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Abstract

In this thesis we introduced an iterative algorithm for solving split equality fixed
point problem of a finite family of pseudo-pseudo contractive mappings in Hilbert
space and proved the strong convergence of a sequence generated by proposed al-
gorithm to a solution of the problem in Hilbert spaces provided that the mappings
are uniformly continuous. Finally, we applied our main results to solve fixed point
equality problem. Our results extended and generalized many results in the litera-
ture
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Acronym

Throughout this research, we denotes the following.

• H is real Hilbert space.

• C is nonempty close and convex subset of Hilbert space.

• ‖.‖ is the norm space.

• 〈., .〉 is the inner product space.

• SEP is a split equality problem.

• SEPFPP is a split equality problem fixed point problem.
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Chapter 1

Introduction
1.1 Background of the study

The theory of non-linear functional analysis is a rich and fascinating area of research
that has applications in engineering, computer science, mathematical sciences, and
social sciences. Fixed point techniques have been widely used in various fields
such as science, economics, and engineering. Many authors have developed itera-
tive algorithms for approximating fixed points of mappings, including Mann (1953),
Berinde (2007), Browder (1968), Khan (2008), and Krasnoselskii (1955).

Authors have also introduced hybrid Mann and hybrid Ishikawa algorithms for
obtaining strong convergence of sequences to fixed points of Lipschitz pseudo-
contractive mappings, as seen in the works of Liu et al. (2011) and Marino et
al. (2009). In 2020, Zegeye and Wega introduced a new class of mappings, pseudo-
pseudo contrastive, and established an iterative algorithm that strongly converges
to fixed points of pseudo-pseudo contrastive mappings, assuming the mapping T is
uniformly continuously sequentially weakly continuous. Researchers have studied
various algorithms for approximating solutions of the Split Equality Fixed Point
Problem (SEFPP) for non-linear mappings in Hilbert spaces, such as in the works
of Moudafi (2014), Zhao (2014), Chang et al. (2015), Boikanyo. O.A (2019), and
Wega (2022). The SEFPP was first introduced by Moudafi in 2014 and mathemati-
cally formulated as finding x and y with the property.

In 2015, Zhao introduced an iterative process for quasi-non-expansive mappings,
proving convergence under certain assumptions without prior knowledge of norms.
Similarly, Chang et al. in 2015 introduced an iterative process for quasi-pseudo
contrastive mappings, establishing weak convergence to a solution of the SEFPP.

Motivated by previous works, this thesis aims to introduce a new iterative algorithm
for approximating solutions of SEFPP for pseudo-pseudo contrastive mappings in
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Hilbert spaces and includes an application to convex minimization problems. Our
results extend and generalize existing literature.

Inspired and motivated by the above research works the purpose of this thesis is
to introduce a new iterative algorithm for approximating a common solution of the
sum of two monotone mappings and fixed point problem a pseudo-pseudo contrac-
tive mapping in Hilbert spaces. Moreover, we give an application to the convex
minimization problem. Our results extend and generalize many results in the liter-
ature.

Now, we recall some definitions that the researcher will need in the following se-
quel.

Definition 1.1.1 Let T : C −→ H be mapping,

i) T is called L− Lipschitz mapping with Lipschtz constant L > 0 if

||T x−Ty|| ≤ L||x− y||

for all x,y ∈C. If 0≤ L < 1, then T is called contraction. If L = 1, then T is

called nonexpansive.

ii) T is called pseudocontractive mapping if for all x,y ∈C we have that

〈 x− y , T x−Ty〉 ≤ ||x− y||2.

iii) T is called to be α−strictly pseudocontractive mapping, if there exists a con-

stant α > 0 such that for all x,y ∈C,

〈 x− y , T x−Ty〉 ≤ ||x− y||2−α||(x− y)− (T x−Ty)||2.

iv) T is called T : C−→H is said to be pseudo-pseudocontractive mapping pro-

vided that for each x,y ∈C, we have:

〈 x−T x,y− x〉 ≥ 0 implies 〈 y−Ty,y− x〉.
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We remark that the class pseudo-pseudocontractive mappings are more general

than the classes of mappings mentioned in (i)-(iii) above.

Definition 1.1.2 The operator T is called sequentially weakly continuous if for

each sequence xn,we have xn converges weakly to x implies T xn converges to T x.

Now, we recall some notions and definitions that we will need in our work. Through-
out this research, (VIP) denotes for variational inequality problem, (SEP) denotes
the split equality problem, (SEVIP) denotes for split equality variational inequality
problem, H denotes a Hilbert space and C denotes closed, nonempty and convex
subset of a Hilbert space.

Now, we recall some definitions that the researcher will need in the following se-
quel.

Definition 1.1.3 Let T : C −→ H be mapping,

i) T is called monotone mapping provided that for each x,y ∈C, we have:

〈 T x−Ty,y− x〉 ≥ 0.

ii) T is called is said to be pseudomonotone mapping provided that for each

x,y ∈C, we have:

〈 T x,y− x〉 ≥ 0 implies 〈 Ty,y− x〉 ≥ 0.

We remark that the class pseudomonotone mappings are more general than the

class of monotone mappings.

1.2 Statements of the Problem

In previous years, various iterative methods have been proposed to address split
equality fixed point problems in Hilbert Spaces for different classes of mappings.
Recently, Boikanyo (2019) introduced an iterative method for quasi-pseudo-contractive
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mappings that demonstrates strong convergence to a solution of the split equality
fixed point problem. Additionally, Wega (2022) developed an iterative algorithm to
approximate a solution of the SEFPP for pseudocontractive mappings and proved
the strong convergence of the sequence generated by this method to a solution in
Hilbert spaces. However, a scheme that achieves strong convergence to a solution
of the split equality fixed point problem for pseudo-pseudo contractive mappings
in real Hilbert spaces has not yet been explored. Inspired and motivated by the
research works of Boikanyo (2019), Wega (2022), we investigated a new itera-
tive scheme for solving the split equality fixed point problem of a finite family of
pseudo-pseudo-contractive mappings in Hilbert spaces.
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1.3 Objectives of the Study

1.3.1 General Objective

The general objective of this thesis was to study iterative algorithms for solving the
split equality fixed point problem of a finite family of pseudo-pseudo-contractive
mappings in Hilbert spaces.

1.3.2 Specific Objectives

The specific objectives of this thesis is to:

• investigate an iterative algorithm for solving the split equality fixed point
problem of a finite family of pseudo-pseudo-contractive mappings in Hilbert
spaces.

• prove the sequence generated by the proposed algorithm is bounded in Hilbert
spaces.

• apply our main result to solve the fixed point equality problems.

5



1.4 Significance of the Study

The outcome of this study have the following importance:

• It may generalize the study of the class of mapping into more general classes
of mapping.

• It generalized the study fixed points of pseudocontractive mappings in Hilbert
spaces.

• Approximation of a solution of an iterative algorithm for solving the split
equality problem of a finite family of pseudo-pseudo-contractive mappings
in Hilbert spaces.

• It may provide some background information for other researchers who want
to conduct a research on related topics.

1.5 Delimitation of the Study

This study was delimited to study iterative algorithms for solving the split equality
fixed point problem of a finite family of pseudo-pseudo-contractive mappings in
Hilbert spaces.
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Chapter 2

Review of Related Literatures
The split equality monotone inclusion problem (SEMIP) studied by Moudafi, (2014)
is formulated as the problem of finding p and q with the property:

p ∈C,q ∈ D,such thatAp = Bq, (2.1)

where C and D are closed and convex subsets of H1 and H2, respectively, S : H1→
H1 and T : H2 → H2 are nonlinear maps and A : H1 → H3 and B : H2 → H3 are
bounded linear operators. This problem has received much attention of researchers
due to its applications in many disciplines. This kind of problem allows asymmet-
ric and partial relations between the variables x and y. There are a vast number of
applications of the SEFP in many fields such as phase retrieval, medical image re-
construction, game theory, decomposition methods for PDEs, applications in game
theory, and intensity-modulated radiation therapy treatment planning. As a result
of the broad spectrum of its applications, there has been various research output
for approximating solutions of the SEFP. Note that each nonempty, closed and con-
vex subset of a Hilbert space in (2.1) can be regarded as a set of solutions of the
variational inequality problem and hence we obtain the split equality variational
inequality problem (SEVIP) which consists of finding two points,

p ∈V I(C,T ),q ∈V I(D,S)such thatAp = Bq, (2.2)

where T : C→ H1 and S : D→ H2, be nonlinear mappings. The Fixed point the-
ory is attracted many authors’ attention due to its extraordinary utility and broad
applicability in many areas of applied mathematics (most notably, inverse problems
which arise from phase retrievals and in medical image reconstruction.

Fixed point results give conditions under mappings of fixed point theory in which
the desired iterative method converges to the solution. In the last one century the
theory of fixed point has been reached as a powerful and important tool in the study
of nonlinear problems. Banach (1922), introduced an iterative algorithm called Pi-

7



card iteration for the class of contraction mappings and given by:

x0 ∈C,xn+1 = T xn, n≥ 0. (2.3)

The sequence generated by algorithm converges strongly to a unique fixed point of
contraction mapping. However, this method in general failed to converge if T is
not a contraction mapping. As a result many researchers introduced different types
of algorithms for approximating fixed points mappings in Hilbert spaces (see, e.g.,
Mann (1953), Halpern (1964), Ishikawa (1974)). For approximating a fixed point
of Mann introduced an iterative algorithm called Mann iteration Mann (1954), for
approximating fixed points of nonexpansive mappings and it is given by

x0 ∈C,xn+1 = (1−αn)xn +αnT xn, for n≥ 0, (2.4)

where {α} is a real sequence in the interval (0,1) satisfying certain conditions.
However, it is worth mentioning that the sequence generated by this scheme does
not always converge strongly to a fixed point of nonexpansive mapping T . To obtain
strong convergence of this method to a fixed point of T one has to impose compact-
ness assumption on C (see, e.g., Chidume (1981), Kirk (1981)). Halpern (1964)
introduced an iterative scheme called Halpern-iteration and it is given by

u, x0 ∈C, xn+1 = αnu+(1−αn)T xn, n≤ 1. (2.5)

He proved that the sequence generated by algorithm (2.5) converges to a fixed point
of nonexpansive mapping T . Ishikawa (1974), construct an iterative scheme called
Ishikawa-iteration for approximating fixed points of the class of pseudocontractive
mappings which is more general than the class of nonexpansive mapping and the
scheme is given by

x0 ∈C, yn = (1−βn)xn +(1−βn)T xn,

xn+1 = (1−αn)xn +αnTyn for n≥ 0. (2.6)

Where {βn} and {αn} are real sequences in the interval (0,1) satisfying certain
conditions. He proved that the sequence generated by algorithm (2.6) converges
strongly to a fixed point T provided that T is Lipschitz pseudocontractive mapping
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and C is a compact convex subset of a Hilbert space H.

We note that several authors have also established different iterative algorithms
for approximating a common fixed point of a finite family of nonlinear mappings
(see, e.g., Bauschke (1996), Zhou (2008), Daman and Zegeye (2012)).

In 1996, Bauschke (1996) introduced a Halpern type algorithm for approximating
a common fixed point for a finite family of nonexpansive mappings and proved that
the sequence generated by his method converges strongly to a common fixed point
of a finite family of nonexpansive mappings in Hilbert spaces.

In 2008, Zhou (2008) studied an iterative algorithm for approximating a common
fixed point of a finite family of pseudocontractive mappings and proved the se-
quence generated by their method converges weakly to a common fixed point of a
finite family of pseudocontractive mappings in Hilbert spaces.

In 2012, Daman and Zegeye (2012) established and proved strong convergence of
Halpern-Ishikawa iterative methods to a common fixed points of a finite family of
Lipschitz pseudocontractive mappings in Hilbert spaces.

Recently, Zegeye and Wega introduced an iterative algorithm for a finite family
of Lipschitz pseudocontractive mappings and proved strong convergence of a se-
quence generated by their method converges strongly to a common fixed point of a
finite family of Lipschitz pseudocontractive mappings in Hilbert spaces.
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2.1 Preliminaries

First we recall some known definitions, Lemmas and Theorems which are used
in our subsequent analysis and recall some properties of the projection. Let C be
a nonempty closed and convex of a Hilbert space H. for x ∈ H, the projection
mapping Pc : H→C is defined by

‖Pcx− x‖= in fy∈c‖x− y‖, (2.7)

hence, Pc satisfies: ‖Pcx−Pcy‖2 ≤ 〈Pcx−Pcy,x− y〉, for all x,y ∈ H.

Lemma 2.1.1 For all x,y ∈ H, it is known that the following inequality hold.

i) ‖x+ y‖ ≤ ‖x‖+‖y‖

ii) ‖x+ y‖2 +‖x− y‖2 = 2(‖x‖2 +‖y‖2)

iii) ‖x− y‖2 = ‖x‖2−‖y‖2−2〈x− y,y〉

iv) ‖x+ y‖2 = ‖x‖2 +2〈x+ y,y〉

Lemma 2.1.2 (Xu, 2002). Let {αn} be a sequence of nonnegative real numbers

that satisfying the following relation:

an+1≤ (1−αn)an+αnγn for n≥ n0 where {αn}⊆ (0,1) and {γn}⊆R, satisfies limx→∞αn = 0,

∞

∑
n=1

αn = ∞, and lim supn→∞γn ≤ 0. Then limn→∞an = 0.

Lemma 2.1.3 (Albert,1996). Let C be complex subset of a real Hilbert space H

and let x ∈ H, then

x0 = Pcx if and only if 〈z− x0,x− x0〉 ≤ 0, for every z ∈C.

Lemma 2.1.4 (Zegeye and Shahzad). Let H be a real Hilbert space. Then for all

xi ∈ H andαi ∈ [0,1] for i = 1,2,3, ...n, such that α1 +α2 +α3 + ...+αn = 1, then

the following holds

‖α0x0 +α1x1 + ...+αnxn‖2 = ∑
n
i=0 αi‖xi‖2−∑0≤i, j≤n αiα j‖xi− x j‖2.
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Lemma 2.1.5 ( Mainge, 2008). Let {an}, be sequence of real numbers such that

there exists a subsequence {ni} of {n} such that αni < αni+1, for i ∈ N..Then there

exists a non decreasing sequence {mk} ⊂ N,, such that mk → ∞,and the following

properties are satisfied for numbers k ∈ N:

αmk ≤ αmk+1 in fact mk = max{ j ≤ k : α j ≤ α j+1}.

Lemma 2.1.6 ( He,2006). Let C, be a nonempty, closed and convex subset of H

Let r(x), be a real valued function on H and defined K := {x ∈ C : r(x) ≤ 0}.
If K, is nonempty and r is L-Lipshitz continuous with L > 0, then ||PKx− x|| ≥
1
L max{r(x),0}, for x ∈C.
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Chapter 3

Methodology
In this section, the study area and period, mathematical study design, source of
information and mathematical procedures will be presented.

3.1 Study Area and Period

The study was conducted at Jimma University under the Department of Mathemat-
ics from January 2024 G.C. to June 2024 G.C and conceptually the study focused on
studying study iterative algorithms for solving the split equality fixed point problem
of a finite family of pseudo-pseudo-contractive mappings in Hilbert spaces.

3.2 Study Design

In order to achieve the objectives of this study was employ analytical methods of
designing.

3.3 Sources of Information

The relevant sources of information for this study will be published articles, books
of different mathematics that are related to our research topic.
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3.4 Methodology

In this thesis, we were follow the standard mathematical procedures given below:

• Establishing an iterative algorithm and constructing theorems for solving
the split equality fixed point problem of a finite family of pseudo-pseudo-
contractive mappings in Hilbert spaces.

• Proving strong convergence of the sequence proposed by the method to a
solution of split equality fixed point problem of a finite family of pseudo-
pseudo-contractive mappings in Hilbert spaces.

• Applying our main result to convex solve fixed point equality problems.
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Chapter 4

Main Results
In this section we introduce an iterative algorithm for solving the split equality fixed
point problem of a finite family of pseudo-pseudo-contractive mappings in Hilbert
spaces.

In this section, we shall make use of the following assumptions:
Assumption 1:

A1: Let T1,T2 : H1 → H1 and S2,S2 : H2 → H2 be uniformly continuous pseu-
domonotone mappings on bounded subset of H1 and H2, respectively.

A2: Let Ω := {(p,q) ∈H1×H2 : p ∈ F(T1)∩F(T2),q ∈ F(S1)∩F(S2) and Ap =

Bq} 6= /0, where A : H1→ H3 and B : H2→ H3 are bounded linear mappings
with adjoints A∗ and B∗, respectively.

A3: Let ι ∈ (0,1),µ > 0 and δ ∈ [δ , δ̄ ]⊂ (0, 1
µ
)

A4: Let {αn} ⊂ (0,ε) for some constant real number ε > 0 be a real sequence
such that,

limn→∞αn = 0, and
∞

∑
n=1

αn = ∞.

A5: Let g1 : H1 ×H1 → H1 ×H1 and g2 : H2 ×H2 → H2 ×H2 be contraction
mappings with constants α1,α2 ∈ (0, 1√

2
), respectively and we denote α =

max{α1,α2}.

A6 : Let the sequence γn satisfies

0 < ξ ≤ γn ≤
||Axn−Btn||2

||A∗(Axn−Btn)||2 + ||B∗(Btn−Axn)||2
, f or n ∈ ϒ

otherwise, γn = γ > 0, such that the indexes ϒ = {n ∈ N : Axn−Btn 6= 0}.
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Algorithm 1: For arbitrary (x0, t0)∈H1×H2, define an iterative algorithm
by

Step 1. Compute{
zi,n = (1−δ )xn +δTixn and di(xn) = xn− zi,n, for i = 1,2,
ui,n = (1−δ )xn +δSixn and di(tn) = tn−ui,n, for i = 1,2.

(4.1)

Step 2. Compute {
yi,n = xn−ϒi,nd(xn), for i = 1,2.
vi,n = tn−ϒ′i,nd(tn), for i = 1,2.,

(4.2)

where, ϒi,n = ι ji,n such that ji,n is the smallest nonnegative integer ji
satisfying

〈ι j,i(di(xn))+Ti(xn− ι
j,idi(xn))−Tixn,d‘i(xn)〉 ≤ µ‖di(xn)‖2,

and ϒ ′n = ι
j′i,n such that j′i,n is the smallest nonnegative integer j′i satisfying

〈ι j′,id′i(tn)+Si(tn− ι
j′,id′i(tn))−Sitn,d′i(tn)〉 ≤ µ‖d′i(tn)‖2.

Step 3. Compute 
an = PCi,n(xn− γnA∗(Axn−Btn),
bn = PDi,n(tn− γnB∗(Btn−Axn),

wn = θnan +βn p1,n +ηn p2,n,

rn = θnbn +βnq1,n +ηnq2,n

(4.3)

where Ci,n = {x ∈ H : hi,n = 〈yi,n−Tiyi,n,x− yi,n〉 ≤ 0},
Di,n = {t ∈ H : ei,n = 〈vi,n−Sivi,n, t− vi,n〉 ≤ 0} and
{θn},{βn},{ηn} ⊂ [ρ,1) for ρ > 0 such that βn +θn +ηn = 1 for all n≥ 0
and pi,n = PCi,nxn, qi,n = PDi,ntn for i = 1,2.

Step 4. Compute {
xn+1 = αng1(xn)+(1−αn)wn,

tn+1 = αng2(tn)+(1−αn)rn.
(4.4)

Step 5. Set n := n+1 and go to Step 1.
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Remark 4.1 Note that if we have d(xn) = d′(xn) = 0 for some n ∈ N, then we

get, xn ∈ Ω = F(Ti)∩F(Si), since we have d(xn) = xn− zn = 0 implies that, xn =

(1−δ )xn +δTixn which gives us, δ (Tixn−xn) = 0, and hence Tixn = xn. Similarly,

d′(tn)− tn− un = 0, implies, Sitn = tn. Thus, (xn, tn) ∈ Ω. For the rest of the study

we consider only the case that this equality does not hold.

Lemma 4.0.1 Suppose that the assumption A3 − A2 hold, and {xn},{yn},{zn},
{un},{vn} are sequences, generated by Algorithm 1.Then the search rules in step

two are well defined.

Proof: Since ι ∈ (0,1), Ti and Si are uniformly continuous on H, We have

〈ι j(d(xn)+Ti(xn− ι
jd(xn))−Tixn,d(xn)〉 → 0 as j→ ∞,

and
〈ι j′(d′(xn)+Si(xn− ι

j′d′(xn))−Sixn,d′(xn)〉 → 0 as j′→ ∞.

Moreover, since ‖d(xn)‖ > 0 and ‖d′(xn)‖ > 0 there exist a non-negative integers
jn and j′n , satisfying the inequalities in Step 2. 2

Lemma 4.0.2 Suppose that the assumption A1−A3 hold. If {xn},{yn},{zn},{un},{vn}
are sequences generated by Algorithm 1 then, 〈xn−Tixn,d(xn)〉= 1

δ
‖d(xn)‖2 and

〈xn−Sixn,d(xn)〉=
1
δ
‖d′(xn)‖2 (4.5)

Proof: From equations (4.1), we have, zn = (1−δ )xn +δTixn which gives us, zn−
xn = δ (Tixn− xn) and hence

zn− xn

δ
= Tixn− xn (4.6)

Thus, from the fact that d(xn) = xn− zn, we get

〈xn−Tixn,d(xn)〉 = 〈xn− zn

δ
,xn− xn〉

=
1
δ
〈xn− zn,xn− zn〉

=
1
δ
‖xn− zn‖2 (4.7)
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Similarly, we get

〈tn−Sitn,d′(tn)〉=
1
δ
‖tn−un‖2. (4.8)

2

Lemma 4.0.3 Suppose the assumptions A1−A3 holds. Let p ∈ Ω, let hn(xn) =

〈yn−Tiyn,xn−yn〉, and let en,i(tn)= 〈y= vn−Sivn, tn−vn〉. Then, hn,i(p)≤ 0, en,i(p)≤
0, hn,i(xn)≥ ϒn(

1
δ
−µ)‖d(xn)‖2, and en,i(tn)≥ ϒ′n(

1
δ
−µ)‖d′(tn)‖2 In particular,

if d(xn) 6= 0 and d′(tn) 6= 0, then h(xn)> 0 and g(tn)> 0.

Proof: For the fact that (p,q) ∈Ω, we have

〈p−Ti p,yn− p〉 ≥ 0. (4.9)

This inequality and the fact that Ti is pseudo-pseudocontractive mapping, we obtain

hn,i(p) = 〈yn−Tiyn,yn− p〉 ≥ 0,

which gives us,
hn,i(p) = 〈yn−Tiyn, p− yn〉 ≤ .0

In addition, from Step 2, of Algorithm 1, we have,

hn,i(xn) = 〈yn−Tiyn,xn− yn〉

= 〈yn−Tiyn,xn− (xn−ϒnd(xn)〉

= 〈yn−Tiyn,d(xn)〉

Furthermore, from the inequalities in Step 2, we have,

〈xn− yn +Tiyn−Tixn,d(xn)〉 ≤ µ‖d(xn)‖2,

which implies

〈yn−Tiyn,d(xn)〉 ≥ 〈xn−Tiyn,d(xn)〉−µ‖d(xn)‖2 (4.10)
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From Lemma 4.0.2 and inequality above, we obtain

〈yn−Tiyn,d(xn)〉 ≥ (
1
δ
−µ)‖d(xn)‖2 (4.11)

By combining (4.10) and (4.11), we obtain,

hn,i(xn)≥ ϒn(
1
δ
−µ)‖d(xn)‖2.

Similarly, we obtain,

en,i(tn)≥ ϒ
′
n(

1
δ
−µ)‖d′(tn)‖2.

2

Theorem 4.0.4 Suppose the assumptions A1−A4 hold. Then, the sequence {(xn, tn)},
generated by the Algorithm 1 is bounded in Hilbert space, C×D.

Proof: Now, from Lemma 2.1.4, we get

‖wn− p‖2 = ‖θnan +βn p1,n +ηn p2,n− p‖2

= ‖θn(an− p)+βn(PC1,nxn− p)+βn(PC2,nxn− p)‖2

≤ θn‖an− p‖2 +βn‖PC1,nxn− p‖2 +ηn‖PC2,nxn− p‖2

≤ θn‖an− p‖2 +βn[‖xn− p‖2−||PC1,nxn− xn||2]

+ηn[‖xn− p‖2−||PC2,nxn− xn||2]. (4.12)

Similarly, we obtain

‖rn−q‖2 ≤ θn‖bn− p‖2 +βn[‖tn−q‖2−||PD1,ntn− tn||2]

+ηn[‖tn−q‖2−||PD2,ntn− tn||2]. (4.13)
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Thus, by adding inequalities (4.12) and (4.13), we get

‖wn− p‖2 +‖rn−q‖2 ≤ θn[‖an− p‖2 +‖bn− p‖2]

+βn[‖xn− p‖2−||PC1,nxn− xn||2]

+ηn[‖xn− p‖2−||PC2,nxn− xn||2]

+βn[‖tn−q‖2−||PD1,ntn− tn||2]

+ηn[‖tn−q‖2−||PD2,ntn− tn||2]. (4.14)

In addition from (4.3), we obtain

‖an− p‖2 = ||PC(xn− γnA∗(Axn−Btn)− p||2

≤ ||xn− γnA∗(Axn−Btn||2−||an− (xn− γnA∗(Axn−Btn)||2

≤ ||xn− p||2 + γ
2
n ||A∗(Axn−Btn)||2− γn||Axn−Btn||2

−||xn−an− γnA∗(Axn−Btn)||2. (4.15)

Similarly, we get

‖bn−q‖2 ≤ ||tn−q||2 + γ
2
n ||B∗(Btn−Axn)||2− γn||Axn−Btn||2

−||tn−bn− γnB∗(Btn−Axn)||2. (4.16)

By adding inequalities (4.15) and (4.16), we get

‖an− p‖2 +‖bn−q‖2 ≤ ||xn− p||2 + ||tn−q||2

+γ
2
n [||A∗(Axn−Btn)||2 + ||B∗(Btn−Axn)||2]

−2γn||Axn−Btn||2−||xn−an− γnA∗(Axn−Btn)||2

−||tn−bn− γnB∗(Btn−Axn)||2. (4.17)

Moreover, (4.17) and (A6), we obtain

‖an− p‖2 +‖bn−q‖2 ≤ ||xn− p||2 + ||tn−q||2− γn||Axn−Btn||2

−||xn−an− γnA∗(Axn−Btn)||2

−||tn−bn− γnB∗(Btn−Axn)||2. (4.18)
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Now, by substituting (4.18) in (4.14), we get

‖wn− p‖2 +‖rn−q‖2 ≤ ‖xn− p‖2 +‖tn− p‖2

−βn[||PC1,nxn− xn||2 + ||PD1,ntn− tn||2]

−ηn[||PC2,nxn− xn||2 + ||PD2,ntn− tn||2]

−θnγn||Axn−Btn||2−θn||xn−an− γnA∗(Axn−Btn)||2

−θn||tn−bn− γnB∗(Btn−Axn)||2. (4.19)

From (4.19), Lemma 2.1.4 and (A5), we get

||xn+1− p||2 + ||tn+1−q||2 = ||αng1(xn)+(1−αn)wn− p||2

+||αng2(tn)+(1−αn)rn−q||2

≤ αn||g1(xn)− p||2 +(1−αn)||wn− p||2

+αn||g2(tn)−q||2 +(1−αn)|rn− p||2

≤ αn(||g1(xn)−g1(p)||+ ||g1(p)− p||)2 +(1−αn)||xn− p||2

+αn(||g2(tn)−g2(q)||+ ||g2(q)−q||)2 +(1−αn)||tn−q||2

≤ αn[α
2||xn− p||2 + ||g1(xn)− p||2]+ (1−αn)||xn− p||2

+αn[α
2||tn−q||2 + ||g2(tn)−q||2]+ (1−αn)||tn−q||2

≤ 2αn(α
2||xn− p||2 + ||g1(p)− p||2)+(1−αn)||xn− p||2

+2αn(α
2||tn−q||2 + ||g2(q)−q||2)+(1−αn)||tn−q||2.(4.20)

By setting Rn(p,q) = ||xn− p||2 + ||tn−q||2, from inequality (4.20), we get

Rn+1(p,q) ≤ (1−αn(1−2α
2))Rn(p,q)

+2αn(||g1(p)− p||2 + ||g2(q)−q||2)

≤ max
{

Rn(p,q),
2

1−2α2 (||g1(p)− p||2 + ||g2(q)−q||2)
}
,

and hence by induction

Rn(p,q)≤max
{

R0(p,q),
2(||g1(p)− p||2 + ||g2(q)−q||2)

1−2α2

}
,

which implies that {xn}, {tn} and hence {yi,n}, {vi,n}, {Tixn} and {Sivn} for i = 1,2

20



are bounded. 2

Theorem 4.0.5 Suppose the assumption (A1)− (A6) hold. Then, the sequence

{(xn, tn)}, generated by A Algorithm 1 converges strongly to (p,q)=PΩ(g1(p),g2(q)).

Proof: Now, let (p,q) = PΩ(g1(p),g2(q)). Then, from equation 2.7, for i = 1,2, we
have,

‖p− pi,n‖2 ≤ ‖p− xn‖2−‖xn− pi,n‖2.

Similarly, we get
‖q−qi,n‖2 ≤ ‖q− tn‖2−‖tn−qi,n‖2, (4.21)

Since for i = 1,2, (I−Ti) is bounded on bounded subset of H1 ,Then their exists
Li > 0, such that ‖(I−Ti)yn‖ ≤ Li, for all n≥ 0 and i = 1,2. Thus,

|hi,n(z)−hi,n(w)|= |〈(I−Ti)yi,n,z− yi,n〉−〈(I−Ti)yi,n,w− yi,n〉|

= |〈(I−Ti)yi,n,z−w〉

≤ ‖(I−Ti)yi,n‖‖z−w‖

≤ Li‖z−w‖,

which gives us that hi,n is Li- Lipschitz continuous on H1. Thus, from Lemma 2.1.6
and Lemma 4.0.3, we obtain

‖xn− pi,n‖2 ≥
hi,nxn

2L2
i
≥ ϒ

2
i,n(

1
δ
−µ)2‖di(xn)‖4 (4.22)

Thus, from (4.21) and (4.22), for i = 1,2, we get

‖p− pi,n‖2 ≤ ‖p− xn‖2−ϒ
2
i,n(

1
δ
−µ)2‖di(xn)‖4. (4.23)

Similarly, for i = 12, we get

‖q−qi,n‖2 ≤ ‖q− tn‖2−ϒ
′2
i,n(

1
δ
−µ)2‖di(tn)‖4. (4.24)
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Now, from Lemma 2.1.4, ((4.23)), (4.19) and (4.15), we get

‖wn− p‖2 +‖rn−q‖2 = ‖θnan +βn p1,n +ηn p2,n− p‖2

+‖θnbn +βnq1,n +ηnq2,n−q‖2

≤ θn‖an− p‖2 +βn‖p1,n− p‖2 +ηn‖p2,n− p‖2

+θn‖bn−q‖2 +βn‖q1,n−q‖2 +ηn‖q2,n−q‖2

≤ θn‖xn− p‖2 +βn‖xn− p‖2
ηn‖xn− p‖2 +ηn‖xn− p‖2

+θn‖tn−q‖2 +βn‖tn−q‖2
ηn‖tn−q‖2 +ηn‖tn−q‖2

−
(

ϒ
2
1,n(

1
δ
−µ)2‖d1(xn)‖4 +ϒ

2
2,n(

1
δ
−µ)2‖d2(xn)‖4

)
−
(

ϒ
′2
1,n(

1
δ
−µ)2‖d1(tn)‖4 +ϒ

′2
2,n(

1
δ
−µ)2‖d2(tn)‖4

)
≤ ‖xn− p‖2 +‖tn−q‖2

−
(

ϒ
2
1,n(

1
δ
−µ)2‖d1(xn)‖4 +ϒ

2
2,n(

1
δ
−µ)2‖d2(xn)‖4

)
−
(

ϒ
′2
1,n(

1
δ
−µ)2‖d1(tn)‖4 +ϒ

′2
2,n(

1
δ
−µ)2‖d2(tn)‖4

)
.(4.25)

By Lemma 2.1.1, Lemma 2.1.4 and (4.25), we obtain

Rn+1(p,q) = ‖αng1(xn)+(1−αn)w(n)− p‖2 +‖αng2(tn)+(1−αn)r(n)−q‖2

≤ ‖αn(g1(xn)−g1(p))+(1−αn)(wn− p)+αn(g1(p)− p)‖2

+‖αn(g2(tn)−g2(q))+(1−αn)(rn−q)+αn(g2(q)−q)‖2

+2αn[〈g1(p)− p,xn+1− p〉+ 〈g2(q)−q, tn+1−q〉]

≤ ααn‖xn− p‖2 +(1−αn)‖wn− p‖2 +ααn‖tn−q‖2 +(1−αn)‖rn−q‖2

+2αn‖g1(xn)− p‖‖xn+1− xn‖+2αn‖g2(tn)−q‖‖tn+1− tn‖

+2αn[〈g1(p)− p,xn− p〉+ 〈g2(q)−q, tn−q〉]

≤
(
1− (1−α)αn

)
Rn(p,q)

+2αn‖g1(xn)− p‖‖xn+1− xn‖+2αn‖g2(tn)−q‖‖tn+1− tn‖

+2αn[〈g1(p)− p,xn− p〉+ 〈g2(q)−q, tn−q〉]

−(1−αn)
(

ϒ
2
1,n(

1
δ
−µ)2‖d1(xn)‖4 +ϒ

2
2,n(

1
δ
−µ)2‖d2(xn)‖4

)
−(1−αn)

(
ϒ
′2
1,n(

1
δ
−µ)2‖d1(tn)‖4 +ϒ

′2
2,n(

1
δ
−µ)2‖d2(tn)‖4

)
,
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which gives us

(1−αn)
(

ϒ
2
1,n(

1
δ
−µ)2‖d1(xn)‖4 +ϒ

2
2,n(

1
δ
−µ)2‖d2(xn)‖4

)
+(1−αn)

(
ϒ
′2
1,n(

1
δ
−µ)2‖d1(tn)‖4 +ϒ

′2
2,n(

1
δ
−µ)2‖d2(tn)‖4

)
≤ Rn(p,q)−Rn+1(p,q)

+2αn‖g1(xn)− p‖‖xn+1− xn‖+2αn‖g2(tn)−q‖‖tn+1− tn‖

+2αn[〈g1(p)− p,xn− p〉+ 〈g2(q)−q, tn−q〉]. (4.26)

In addition, from (4.19), we get

Rn+1(p,q) ≤ Rn(p,q)+2αn[〈g1(p)− p,xn+1− p〉+ 〈g2(q)−q, tn+1−q〉]

−βn[||PC1,nxn− xn||2 + ||PD1,ntn− tn||2]

−ηn[||PC2,nxn− xn||2 + ||PD2,ntn− tn||2]

−θnγn||Axn−Btn||2−θn||xn−an− γnA∗(Axn−Btn)||2

−θn||tn−bn− γnB∗(Btn−Axn)||2. (4.27)

Next, we that the sequence {Rn(p,q)} converges strongly to zero. For this we
consider two cases as follows:
Case 1: Assume that there exist n0 ∈ N, such that the sequence of real numbers
{Rn(p,q)} is decreasing for all n ≥ n0. Thus, the sequence {Rn(p,q)} convergent
and hence from (4.27) and the fact that αn→ 0, we obtain

lim
n→∞
||PC1,nxn− xn||2 = lim

n→∞
||PC2,nxn− xn||2 = 0,

lim
n→∞
||PD1,ntn− tn||= lim

n→∞
||PD2,ntn− tn||= 0,

lim
n→∞
||Axn−Btn||= 0,

and

lim
n→∞
||xn−an− γnA∗(Axn−Btn)||= lim

n→∞
||tn−bn− γnB∗(Btn−Axn)||= 0,

which implies that

lim
n→∞
||xn−an|| ≤ ||xn−an− γnA∗(Axn−Btn)||2 + ||γnA∗(Axn−Btn)||= 0, (4.28)
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and

lim
n→∞
||tn−bn|| ≤ ||tn−bn− γnB∗(Btn−Axn)||2 + ||γnB∗(Btn−Axn)||= 0, (4.29)

In addition, from (4.26), we have

lim
n→∞

ϒ
2
1,n‖d1(xn)‖4 = lim

n→∞
ϒ

2
i,n‖d2(xn)‖4 = 0,

and
lim
n→∞

ϒ
′2
1,n‖d1(tn)‖4 = lim

n→∞
ϒ
′2
2,n‖d2(tn)‖4 = 0.

Then, from this we obtain that

lim
n→∞

ϒ1,n‖d1(xn)‖2 = lim
n→∞

ϒ2,n‖d2(xn)‖2 = 0, (4.30)

and
lim
n→∞

ϒ
′
1,n‖d1(tn)‖2 = lim

n→∞
ϒ
′
2,n‖d2(tn)‖2 = 0. (4.31)

Since the sequence {(xn, tn)} is bounded, there exists a subsequence {(xnk ,(xnk)},
of {(xn, tn)} which converges weakly to (p,q) ∈ H1×H2 and

limsup
n→∞

[〈g1(p)− p,xn− p〉+ 〈g2(q)− p, tn−q〉] (4.32)

= lim
k→∞

[〈g(p)− p,xnk− p〉+g2(q)−q, tnk−q〉]. (4.33)

Now, we prove that for i = 1,2

lim
k→∞
‖xnk− zi,nk‖= 0, lim

k→∞
‖tnk−ui,nk‖= 0 (4.34)

First consider the case, when liminf
k→∞

ϒnk > 0 In this case there is ϒ > 0 such that
ϒnk > ϒ > 0, for all k ∈ N. Thus, we have

‖xnk− znk‖
2 =

1
ϒnk

ϒnk‖xnk− znk‖
2 ≤ 1

ϒ
ϒnk‖xnk− znk‖

2.

From this inequality and ((4.31)), we obtain

lim
k→∞
‖xnk− znk‖

2 = 0
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and hence
lim
k→∞
‖xnk− znk‖

Second consider, when lim in fk→∞ϒi,nk = 0. In this case

lim
k→∞

ϒi,nk = 0 and lim
k→∞
‖xnk− zi,nk‖

2 = c > 0 (4.35)

Consider, y′i,nk
= 1

ι
ϒi,nkzi,nk +(1− 1

ι
ϒi,nkxi,nk

Thus, from (4.35), we have

lim
k→∞
‖y′i,nk

− zi,nk‖= lim
k→∞

1
ι

ϒi,nk‖.xnk− zi,nk‖= 0 (4.36)

From inequality in Step 2 and definition of y′i,nk
, we obtain

µ‖xnk− zi,nk‖
2 < 〈xnk− y′i,nk

+(I−Ti)y′i,nk
− (I−Ti)xnk ,xnk− zi,nk〉

≤ 〈xnk− y′i,nk
,xnk− zi,nk〉+ 〈(I−Ti)y′i,nk

− (I−Ti)xnk ,xnk− zi,nk〉

≤ ‖xnk− y′i,nk
‖‖xnk− zi,nk‖+‖+(I−Ti)y′i,nk

− (I−Ti)xnk‖‖xnk− zi,nk‖.(4.37)

From (4.36), (4.37) and the fact that (I−Ti) is uniformly continuous, we get limn→∞ ‖xnk−
zi,nk‖= 0, which contradict (4.35). In a similar way we can show that limn→∞ ‖tnk−
ui,nk‖= 0 Thus, from this fact the equations (4.34) hold. Moreover, since {(xnk ,(xnk)},
which converges weakly to (p,q), then xnk ⇀ p and tnk ⇀ q. Thus, from (4.35) we
get p ∈ F(T1)∩F(T2) and q ∈ F(S1)∩F(S2).
Next we show that Ap = Bq. But, observe that from Lemma 2.1.1 (ii) we get

||Ap−Bq||2 = ||Ap−Axnk +Btnk−Bq+Axnk−Btnk ||
2

≤ ||Axnk−Btnk ||
2 +2〈Ap−Bq,Ap−Axnk +Btnk−Bq〉,

→ 0 as k→ ∞, (4.38)

and this implies Ap = Bq. That is (p,q) ∈ Ω. From the definition of xn+1 and
tn+1, we have ‖xn+1−wn‖ = αn‖g1(xn)−wn‖ → 0, as n→ ∞, and ‖tn+1− rn‖ =
αn‖g2(tn)− rn‖ → 0, as n→ ∞, since αn→ ∞, as n→ ∞. From (4.26) and (4.28),
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we get

‖xn+1− xn‖ ≤ ‖xn+1−wn‖+‖wn− xn‖

≤ ‖xn+1−wn‖+‖θnan +βn p1,n +ηn p2,n− xn‖

≤ ‖xn+1−wn‖+θn‖an− xn‖ (4.39)

+βn‖p1,n− xn‖+ηn‖p2,n− xn‖→ 0 as n→ 0. (4.40)

Moreover,

‖xn−wn‖ ≤ θn‖an− xn‖+βn‖p1,n− xn‖+ηn‖p2,n− xn‖→ 0, as n→ 0. (4.41)

Thus, from (4.39) and (4.41), we obtain

‖xn+1− xn‖ = ‖xn+1−wn +wn− xn‖

≤ ‖xn+1−wn‖+‖wn− xn‖→ 0, as n→ 0. (4.42)

Similarly we can show that

‖tn+1− tn‖ → 0, as n→ 0. (4.43)

From (4.32) and Lemma 2.1.3, we have

limsup
n→∞

[〈g1(p)− p,xn− p〉+ 〈g2(q)−q, tn−q〉] ≤ lim
k→∞

[〈g1(p)−q,xnk− p〉

+〈g2(q)−q, tnk−q〉]

= 〈g1(p)− p, p− p〉+ 〈g2(q)−q,q−q〉

≤ 0. (4.44)

Now, we show that the sequence {Rn(p,q)} converges strongly to 0. Indeed, from
Lemma 2.1.1 and 4.25, we obtain

Rn+1(p,q) ≤ (1− (1−α)2αn)Rn(p,q)

+αn(1−α)
2

1−α
[〈g1(p)− p,xn+1− p〉+ 〈g2(q)−q, tn+1−q〉](4.45)

Finally, from (4.45), (4.42), (4.44) and Lemma 2.1.2, we get Rn(p,q)→ 0, as n→∞
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and hence xn→ p and tn→ q as n→ ∞.

Case 2: Suppose that there exists a subsequence {Rn j(p,q)} of {Rn(p,q)} such that

Rn j(p,q)< Rn j+1(p,q), for j ≥ 0. (4.46)

Thus by Lemma 2.1.5 there exists a non-decreasing sequence {mk},of the set of
positive integer of numbers such that mk→ 0, as k→ ∞,

‖xmk− p‖2 ≤ ‖xmk+1− p‖2 and

max{Rmk(p,q),Rk(p,q)} ≤ Rmk+1(p,q) for all k ≥ 1. (4.47)

Following the method of Case 1, we obtain

lim
k→∞
||PC1,mk

xmk− xmk ||
2 = lim

k→∞
||PC2,mk

xmk− xmk ||
2 = 0,

lim
k→∞
||PD1,mk

tmk− tmk ||= lim
k→∞
||PD2,mk

xmk− tmk ||= 0,

lim
k→∞
||Axmk−Btmk ||= 0,

and

lim
k→∞
||xmk−amk−γmkA∗(Axmk−Btmk)||= lim

k→∞
||tmk−bmk−γmkB∗(Btmk−Axmk)||= 0,

In addition, by following the method of Case 1, from the inequality (4.32), for
i = 1,2, we obtain

lim
k→∞
‖xmk− pi,mk‖= lim

k→∞
‖tnk−qi,mk‖= 0.

In addition, for i = 1,2

lim
k→∞
‖xmk− zi,mk‖= 0 = lim

k→∞
‖tmk−ui,mk‖= 0,

lim
k→∞
‖xmk− xmk+1‖= 0 = lim

k→∞
‖tmk− tmk+1‖= 0,

and

limsup
k→∞

[〈g1(p)− p,xmk+1− p〉+ 〈g2(q)−q, tmk+1−q〉]≤ 0. (4.48)
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Now, from (4.45), we get

Rmk+1(p,q) ≤ (1− (1−α)αmk)Rnk(p,q)

+αmk(1−α)
2

1−α
[〈g1(p)− p,xmk+1− p〉

+〈g2(q)−q, tmk+1−q〉]

≤ (1− (1−α)2αn)Rmk+1(p,q)

+αmk(1−α)
2

1−α
[〈g1(p)− p,xmk+1− p〉

+〈g2(q)−q, tmk+1−q〉] (4.49)

which implies that

αmk(1−α)Rmk+1(p,q) ≤ αmk(1−α)
2

1−α
[〈g1(p)− p,xmk+1− p〉

+〈g2(q)−q, tmk+1−q〉]. (4.50)

Thus, from (4.46) and (4.50), we have

Rk(p,q)≤ Rmk+1(p,q) ≤ 2
1−α

[〈g1(p)− p,xmk+1− p〉

+〈g2(q)−q, tmk+1−q〉]. (4.51)

Hence using (4.48), we get

limsup
k→∞

Rk(p,q) ≤ limsup
k→∞

2
1−α

[〈g1(p)− p,xmk+1− p〉

+〈g2(q)−q, tmk+1−q〉]≤ 0, (4.52)

which implies

limsup
k→∞

Rk(p,q) = 0, (4.53)

and hence xk→ p and tk→ q as, k→ ∞. 2
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4.1 Application

In this section we present some applications of Theorem 4.0.5 to show that it is
applicable.

4.1.1 Split Equality Fixed Point Problem

If in Algorithm 1, we assume B = I2. Thus, split equality fixed point problem re-
duces to split equality fixed point problem and the method of proof of Theorem
4.0.5 provides the following corollary for approximating a solution of split equality
fixed point problem for pseudo-pseudocontractivemappings in Hilbert spaces.

Corollary 4.1.1 Suppose Assumption (A3)− (A6) hold. Let Ti : H1→ H1 and Si :
H2→H2 be uniformly continuous pseudo-pseudocontractive mappings on bounded

subset of H1 and H2, respectively for i= 1,2, ...,m such that Ω := {(p,q)∈H1×H2 :
p ∈ ∩m

i F(Ti),q ∈ ∩m
i F(Si) and Ap = q} 6= /0. Then, the sequence {(xn, tn)} gener-

ated by Algorithm 1 converges strongly to an element (p,q) = PΩ(g1(p),g2(q)).
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Chapter 5

Conclusion and Future scope
5.1 Conclusion

In this thesis, we investigated an iterative algorithm for solving the split equality
fixed point problem of a finite family of pseudo-pseudo-contractive mappings in
Hilbert spaces.
In addition, we also proved a strong convergence of a sequence generated by the
proposed algorithm to solving the split equality fixed point problem of a finite fam-
ily of pseudo-pseudo-contractive mappings in Hilbert spaces. Our result generalizes
many results in the literature.

5.2 Future Scope

In this thesis we obtained results on solving the split equality fixed point problem of
a finite family of pseudo-pseudo-contractive mappings in Hilbert spaces However,
extending this result to a Banach spaces more general Hilbert spaces is an open
problem. So, any interested researchers can use this opportunity to conduct their
research work in this area.
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