis, 1997), gave the analogous characterization on

the Bergman space. (Constantin, 2012) and (Mengestie, 2013) considered the problem of

continuity and compactness, among with other properties, over a space defined over the

whole complex plane C, namely classical Fock spaces Fp.

Definition 1.1.3. Let 0 < p ≤ ∞. Then the classical Fock space, Fp, is space of entire

functions f for which

‖f‖p =


(

p
2π

∫
C |f(z)|pe−p

|z|2
2 dA(z)

) 1
p

<∞, 0 < p <∞

supz∈C |f(z)|e−
|z|2
2 <∞, p =∞

where dA denotes the Lebesgue area measure.

The idea to extend the Volterra type integral operator Vg into a more general operator

called generalized Volterra type integral operator, V(g,ψ), was first raised by (Li and Stevic,

2008), as this newly introduced operator has an application in the study of space of linear

isometry of analytic functions.

Definition 1.1.4. For a given a space H(U) of analytic functions on U , the general-

ized Volterra type integral operator, V(g,ψ), on H(U), induced by a pair analytic symbol

functions (g, ψ), is defined as

V(g,ψ)f(z) =

∫ z

0

f(ψ(w))g′(w)dw.

We note that, if ψ(z) = z then V(g,ψ) reduces to the Volterra type integral operator Vg.

(Li and Stevic, 2008) studied the operator theoretic properties of V(g,ψ) in terms of the

inducing pair of symbols (g, ψ) on some spaces of analytic functions on the unit disk.

(Mengestie, 2014, and Mengestie and Worku, 2018) studied continuity and compactness

of the operator on the classical Fock spaces. Recently, (Mengestie and Takele, 2023) con-

sidered the problem over generalized Fock spaces Fpϕ with weight function ϕ satisfying

the following smoothness conditions;

Let ϕ : [0,∞) → [0,∞) be a twice continuously differentiable function, which can be

extended to the whole complex plane by setting ϕ(z) = ϕ(|z|), z ∈ C. We assume that

∆ϕ > 0 and set

τ(z) '

{
(∆ϕ(z))−1/2, |z| ≥ 1

1, 0 ≤ |z| < 1
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where τ(z) is a radial positive differentiable function satisfying the admissibility conditions

lim
r→∞

τ(r) = 0 and lim
r→∞

τ ′(r) = 0,

and there exists a constant C > 0 such that τ(r)rC increases for large r or

lim
r→∞

τ ′(r) log
1

τ(r)
= 0.

The notation U(z) ' V (z) means both U(z) . V (z) and V (z) . U(z), where U(z) . V (z)

(or equivalently V (z) & U(z)) means that there is a constant C such that U(z) ≤ CV (z)

holds for all z in the set of a question. An example of such kind weight ϕ function which

satisfy the above smoothness and admissibility conditions are power functions ϕα(r) =

rα, α > 2 and the exponential type functions such as ϕβ(r) = eβr, β > 0.

Definition 1.1.5. Let 0 < p ≤ ∞ and ϕ be a weight function satisfying the above

conditions. Then, the generalized Fock space Fpϕ is defined as a space consisting of all

entire functions f for which

‖f‖ϕ,p =


(∫

C |f(z)|pe−pϕ(z)dA(z)

) 1
p

<∞, 0 < p <∞

supz∈C |f(z)|e−pϕ(z) <∞, p =∞

where dA denotes the usual Lebesgue area measure on C.

The weight function in the generalized Fock space grows faster than the classical weight

function in the classical Fock space. The study in (Mengestie and Takele, 2023) aims at

investigating the effects of faster growthness of weight function to the properties of the

operator. In particular, continuity and compactness of Volterra type integral operator

Vg, on generalized Fock space Fpϕ, was investigated in (Constantin and Peleaz, 2015, and

Mengestie and Ueki, 2019). Results in the above papers show that the operators V(g,ψ) and

Vg experience richer property on generalized Fock space than the classical counterpart.

A next question to raise is what will happen to these properties if the weight function

grows slower than the Gaussian weight function, specifically, on the Fock Sobolev spaces

with weight function growing much slower than Gaussian weight in the classical Fock

spaces. A result in (Mengestie, 2017) shows that this is not the case for the Volterra type

integral operators, that is, it experiences similar continuity and compactness properties

when compared with the classical Fock spaces.

Definition 1.1.6. Let 0 < p ≤ ∞ and m be a nonnegative integer. Then, Fock Sobolev

3



space, F(m,p), is a space of all entire functions f for which

‖f‖(m,p) =


(∫

C |f(z)|pe−p( 1
2
|z|2−m log(1+|z|))dA(z)

) 1
p

<∞, 0 < p <∞

supz∈C |f(z)|e−p( 1
2
|z|2−m log(1+|z|)) <∞, p =∞

where dA denotes the usual Lebesgue area measure on C.

In particular, the choice of m = 0 reduces the space to the classical Fock space. The

space is named after the Russian mathematicians Vladimir Fock and Sergei Sobolev, as

an extensions of the classical Sobolev spaces to the setting of holomorphic functions on

the complex plane. These spaces play a crucial role in the study of quantum systems with

an infinite number of degrees of freedom, such as quantum harmonic oscillators and quan-

tum fields. The central idea is to generalize the concept of Sobolev spaces to functions

that are not only smooth but also holomorphic, making them well-suited for addressing

problems in the complex domain.

The aim of this thesis is to characterize continuity and compactness of generalized Volterra

type integral operator, V(g,ψ), on Fock Sobolev spaces, and investigate whether the op-

erator show similar structure or not, compared with when the operator plays between

classical Fock spaces.

1.2 Statement of the problem

Different properties including continuity and compactness of generalized Volterra type

integral operators are widely studied acting between different spaces of analytic func-

tions, see for example the materials in (Li and Stevi, 2008 and 2009, Mengestie, 2014,

and Mengestie and Worku, 2018). In particular, in the past few years there is a high

interest to study properties of the operator on different Fock type spaces. In (Mengestie,

2014, and Mengestie and Worku, 2018), continuity and compactness of the operator have

been characterized on classical Fock spaces with Gaussian weight function |z|2
2

. Recently,

(Mengestie and Takele, 2023) studied these properties on generalized Fock spaces with

weight function growing faster than Gaussian weight, showing that the operator experi-

ence richer continuity and compactness properties than on the classical case. A natural

question to ask is what will happen to those properties if the weight function grows slower

than Gaussian weight. So, the purpose of this thesis is to characterize continuity and com-

pactness of generalized Volterra type integral operators on Fock Sobolev spaces, which is

a typical example of slower growing weight, and analyze these properties of the operators

acting between different Fock type spaces.
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1.3 Objectives of the study

1.3.1 General objectives

The general objective of this study is to describe continuity and compactness properties of

generalized Volterra type integral operators, V(g,ψ), in terms of function theory of inducing

symbol functions g and ψ, acting between Fock Sobolev spaces F(m,p) and F(m,q), for

0 < p, q ≤ ∞.

1.3.2 Specific objectives

The specific objective of this study are:

• To find a necessary and sufficient condition for continuity of generalized Volterra

type integral operators on Fock Sobolev spaces.

• To find a necessary and sufficient condition for generalized Volterra type integral

operators to be compact on Fock Sobolev spaces.

• To find a condition on which both properties continuity and compactness of the

operator are equivalent.

• To compare and analyze properties that the operator shows when it acts between

different Fock type spaces and Fock Sobolev spaces.

1.4 Significance of the study

The result of this study may have the following importance:

• It may be used as a base for any researcher who is interested to study other properties

of generalized Volterra type integral operators on Fock Sobolev spaces.

• It may be applied in the study of linear isometries of spaces of analytic functions

and other area’s of Physics.

• It may help graduate students to acquire research skills and scientific procedures.

1.5 Delimitation of the study

This study was delimited to establishing continuity and compactness properties of gener-

alized Volterra type integral operators on Fock Sobolev spaces.
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Chapter 2

Review of Related Literature

As noted in the introduction, (Pommerenke, 1977) introduced the Volterra type integral

operator which was later generalized to the generalized Volterra type integral operator

by (Li and Stevic, 2008). In the context of Fock spaces, the generalized Volterra type

integral operator was studied by (Mengestie, 2013) and later by (Mengestie and Worku,

2018), which is stated by the following theorem.

Theorem 2.0.1 (Mengestie and Worku, 2018).

Let 0 < p, q ≤ ∞, (g, ψ) be pairs of nonconstant entire functions and

M(g,ψ)(z) :=
|g′(z)|
1 + |z|

e
1
2

(|ψ(z)|2−|z|2).

i) If 0 < p ≤ q ≤ ∞, then V(g,ψ) : Fp → Fq is continuous (respectively, compact) if and

only if the function M(g,ψ) is bounded over C (respectively, lim|z|→∞M(g,ψ)(z) = 0).

ii) If 0 < q < p ≤ ∞, then V(g,ψ) : Fp → Fq is continuous or compact if and only if∫
CM

pq
p−q

(g,ψ)(z) is finite.

In particular, for the case ψ(z) = z, that is, for the Volterra type integral operators

Vg, we have the following simplified form of symbol function g for which the operator is

continuous or compact.

Theorem 2.0.2 (Constantin, 2012 and Mengestie, 2013).

(i) If 0 < p ≤ q ≤ ∞, then Vg : Fp → Fq is continuous (respectively, compact) if and

only if g(z) = az2 + bz + c, a, b, c ∈ C (respectively, g(z) = az + b, a, b ∈ C).

(ii) If 0 < q < p ≤ ∞, then Vg : Fp → Fq is continuous or compact if and only if

g(z) = az + b, a, b ∈ C.

Recently, in 2023, the generalized Volterra type integral was studied by (Mengestie and

Takele, 2023) acting between generalized Fock spaces. We will state it by the following

6



theorem. Define a function M(g,ψ,ϕ) to be

M(g,ψ,ϕ)(z) :=
|g′(z)|

1 + ϕ′(z)
eϕ(ψ(z))−ϕ(z).

Theorem 2.0.3. Let 0 < p ≤ q ≤ ∞ and (g, ψ) be a pair of nonconstant entire functions.

Then

(i) V(g,ψ) : Fpϕ → F qϕ is continuous if and only if


supz∈C(∆ϕ(z))

q−p
pq M(g,ψ,ϕ)(z) <∞, p ≤ q <∞

supz∈C(∆ϕ(z))
1
pM(g,ψ,ϕ)(z) <∞, p < q =∞

supz∈CM(g,ψ,ϕ)(z) <∞, p = q =∞.

(ii) V(g,ψ) : Fpϕ → F qϕ is compact if and only if


lim|z|→∞(∆ϕ(z))

q−p
pq M(g,ψ,ϕ)(z) = 0, p ≤ q <∞

lim|z|→∞(∆ϕ(z))
1
pM(g,ψ,ϕ)(z) = 0, p < q =∞

lim|z|→∞M(g,ψ,ϕ)(z) = 0, p = q =∞.

For the case where the operator maps from Fpϕ to F qϕ with 0 < q < p ≤ ∞, we have the

following.

Theorem 2.0.4. Let 0 < q < p ≤ ∞ and (g, ψ) a pair of nonconstant entire functions.

Then the following are equivalent.

(i) V(g,ψ) : Fpϕ → F
q
Φ is compact.

(ii) V(g,ψ) : Fpϕ → F
q
Φ is continuous.

(iii) The function M(g,ψ,ϕ) ∈ Lr(C, dm), where r =


pq
p−q , p <∞

q, p =∞.
.

The purpose of these thesis was to find analogous characterization of boundedness and

compactness for generalized Volterra type integral operator on Fock-Sobelov spaces.

7



Chapter 3

Methodology of the study

3.1 Study area and Period

The study was conducted in Jimma University department of mathematics under the

functional analysis stream from September, 2023 G.C. to June, 2024 G.C.

3.2 Study design

In this research work we employed analytical method of design.

3.3 Source of information

The relevant sources of information for this study were books and published articles.

3.4 Mathematical Procedure of the study

The mathematical procedure we followed for this research work are the following:

• Providing a sufficient and necessary condition for continuity and compactness of the

generalized Volterra type integral operators on Fock Sobolev spaces.

• Characterizing continuity and compactness of Volterra type integral operator on the

spaces.

• Establishing and proving theorems.

8



Chapter 4

Main results

4.1 Preliminaries

In this section, we give some definitions and theorems which are used for this work.

Let 0 < p ≤ ∞ and 0 < q <∞. Then we call a nonnegative measure µ on C;

(i) a (p, q) Fock-Carleson measure for Fock-Sobolev spaces if∫
C
|f(z)|qe−

q
2
|z|2dµ(z) . ‖f‖q(m,p)

for all f ∈ F(m,p).

(ii) a vanishing (p, q) Fock-Carleson measure for Fock-Sobolev spaces if

lim
j→∞

∫
C
|fj(z)|qe−

q
2
|z|2dµ(z) = 0

whenever fj is a uniformly bounded sequence in F(m,p) that converges to zero on a

compact subsets of C.

In other words, µ is a (p, q) Fock-Carleson measure for Fock-Sobolev space (respec-

tively, a vanishing (p, q) Fock-Carleson measure for Fock-Sobolev space) if and only if

the embedding map Iµ : F(m,p) → Lq(λq) is bounded (respectively, compact), where

dλq(z) = e−
q
2
|z|2dµ(z). These type of measures for Fock-Sobolev spaces have been com-

pletely characterized by (Mengestie, 2015), see Theorem 2.1–2.4, which we stated by the

following two theorems for further use. For this, we define (t, s)-Berezin type integral

transform, t, s > 0, of µ by

µ̃(t,s)(w) =

∫
C

e−
t
2
|z−w|2

(1 + |z|)s
dµ(z).

Shortly, we write Lp for the space Lp(C, dA).

9



Theorem 4.1.1 (Mengestie, 2015). Let 0 < p ≤ q <∞ and µ ≥ 0. Then

(i) µ is a (p, q) Fock-Carleson measure for Fock-Sobolev space if and only if µ̃(t,mq) ∈ L∞

for some (or any) t > 0. Moreover, ‖µ‖q ' ‖µ̃(t,mq)‖L∞.

(ii) µ is a vanishing (p, q) Fock-Carleson measure for Fock-Sobolev space if and only if

µ̃(t,mq) → 0 as |z| → ∞ for some (or any) t > 0.

Theorem 4.1.2 (Mengestie, 2015). Let 0 < q < p ≤ ∞ and µ ≥ 0. Then the following

are equivalent;

(i) µ is a (p, q) Fock-Carleson measure for Fock-Sobolev space.

(ii) µ is a vanishing (p, q) Fock-Carleson measure for Fock-Sobolev space.

(iii) µ̃(t,mq) ∈

L
p
p−q , p <∞

L1, p =∞.
for some (or any) t > 0.

Moreover, ‖µ‖q '

‖µ̃(t,mq)‖
L

p
p−q

, p <∞

‖µ̃(t,mq)‖L1 , p =∞.
.

In (Mengestie, 2015 and 2016), the spaces F(m,p) have been characterized in terms of

Littlewood–Paley type derivative formula and the characterization for the case m = 0 was

given by (Constantin, 2012) for finite p and (Mengestie, 2013) for p is infinite.

Lemma 4.1.3 (Mengestie, 2015 and 2016). For f ∈ F(m,p),

‖f‖(m,p) '


(
|f(0)|p +

∫
C
|f ′(z)|p(1+|z|)mp+p

(1+|z|+||z|2+|z|−m|)p e
−p 1

2
|z|2dA(z)

) 1
p

, p <∞

|f(0)|+ supz∈C
|f ′(z)|(1+|z|)m+1

1+|z|+||z|2+|z|−m|e
− 1

2
|z|2 , p =∞

From Lemma 3 of (Cho and Zhu, 2012), we have the following useful pointwise estimate

in our consideration,

|f(z)| ≤
‖f‖(m,p)

(1 + |z|)m
e

1
2
|z|2 (4.1.1)

for 0 < p ≤ ∞.
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4.2 Main results

In this section we stated and prove our main results. We begin with the following useful

lemma which we may use without mentioning. The lemma can proved following standard

arguments.

Lemma 4.2.1. Let 0 < p, q ≤ ∞ and (g, ψ) be a pair of entire functions. Then V(g,ψ) :

F(m,p) → F(m,q) is compact if and only if ‖V(g,ψ)fk‖(m,q) → 0 as k →∞ for each bounded

sequence of functions (fk)k∈N in F(m,p) converging to zero uniformly on compact subsets

of C as k →∞.

For simplicity, we define

B∞(m,ψ)(|g|)(w) :=
|g′(w)|(1 + |w|)m+1

(1 + |ψ(w)|)m(1 + |w|+ ||w|2 + |w| −m|)
e

1
2

(|ψ(w)|2−|w|2

and

B(m,ψ)(|g|p)(w) :=

∫
C

|kw(ψ(z))|p|g′(z)|p(1 + |z|)mp+pe− p2 |z|2

(1 + |ψ(z)|)mp(1 + |z|+ ||z|2 + |z| −m|)p
dA(z),

where kw(z) = ezw̄ − |w|
2

2
. Now, we may state our first main result.

Theorem 4.2.2. Let 0 < p ≤ q ≤ ∞ and (g, ψ) be a pair of entire functions on C. Then

(i) for q <∞, V(g,ψ) : F(m,p) → F(m,q) is;

(a) bounded (or continuous) if and only if B(m,ψ)(|g|q) ∈ L∞. Moreover,

‖V(g,ψ)‖ ' ‖B(m,ψ)(|g|q)‖
1
q

L∞ .

(b) compact if and only if B(m,ψ)(|g|q)(z) goes to zero as |z| → ∞.

(ii) for q =∞, V(g,ψ) : F(m,p) → F(m,∞) is;

(a) bounded (or continuous) if and only if B∞(m,ψ)(|g|) ∈ L∞. Moreover,

‖V(g,ψ)‖ ' ‖B∞(m,ψ)(|g|)‖L∞ .

(b) compact if and only if B∞(m,ψ)(|g|)(z) goes to zero as |ψ(z)| → ∞.

Proof. (i) An application of Littlewood-Paley type estimate (Lemma 4.1.3), we obtain

‖V(g,ψ)f‖q(m,q) '
∫
C

|f(ψ(z))|q|g′(z)|q(1 + |z|)mq+q

(1 + |z|+ ||z|2 + |z| −m|)q
e−

q
2
|z|2dA(z)

=

∫
C
|f(z)|qdβ(m,q)(z)

11



where β(m,q) is a pull back measure on C defined by

β(m,q)(E) =

∫
ψ−1(E)

|g′(z)|q(1 + |z|)mq+q

(1 + |z|+ ||z|2 + |z| −m|)q
e−

q
2
|z|2dA(z)

for every Borel subset E of C. Let dλ(m,q)(z) = e
q
2
|z|2dβ(m,q)(z). Then

‖V(g,ψ)f‖q(m,q) '
∫
C
|f(z)|qe−

q
2
|z|2dλ(m,q)(z). (4.2.1)

(a) From the above estimate we conclude that V(g,ψ) : F(m,p) → F(m,q) is bounded if and

only if λ(m,q) is a (p, q) Fock-Carleson measure for Fock-Sobolev space. By Theorem 4.1.1

this holds if and only if λ̃(m,q) belongs to L∞. To arrive at the conclusion of the theorem

it is enough to show λ̃(m,q) = B(m,ψ)(|g|q). Substituting back dλ(m,q) and β(m,q) we get

λ̃(m,q)(w) =

∫
C

e−
q
2
|z−w|2

(1 + |z|)mq
dλ(m,q)(z)

=

∫
C

e
q
2
|z|2e−

q
2
|z−w|2

(1 + |z|)mq
dβ(m,q)(z)

=

∫
C

|kw(ψ(z))|q|g′(z)|q(1 + |z|)mq+qe− q2 |z|2

(1 + |ψ(z)|)mq(1 + |z|+ ||z|2 + |z| −m|)q
dA(z)

= B(m,ψ)(|g|q)(w). (4.2.2)

From which the conclusion follows. Moreover, we have the norm estimate

‖V(g,ψ)‖ ' ‖λ̃(m,q)‖
1
q

L∞ = ‖B(m,ψ)(|g|q)‖
1
q

L∞ .

(b) Similarly, the operator V(g,ψ) : F(m,p) → F(m,q) is compact if and only if λ(m,q) is a

vanishing (p, q) Fock-Carleson measure for Fock-Sobolev space and by Theorem 4.1.1 this

holds if and only if λ̃(m,q)(z) goes to zero as |z| → ∞. From estimate 4.2.2, we conclude

that V(g,ψ) is compact if and only if B(m,ψ)(|g|q)(z) goes to zero as |z| → ∞.

(ii) (a) Suppose B∞(m,ψ)(|g|) belongs to L∞. Using Lemma 4.1.3 and the pointwise es-
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timate in 4.1.1,

‖V(g,ψ)f‖(m,∞) ' sup
z∈C

|f(ψ(z))||g′(z)|(1 + |z|)m+1

1 + |z|+ ||z|2 + |z| −m|
e−

1
2
|z|2

≤ sup
z∈C

‖f‖(m,p)|g′(z)|(1 + |z|)m+1

(1 + |ψ(z)|)(1 + |z|+ ||z|2 + |z| −m|)
e

1
2

(|ψ(z)|2−|z|2)

= ‖f‖(m,p) sup
z∈C
B∞(m,ψ)(|g|)(z).

This implies that

‖V(g,ψ)‖ . sup
z∈C
B∞(m,ψ)(|g|)(z) = ‖B∞(m,ψ)(|g|)‖L∞ <∞ (4.2.3)

and hence V(g,ψ) is bounded. To prove the other direction we apply V(g,ψ) to the sequence of

test functions η(m,w)(z) = (1 + |w|)−mkw(z) belonging to all F(m,p) with ‖η(m,w)‖(m,p) . 1,

see Lemma 20 of (Cho and Zhu, 2012).

∞ > ‖V(g,ψ)‖ ≥ ‖V(g,ψ)η(m,w)‖(m,∞)

' sup
z∈C

|η(m,w)(ψ(z))||g′(z)|(1 + |z|)m+1

1 + |z|+ ||z|2 + |z| −m|
e−

1
2
|z|2

≥ |g′(z)|(1 + |z|)m+1

(1 + |w|)m(1 + |z|+ ||z|2 + |z| −m|)
e

1
2

(|ψ(z)|2−|ψ(z)−w|2−|z|2)

for all w and z in C. Setting w = ψ(z) in the above estimate gives

∞ > ‖V(g,ψ)‖ & B∞(m,ψ)(|g|)(z) (4.2.4)

and therefore B∞(m,ψ)(|g|) belongs to L∞. Moreover, from the estimates in 4.2.3 and 4.2.4

we have norm estimate

‖V(g,ψ)‖ ' ‖B∞(m,ψ)(|g|)‖L∞ .

(b) First, suppose V(g,ψ) is compact. Observe that the sequence η(m,w) → 0 as |w| → ∞
uniformly on a compact subsets of C and hence lim sup|w|→∞ ‖V(g,ψ)η(m,w)‖(m,∞) = 0. Now,
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using Lemma 4.1.3 and then putting w = ψ(z)

0 = lim sup
|w|→∞

‖V(g,ψ)η(m,w)‖(m,∞)

' lim sup
|w|→∞

(
sup
z∈C

|η(m,w)(ψ(z))||g′(z)|(1 + |z|)m+1

1 + |z|+ ||z|2 + |z| −m|
e−

1
2
|z|2
)

& lim sup
|ψ(z)|→∞

(
|g′(z)|(1 + |z|)m+1

(1 + |ψ(z)|)m(1 + |z|+ ||z|2 + |z| −m|)
e

1
2

(|ψ(z)|2−|z|2)

)
= lim sup
|ψ(z)|→∞

B∞(m,ψ)(|g|)(z).

Therefore, lim|ψ(z)|→∞ B∞(m,ψ)(|g|)(z) = 0. On the other hand, if lim|ψ(z)|→∞ B∞(m,ψ)(|g|)(z) =

0, then we have the following;

(1) By (i) above, V(g,ψ) is bounded and applying V(g,ψ) to the constant function f(z) = 1,

we have

∞ > ‖V(g,ψ)‖ & ‖V(g,ψ)f‖(m,∞) ' sup
z∈C

|g′(z)|(1 + |z|)m+1

1 + |z|+ ||z|2 + |z| −m|
e−

1
2
|z|2 ' ‖g‖(m,∞)

which implies that g ∈ F(m,∞).

(2) For each ε > 0 there exists N ∈ N such that B∞(m,ψ)(|g|)(z) < ε for all |ψ(z)| > N .

Now, let fj be a sequence of bounded functions in F(m,p) converging to zero uniformly on

a compact subsets of C as j →∞. Then applying Lemma 4.1.3 and the estimate in 4.1.1

together with the above two points,

‖V(g,ψ)fj‖(m,∞) ' sup
z∈C

|fj(ψ(z))||g′(z)|(1 + |z|)m+1

1 + |z|+ ||z|2 + |z| −m|
e−

1
2
|z|2

≤ sup
z:|ψ(z)|≤N

|fj(ψ(z))||g′(z)|(1 + |z|)m+1

1 + |z|+ ||z|2 + |z| −m|
e−

1
2
|z|2

+ sup
z:|ψ(z)|>N

|fj(ψ(z))||g′(z)|(1 + |z|)m+1

1 + |z|+ ||z|2 + |z| −m|
e−

1
2
|z|2

. ‖g‖(m,∞) sup
z:|ψ(z)|≤N

|fj(ψ(z))|

+‖fj‖(m,p) sup
z:|ψ(z)|>N

|g′(z)|(1 + |z|)m+1

(1 + |ψ(z)|)m(1 + |z|+ ||z|2 + |z| −m|)
e

1
2

(|ψ(z)|2−|z|2)

. sup
z:|ψ(z)|≤N

|fj(ψ(z))|+ sup
z:|ψ(z)|>N

B∞(m,ψ)(|g|)(z)

< sup
z:|ψ(z)|≤N

|fj(ψ(z))|+ ε.

Letting ε → 0 and then j → ∞, we get limj→∞ ‖V(g,ψ)fj‖(m,∞) = 0 and therefore the

operator V(g,ψ) is compact.
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For the case 0 < q < p ≤ ∞, we have the following strong condition on which

boundedness (or continuity) and compactness are equivalent.

Theorem 4.2.3. Let 0 < q < p ≤ ∞ and (g, ψ) be a pair of entire functions on C. Then

(i) for p < ∞, V(g,ψ) : F(m,p) → F(m,q) is bounded (or continuous) if and only if it is

compact if and only if B(m,ψ)(|g|q) ∈ L
p
p−q . Moreover,

‖V(g,ψ)‖ ' ‖B(m,ψ)(|g|q)‖
1
q

L
p
p−q

.

(ii) for p = ∞, V(g,ψ) : F(m,∞) → F(m,q) is bounded (or continuous) if and only if it is

compact if and only if B(m,ψ)(|g|q) ∈ L1. Moreover,

‖V(g,ψ)‖ ' ‖B(m,ψ)(|g|q)‖
1
q

L1 .

Proof. (a) From the estimate in 4.2.1 observe that V(g,ψ) is bounded (respectively, com-

pact) if and only if λ(m,q) is a (respectively, vanishing) (p, q) Fock-Carleson measure for

Fock-Sobolev space. By Theorem 4.1.2, the two are equivalent and this holds if and only if

λ̃(m,q) belongs to L
p
p−q . But, from the estimate in 4.2.2 we conclude that V(g,ψ) is bounded

(or compact) if and only if B(m,ψ)(|g|q) belongs to L
p
p−q . Moreover, we have the norm

estimate

‖V(g,ψ)‖ ' ‖λ̃(m,q)‖
1
q

L
p
p−q
' ‖B(m,ψ)(|g|q)‖

1
q

L
p
p−q

.

(b) Similar procedure as above and an application of Theorem 4.1.2 shows that V(g,ψ) is

bounded (or compact) if and only if B(m,ψ)(|g|q) belongs to L1. Moreover,

‖V(g,ψ)‖ ' ‖B(m,ψ)(|g|q)‖
1
q

L1 .

Lemma 4.2.4. Let 0 < p <∞ and (g, ψ) be a pair of nonconstant entire functions. Then

if B∞(m,ψ)(|g|) or B(m,ψ)(|g|p) belongs to L∞, then ψ(z) = amz + bm for some am, bm ∈ C
with |am| ≤ 1.

Proof. First, suppose B∞(m,ψ)(|g|) belongs to L∞. Then,

|g′(z)| . (1 + |ψ(z)|)m(1 + |z|+ ||z|2 + |z| −m|)
(1 + |z|)(m+1)e

1
2

(|ψ(z)|2−|z|2)
.

Since g is nonconstant, we must have |ψ(z)|2 − |z|2 ≤ 0. Therefore, |ψ(z)| ≤ |z| and by

Liouville’s theorem ψ has the form ψ(z) = amz + bm with |am| ≤ 1. On the other hand,
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if B(m,ψ)(|g|p) belongs to L∞, then

B(m,ψ)(|g|p)(w) =

∫
C

|kw(ψ(z))|p|g′(z)|p(1 + |z|)mp+pe− p2 |z|2

(1 + |ψ(z)|)mp(1 + |z|+ ||z|2 + |z| −m|)p
dA(z)

≥
∫
D(ζ,1)

|kw(ψ(z))|p|g′(z)|p(1 + |z|)mp+pe− p2 |z|2

(1 + |ψ(z)|)mp(1 + |z|+ ||z|2 + |z| −m|)p
dA(z)

for all w, ζ ∈ C, where D(ζ, 1) is a disc of center ζ and radius 1. For z ∈ D(ζ, 1), we have

the estimate 1 + |z| ' 1 + |ζ|, 1 + |ψ(z)| ' 1 + |ψ(ζ)| and

1 + |z|+ ||z|2 + |z| −m| ' 1 + |ζ|+ ||ζ|2 + |ζ| −m|.

Using this and subharmonicity of |kw(ψ)g′|, we further estimate the above integral as∫
D(ζ,1)

|kw(ψ(z))|p|g′(z)|p(1 + |z|)mp+pe− p2 |z|2

(1 + |ψ(z)|)mp(1 + |z|+ ||z|2 + |z| −m|)p
dA(z)

'
(

(1 + |ζ|)mp+p

(1 + |ψ(ζ)|)mp(1 + |ζ|+ ||ζ|2 + |ζ| −m|)p

)∫
D(ζ,1)

|kw(ψ(z))|p|g′(z)|pe−
p
2
|z|2dA(z)

&
(1 + |ζ|)mp+p|kw(ψ(ζ))|p|g′(ζ)|pe− p2 |ζ|2

(1 + |ψ(ζ)|)mp(1 + |ζ|+ ||ζ|2 + |ζ| −m|)p
.

Setting w = ψ(ζ), we obtain

B(m,ψ)(|g|p)(ψ(ζ)) &
(
B∞(m,ψ)(|g|)

)p
(ζ) (4.2.5)

and the conclusion follows from boundedness of B∞(m,ψ)(|g|).

Now, we may state our simplified characterization of Theorem 4.2.2 part (i).

Theorem 4.2.5. Let 0 < p ≤ q <∞ and (g, ψ) be a pair of nonconstant entire functions.

Then V(g,ψ) : F(m,p) → F(m,q) is

(a) bounded if and only if B∞(m,ψ)(|g|) belongs to L∞.

(b) compact if and only if B∞(m,ψ)(|g|)(z) goes to zero as |z| → ∞.

Proof. (a) Suppose V(g,ψ) is bounded. Then, by Theorem 4.2.2, B(m,ψ)(|g|q) is uniformly

bounded over C and from the estimate in 4.2.5, B∞(m,ψ)(|g|) is also bounded. On the other

hand, if B∞(m,ψ)(|g|) is uniformly bounded over C, then by Lemma 4.2.4, ψ(z) = amz + bm
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with 0 < |am| ≤ 1, and hence

B(m,ψ)(|g|q)(w) =

∫
C

|kw(ψ(z))|q|g′(z)|q(1 + |z|)mq+qe− q2 |z|2

(1 + |ψ(z)|)mq(1 + |z|+ ||z|2 + |z| −m|)q
dA(z)

≤
(

sup
z∈C

(
B∞(m,ψ)(|g|)

)q
(z)

)∫
C
|kw(ψ(z))|qe−

q
2
|ψ(z)|2dA(z)

=

(
sup
z∈C

(
B∞(m,ψ)(|g|)

)q
(z)

)
1

|am|2

∫
C
|kw(z)|qe−

q
2
|z|2dA(z)

=
1

|am|2
sup
z∈C

(
B∞(m,ψ)(|g|)

)q
(z).

From Theorem 4.2.2 we conclude that the operator V(g,ψ) is bounded.

(b) If the operator V(g,ψ) is compact, then the conclusion easily follows from Theorem 4.2.2

and the estimate in 4.2.5. We will prove the other side. Assume lim|z|→∞ B∞(m,ψ)(|g|)(z) = 0

and therefore B∞(m,ψ)(|g|) is bounded over C. By Lemma 4.2.4, ψ(z) = amz + bm with

0 < |am| ≤ 1, using this we get

B(m,ψ)(|g|q)(w) =

∫
C

|kw(ψ(z))|q|g′(z)|q(1 + |z|)mq+qe− q2 |z|2

(1 + |ψ(z)|)mq(1 + |z|+ ||z|2 + |z| −m|)q
dA(z)

=

∫
|z|≤|w|

(
B∞(m,ψ)(|g|)

)q
(z)|kw(ψ(z))|q

e
q
2
|ψ(z)|2 dA(z) +

∫
|z|>|w|

(
B∞(m,ψ)(|g|)

)q
(z)|kw(ψ(z))|q

e
q
2
|ψ(z)|2 dA(z)

. sup
z:|z|≤|w|

|kw(ψ(z))|q
∫
|z|≤|w|

(
B∞(m,ψ)(|g|)

)q
(z)

e−
q
2
|ψ(z)|2 dA(z)

+

(
sup

z:|z|>|w|

(
B∞(m,ψ)(|g|)

)q
(z)

)∫
|z|>|w|

|kw(ψ(z))|q

e
q
2
|ψ(z)|2 dA(z)

≤
(

sup
z:|z|≤|w|

|kw(ψ(z))|q
)(

sup
z∈C

(
B∞(m,ψ)(|g|)

)q
(z)

)∫
|z|≤|w|

e−
q
2
|ψ(z)|2dA(z)

+
1

|am|2
sup

z:|z|>|w|

(
B∞(m,ψ)(|g|)

)q
(z)

. sup
z:|z|≤|w|

|kw(ψ(z))|q + sup
z:|z|>|w|

(
B∞(m,ψ)(|g|)

)q
(z).

Since kw uniformly converges to zero on a compact subsets of C as |w| → ∞ and

supz:|z|>|w|
(
B∞(m,ψ)(|g|)

)q
(z) goes to zero as |w| → ∞, we have

lim
|w|→∞

B(m,ψ)(|g|q)(w) = 0.

The conclusion follows from Theorem 4.2.2.

In particular, for ψ(z) = z, that is for the Volterra type integral operator Vg, we have

the following corollary of the above theorem.
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Corollary 4.2.6. Let 0 < p ≤ q ≤ ∞ and g is an entire function on C. Then Vg :

F(m,p) → F(m,q) is

(i) bounded if and only if g(z) = az2 + bz + c, for some a, b, c ∈ C.

(ii) compact if and only if g(z) = az + b, for some a, b ∈ C.

Theorem 4.2.7. Let 0 < q < p ≤ ∞ and (g, ψ) be a pair of nonconstant entire functions.

Then

(i) for p <∞, V(g,ψ) : F(m,p) → F(m,q) is bounded if and only if it is compact if and only

if B∞(m,ψ)(|g|) ∈ L
pq
p−q .

(ii) for p = ∞, V(g,ψ) : F(m,∞) → F(m,q) is bounded if and only if it is compact if and

only if B∞(m,ψ)(|g|) ∈ Lq.

Proof. (i) By Theorem 4.2.3, it is enough to show that B(m,ψ)(|g|q) ∈ L
p
p−q if and only

if B∞(m,ψ)(|g|) ∈ L
pq
p−q . First we suppose that B(m,ψ)(|g|q) ∈ L

p
p−q and proceed to show

B∞(m,ψ)(|g|) ∈ L
pq
p−q . Then, using the estimate in 4.2.5 and Lemma 4.2.4, that is ψ(z) =

amz + bm for some am, bm ∈ C with 0 < |am| ≤ 1, we get∫
C

(
B∞(m,ψ)(|g|)

) pq
p−q (z)dA(z) .

∫
C
B

p
p−q
(m,ψ)(|g|

q)(ψ(z))dA(z)

=
1

|am|2

∫
C
B

p
p−q
(m,ψ)(|g|

q)(z)dA(z) <∞.

On the other hand, if B∞(m,ψ)(|g|) ∈ L
pq
p−q , then applying Hölder’s inequality,

B
p
p−q
(m,ψ)(|g|

q)(w) =

(∫
C

|kw(ψ(z))|q|g′(z)|q(1 + |z|)mq+qe−
q|z|2

2

(1 + |ψ(z)|)mq(1 + |z|+ ||z|2 + |z| −m|)q
dA(z)

) p
p−q

≤
∫
C

|kw(ψ(z))|q|g′(z)|
pq
p−q (1 + |z|)(m+1) pq

p−q

(1 + |ψ(z)|)
mpq
p−q (1 + |z|+ ||z|2 + |z| −m|)

pq
p−q

e−
pq|z|2
2(p−q) e

q
2

( p
p−q−1)|ψ(z)|2dA(z)

×
(∫

C
|kw(ψ(z))|qe−

q|ψ(z)|2
2 dA(z)

) q
p−q

.
∫
C

|kw(ψ(z))|q|g′(z)|
pq
p−q (1 + |z|)(m+1) pq

p−q

(1 + |ψ(z)|)
mpq
p−q (1 + |z|+ ||z|2 + |z| −m|)

pq
p−q

e−
pq|z|2
2(p−q) e

q
2

( p
p−q−1)|ψ(z)|2dA(z).

Making use of the above estimate, Fubini’s Theorem and the fact that∫
C
|Kw(z)|qe−

q
2
|z|2dA(z) = e

q
2
|w|2 ,
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we get∫
C
B

p
p−q
(m,ψ)(|g|

q)(w)dA(w) .∫
C

∫
C

|kw(ψ(z))|q|g′(z)|
pq
p−q (1 + |z|)(m+1) pq

p−q

(1 + |ψ(z)|)
mpq
p−q (1 + |z|+ ||z|2 + |z| −m|)

pq
p−q

e−
pq|z|2
2(p−q) e

q
2

( p
p−q−1)|ψ(z)|2dA(z)dA(w)

=

∫
C

|g′(z)|
pq
p−q (1 + |z|)(m+1) pq

p−q e−
pq|z|2
2(p−q)+ q

2
( p
p−q−1)|ψ(z)|2

(1 + |ψ(z)|)
mpq
p−q (1 + |z|+ ||z|2 + |z| −m|)

pq
p−q

∫
C

|Kψ(z)(w)|q

e
q|w|2

2

dA(w)dA(z)

=

∫
C

|g′(z)|
pq
p−q (1 + |z|)(m+1) pq

p−q e−
pq

2(p−q) (|ψ(z)|2−|z|2)

(1 + |ψ(z)|)
mpq
p−q (1 + |z|+ ||z|2 + |z| −m|)

pq
p−q

dA(z)

=

∫
C

(
B∞(m,ψ)(|g|)

) pq
p−q (z)dA(z) <∞.

From which we conclude that B(m,ψ)(|g|q) ∈ L
p
p−q .

(ii) By Theorem 4.2.3, we plan to show that, B(m,ψ)(|g|q) ∈ L1 implies B∞(m,ψ)(|g|) be-

longs to Lq and B∞(m,ψ)(|g|) ∈ Lq intern implies boundedness of the operator. But, if

B(m,ψ)(|g|q) ∈ L1, then similar procedure as in the above proof shows that B∞(m,ψ)(|g|)
belongs to Lq. On the other hand, if B∞(m,ψ)(|g|) belongs to Lq, then applying Lemma

4.1.3 and Lemma 4.2.4,

‖V(g,ψ)f‖(m,q) '
∫
C

|f(ψ(z))|q|g′(z)|q(1 + |z|)mq+q

(1 + |z|+ ||z|2 + |z| −m|)q
e−

q
2
|z|2dA(z)

≤ sup
z∈C

(
|f(ψ(z))|qe−

q
2
|ψ(z)|2) ∫

C

|g′(z)|q(1 + |z|)mq+q

(1 + |z|+ ||z|2 + |z| −m|)q
e
q
2

(|ψ(z)|2−|z|2)dA(z)

= ‖f‖(m,∞)

∫
C

(
B∞(m,ψ)(|g|)

)q
(z)dA(z),

which implies that

‖V(g,ψ)‖ .
∫
C

(
B∞(m,ψ)(|g|)

)q
(z)dA(z) <∞.

Therefore, V(g,ψ) is bounded.

Similarly, for ψ(z) = z, from the above theorem we obtain the following corollary.

Corollary 4.2.8. Let 0 < q < p ≤ ∞ and g be an entire function on C. Then

(i) for p <∞, Vg : F(m,p) → F(m,q) is bounded if and only if it is compact if and only if

g(z) = az + b whenever q
2
> p−q

p
, and g is constant otherwise.

(ii) for p = ∞, Vg : F(m,∞) → F(m,q) is bounded if and only if it is compact if and only

if g(z) = az + b whenever q > 2, and g is constant otherwise.
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Comparing our results for m 6= 0, and Theorem 2.0.1, we conclude that the operator

has similar bounded and compact structure as in the classical Fock spaces case. In fact

we have the following proposition.

Proposition 4.2.9. Let 0 < p, q ≤ ∞, m be a positive integer, and (g, ψ) be a pair

of nonconstant entire functions. Then V(g,ψ) : F(m,∞) → F(m,q) is bounded (respectively,

compact) if and only if V(g,ψ) : Fp → Fq is bounded (respectively, compact).

Proof. Suppose V(g,ψ) : F(m,p) → F(m,q) is bounded. Then B∞(m,ψ)(|g|) is bounded, and

hence 1 + |ψ(z)| ≤ 1 + |z|. Using this and the inequality,

1 + |z|+ ||z|2 + |z| −m| ≤ (1 + |z|)2,

we get

M(g,ψ)(z) ≤ B∞(m,ψ)(|g|)(z).

From this, the above theorems and Theorem 2.0.1, we conclude that V(g,ψ) : Fp → Fq is

also bounded.

On the other hand, if V(g,ψ) : Fp → Fq is also bounded, then M(g,ψ) is bounded, and by

Lemma 4.2.4, ψ(z) = az + b for some a, b ∈ C. Thus, the function,

(1 + |z|)m+2

(1 + |ψ(z)|)m(1 + |z|+ ||z|2 + |z| −m|)

is bounded. From which, we obtain the following estimate,

B∞(m,ψ)(|g|)(z) .M(g,ψ)(z).

This together with the above theorems, and Theorem 2.0.1 imply that V(g,ψ) : F(m,p) →
F(m,q) is bounded.

The compactness case follows from similar procedures as above.
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Chapter 5

Conclusion and future scope

5.1 Conclusion

This thesis includes a number of results, which characterizes bounded and compact prop-

erties of generalized Volterra type integral operators on Fock-Sobelov spaces. Our results

are new and simple to apply when compared with Brezin type integral transform charac-

terization. Moreover, our result extends and generalizes some previously obtained results

for this class of operators. In particular, the results in Theorem 4.2.5 and 4.2.7 general-

izes the results in (Mengestie, 2016) and (Mengestie, 2017) from Volterra type integral

operators into generalized Volterra type integral operators, and extends the results in

(Mengestie and Worku, 2018) from Fock spaces into Fock-Sobelov spaces.

5.2 Future scope

The study of different properties of generalized Volterra type integral operators acting

between different spaces of analytic functions is an active area of research. So, any

interested researchers can use this opportunity and conduct their research work in this

area.
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