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Abstract

Due to the wider applications of singularly perturbed differential equation (SPDDEs)

in the real life problems, there has been growing interest to develop numerical methods

for SPDDEs. However, as the perturbation parameter decreases in magnitude, standard

numerical methods for solving singularly perturbed differential equations are unstable,

inefficient and inaccurate. Thus, it is pretty reasonable to construct numerical meth-

ods whose convergence properties, accuracy and the computation cost are independent

of the value of the perturbation parameter. One of the approaches to derive -uniform

convergent numerical methods for solving SPDDEs is through the application of fitted op-

erator method which can be constructed by using either exponentially fitted operator or

non-standard finite difference methods. The design of the non-standard finite difference

methods (NSFDMs) starts mostly with the concept of exact schemes. A major advantage

of having an exact difference scheme for a differential equation is that questions related

to the usual considerations of consistency, stability and convergence do not arise. The

objective of this project is, therefore, to construct -uniform convergent non-standard finite

difference method for solving singularly perturbed two parameter delay differential equa-

tion using finite difference method. The convergence analysis and stability of the proposed

method will also be established.

ix



Chapter 1

INTRODUCTION

1.1 Background of the Study

Numerical analysis is concerned with mathematical derivation of numerical methods,

designing an algorithm for the method, implementation of these algorithms on computer

and analyses, of the error associated with the method, all to solve mathematical problem.

An equation involving one independent variable and its derivative with respect to one

or more independent variable is called differential equation. There are two main class

of differential equation. these are ordinary differential equation and partial differential

equation.

A differential equation involving ordinary derivatives of one or more dependent vari-

ables with respect to a single independent variable is called an ordinary differential equa-

tion (ODE). In general, the differential equations in which the highest order derivative

term is multiplied by a small positive parameter ε where 0 < ε � 1 are known to

be singularly perturbed differential equations, and the parameter is known as the per-

turbation parameter. The classification of singularly perturbed higher order problems

depending on how the order of the original equation is affected if one sets ε = 0, where ε

is small positive parameter multiplying the highest derivative occurring in the differential

equation. If the order is reduced by one, we say that the problem is convection-diffusion

type and if the order is reduced by two, we say the problem is reaction-diffusion type.

Any system involving a feedback control will almost involve time delays.
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These arise because a finite time is required to sense information and then react to

it. If we restrict the class of delay differential equation to a class in which the highest

derivative is multiplied by a small positive parameter and involving at least one delay

term, then it is said to be singularly perturbed delay differential equation. We call delay

differential equations retarded type if the delay argument does not occur in the highest

order derivative term, otherwise it is known as neutral delay differential equations. As ε

is equal to zero, the solution of problems exhibits interesting behaviors (rapid changes)

since the order of the equation reduces. The region where these rapid changes occur

is called inner region and the region in which the solution changes regularly is called

outer region. Singular perturbation problems arises very frequently in diversified field of

applied mathematics and engineering.Such problems originate generally from real-world

applications of algebra, geometry and calculus, and they involve variables which vary

continuously; these problems occur throughout the natural sciences, social sciences, en-

gineering, medicine. More detail about these problem can be foond in Roos et al. (2018)

and kumar et al.(2007). Due to the wider applications of SPDDEs in the real world

problems, there has been growing interest to develop numerical methods for SPDDE.

Cimen (2018) used a difference method on a piece-wise uniform mesh of Shishkin type for

solving the singularly perturbed boundary value problem for a non-linear second-order

delay differential equation. In Rai and Sharma (2020), the authors applied a standard

finite difference scheme on a piece-wise uniform Shishkin mesh fitted to the boundary

and interior layer regions combined with interpolation to overcome the effect of the delay

term. In Kadelbajoo and Ramesh (2007), the authors studied a two-point boundary value

problem for a second-order singularly perturbed differential equation with delay in both

the convection and reaction terms using a Shishkin mesh with a grid adaptation strategy.

Liu and Chen (2014) also applied an adaptive grid method for the numerical study of a

singularly perturbed differential equation with small delay. Geng and Qian (2015) used

a modified method for the numerical treatment of singularly perturbed boundary value

problems with a delay. Patidar and Sharma (2006) constructed a ε-uniform convergent

non-standard finite difference method for singularly perturbed differential equations with

delay and advance arguments. Duressa and Debela (2021) introduced a non-standard

fitted operator finite difference method for solving singularly perturbed differential equa-
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tions involving large and small parameters.

Most of the classical numerical methods are not suitable for solving singularly per-

turbed problems (SPPs) due to the presence of the perturbation parameter ε, which leads

to divergent approximate solutions Kumar and Kadalbajoo(2011). One natural way to

overcome these divergences is to use a large number of mesh points when ε is very small.

This is difficult and sometimes impossible to handle such cases. Therefore, it is necessary

to develop suitable numerical methods which are uniformly convergent to solve this type

of differential equations.

1.2 Statement of the Problem

The numerical treatment of a parameter uniform numerical method for singularly per-

turbed two parameter delay differential equation problems yields, the full equation in-

cluding the function involved the value of the parameters of initial condition specific any

boundary condition. The field of delay differential equation (DDE) attracted mathemati-

cians and Engineers due to the following reasons. Firstly, we have to find an appropriate

approximation of the solution at the delayed arguments. Secondly, the algorithm has

to take care of the jump in the discontinuity due to the delay parameter and thirdly,

its solution behavior is very interesting with boundary layers, interior layers and oscil-

lations. As decreases in magnitude, standard numerical methods for solving singularly

perturbed differential equations are unstable, inefficient and inaccurate Habtamu and

Gamachis (2019), Gamechs and Reddy (2013). Thus, it is reasonable to construct nu-

merical methods whose convergence properties, accuracy and the computation cost are

independent of the value of the perturbation parameter. One of the approaches to de-

rive -uniform convergent numerical methods is through the application of fitted operator

difference method Debela and Duressa (2019) and Ranjan and Prasad(2014) which can

be constructed by using either exponentially fitted operator or non-standard difference

methods Patidar (2005). In Cimen (2018),Cakr (2016),Cimen(2017),Selvi and Ramanu-

jan(2016) different techniques to the design and analysis of suitable numerical methods

for singularly perturbed differential equations involving delay parameter have been con-

sidered. A uniform parameter convergent and stable accelerated fitted operator method
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is, proposed in Miller (2012). For singularly perturbed delay differential equations, with

non-local boundary conditions.There are two principal approaches to deal with singularly

perturbed problems, namely: the fitted operator methods and the fitted mesh methods .

In order to design appropriate methods, which belong to the latter class, one must have

some a priori information about the sensitive regions where the exact solution undergoes

some rapid changes. Very often, it is not possible to have such a priori information and

that is why the fitted operator type of methods is useful. According to Patidar in (2005),

the design of the non-standard finite difference methods (NSFDMs) starts mostly with

the concept of exact schemes.An exact difference scheme for a differential equation de-

livers a perfect match between the discrete and continuous solutions. The goal of this

project is, to construct -uniform convergent non-standard finite difference method for

solving singularly perturbed delay differential equation, using non- standared finite dif-

ference method. The convergence analysis and stability of the proposed method will also

be established. In order to achieve the objective, the study will attempts to answer the

following questions:

• How to construct a parameter uniform numerical method for singularly perturbed

two parameter delay deferential equation using non-standered finite difference method.

• How can we investigate the convergent scheme .

• How can we establish the approximates of the solutions

1.3 Objectives of the study

1.3.1 General Objective

The general objective of this study is to develop a parameter uniform method for sin-

gularly perturbed two parameter delay differential equation using non-standered finite

difference method.

1.3.2 Specific Objectives

The study has the following specific objectives:
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1. To construct a parameter uniform numerical method for singularly perturbed two

parameter delay deferential equation using non-standered finite difference method.

2. To investigate the convergent scheme .

3. To establish the accuracy of the solutions.

1.4 Significance of the Study

The significance of the study can be listed as follows:

• Developing a numerical method for solving singularly perturbed two-parameter de-

lay differential equations is a significant contribution to the field of applied numerical

mathematics.

• By studying the behavior of singularly perturbed delay differential equations, re-

searchers can gain insights into the dynamics of complex systems with small per-

turbation parameters.

• The developed numerical method has practical applications in solving real-world

problems involving singularly perturbed delay differential equations.

• The insights and techniques developed in this study can be generalized to other

singularly perturbed systems beyond the specific problem addressed.

• To help the graduate student to acquire research skills and scientific procedures.

1.5 Delimitation of the study

Consider the singularly perturbed two-parameter large delay differential equation.

Lu ≡


εu′′(x) + µa(x)u′(x)− b(x)u(x) + c(x)u(x− 1) = f(x), x ∈ Ω,

u(x) = φ(x) on [−1, 0],

u(2) = l,
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where Ω = (0, 2) and 0 < ε � 1, 0 < µ < 1 are two small parameters. Ω1 = (0, 1],

Ω2 = (1, 2), Ω0 = [−1, 0] and l is a given constant.

The coefficient functions a(x), b(x), c(x), and f(x) are sufficiently smooth on Ω =

[0, 1], and a(x) ≥ α > 0, b(x) ≥ β > 0, c(x) > 0, and (b − c)(x) ≥ k > 0. φ(x) is

sufficiently smooth on [−1, 0]. The solution of this problem exhibits boundary layers at

x = 0 and x = 2, and interior layers at x = 1.
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Chapter 2

LITERATURE REVIEW

2.1 Singularly Perturbed Delay Differential Equation

An equation in which evolution of system at a certain time depends on the rate at an

earlier time is called Singularly perturbed delay differential equation Miller et al.( 2009).

The delay differential equation in which the highest derivative is multiplied by perturba-

tion parameter is known as perturbed delay differential equation. The delay differential

equation can be classified as retarded delay differential equation and neutral differential

equation. A delay differential equation is said to be of retarded delay differential equa-

tion (RDDE) if the delay argument does not occur in the highest order derivative term,

otherwise it is known as neutral delay differential equations (NDDE). If we restrict it to

a class in which the highest derivative term is multiplied by a small parameter, then we

obtain singularly perturbed delay differential equation of the retarded type.

Frequently, delay differential equations have been reduced to differential equations with

coefficients that depend on the delay by means Taylor’s series expansions of the terms that

involve delay and the resulting differential equation have been solved either analytically

when the coefficients of these equations are constant or numerically, when they are not.

The theory and numerical solution of singularly perturbed delay differential equation are

still at the initial stage. A fitted-stable central difference method is presented for solving

singularly perturbed two-point boundary value problems with the boundary layer at one

end (left or right) of the interval.
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2.2 Boundary Value Problem

A boundary value problem is a system of ordinary differential equations with solution

and derivative values specified at more than one point. Most commonly, the solution

and derivatives are specified at just two points (the boundaries) defining a two-point

boundary value problem Keller (1992).

A boundary value problem for a given differential equation consists of finding a so-

lution of the given differential equation subject to a given set of boundary conditions.

A boundary condition is a prescription some combinations of values of the unknown so-

lution and its derivatives at more than one point. Finding the numerical solution of a

boundary value problem is more difficult than that of corresponding initial value problem.

For, there are BVPs for which solutions do not exist; and even if a solution exists there

might be many more. Thus, existence and uniqueness generally fail for BVPs. Finding

the solution of singularly perturbed delay differential equations is a challenging prob-

lem. In response to these, in recent years there has been a growing interest in numerical

methods on singularly perturbed delay differential equations. In Kadalbajoo and Sharma

(2002)initiated the numerical study of such type of boundary value problems. Liu and

Chen(2014), Patidar and Sharma (2006), In a fitted operator scheme on a uniform mesh is

suggested to solve an initial value problem for a class of linear first order delay differential

equations. Amiraliyev and Cimen (2018) proposed a first order uniform convergent fit-

ted finite difference scheme for singularly perturbed boundary value problem for a linear

second order delay differential equation with large delay in reaction term. Patidar and

Sharma in (2006) combined, fitted operator methods with, Mickens nonstandard finite

difference techniques for the numerical solution of singularly perturbed linear ordinary

differential equations by means of first-order Taylor’s series expansion of the terms involv-

ing shifts that result in linear ordinary differential equations. Mohapatra and Natesan

(2011) proposed the upwind finite difference operator on an adaptiveand grid for a class of

singularly perturbed differential equations with small delay and shift terms. Cakir (2016)

studied the numerical solution of singularly perturbed problem with integral boundary

condition finite difference method on a piece wise uniform mesh of Shishkin type. The

numerical and analytical treatments of singularly perturbed problems are far from triv-
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ial due to the boundary layer. behavior of the solution Rajan and Prasad(2021). The

numerical approximation of DDEs is challenging to apply an appropriate method for the

retarded arguments and the algorithm needs to take into account the jump discontinuity

due to the delay term Rai and Sharma (2012). The major drawback of Shishkin meshes

is the requirements of prior information of the width/thickness and location of the layer

regions Podila and Kumar (2019).

2.3 Recent Development

Langa and Miura (1994) gave an asymptotic approximation to solve singularly perturbed

second-order delay differential equations. Chakravarthy et al. (2015), dealt with the sin-

gularly perturbed boundary value problem for the second-order delay differential equa-

tion. Similar boundary value problems are associated with expected first-exit times of

the membrane potential in models of neurons. Chakravarthy et al. (2017) dealt with a

singularly perturbed boundary value problem for a linear second-order delay differential

equation.

Kumar and Rao (2020), presented a stabilized central difference method for the

boundary value problem of singularly perturbed differential equations with a large neg-

ative shift. The central difference approximations for the derivatives are modified by

re-approximating the error terms, leading to a stabilizing effect. The method is found to

be second-order convergent. As introduced in the literature, most researchers have tried

to find approximate solutions for singularly perturbed differential equations with a large

delay, but mainly focusing on constant coefficients, and some others who have worked on

variable coefficients did not obtain more accurate solutions. Owing to this, this study

presents a more accurate and convergent numerical method for singularly perturbed dif-

ferential equations with two parameters and large delay, by using a nonstandard finite

difference method.
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Chapter 3

MATERIALS AND METHODS

3.1 Study Area and Period

The study was conducted at Jimma University under the College of Natural sciences in

Mathematics department from January 2024 to June 2024 G.C. conceptually the thesis

will focuses on solving numerical method for singularly perturbed two parameter delay

differential equation using non-standared finite difference method .

3.2 Study Design

This study was employ mixed design review of the existing literature, and execution and

simulation of numerical examples for validating the proposed method.

3.3 Sources of data

The relevant source of data for this study are books, published articles on reputable

journals and related study from Internet.

3.4 Mathematical procedure

To achieve the stated objectives, the study was followed the following steps:

1. Defining (or describing) problem.

10



2. Discretizing the domain /interval.

3. Describing the method by non-standered finite defference method approximation

and obtain the schemes.

4. Establishing the stability and convergence analysis of the formulated schemes.

5. Writing an algorithm for the developed schemes.

6. Writing MATLAB code for the numerical method.
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Chapter 4

DESCRIPTION OF THE METHODS,

RESULTS AND DISCUSSION

4.1 Description of the method

Consider singularly perturbed two-parameter large delay differential equation of the form.

εu′′(x) + µa(x)u′(x)− b(x)u(x) + c(x)u(x− 1) = f(x) x ∈ Ω, (4.1)

subject to with the interval and boundary conditions

u(x) = φ(x) on [−1, 0],

u(2) = l,

where Ω = (0, 2) and 0 < ε � 1, 0 < µ < 1 are two small parameters. Ω1 = (0, 1),

Ω2 = (1, 2), Ω0 = [−1, 0] and l is a given constant.

The above equation is written as in the form of

εu′′(x) + p(x)u′(x) + q(x)u(x) + c(x)u(x− 1) = f(x) x ∈ Ω, (4.2)

where p(x) = µa(x) and q(x) = −b(x)

From Eq.(4.2) the values of u(x−1) is known for the domain Ω1 = (0, 1]and unknown

12



for the Ω2 = (1, 2) due to the large delay at x = 1.

Thus we have to treat the problem at Ω1 and Ω2 separately :

we can write Eq(4.2)in operator form as:

Lu(x) = R(x) (4.3)

where

Lu(x) =

L1u(x) = εu′′(x) + p(x)u′(x) + q(x)u(x); x ∈ Ω1,

L2u(x) = εu′′(x) + p(x)u′(x) + q(x)u(x) + c(x)u(x− 1), x ∈ Ω2,

(4.4)

R(x) =

f(x)− c(x)φ(x− 1); x ∈ Ω1,

f(x), x ∈ Ω2,

(4.5)

with interval and boundary conditions:
u(x) = φ(x); x ∈ [−1, 0],

u(1−) = u(1+); u′(1−) = u′(1+),

u(2) = l.

(4.6)

where u(1−) and u(1+) denoted the left and right limits of u(x) at x = 1, respectively.

4.1.1 Properties of Continuous solution

Lemma 1 (Maximum Principle): Let ψ(x) be any function in X such that ψ(0) ≥ 0,

ψ(2) ≥ 0, L1ψ(x) ≥ 0 ∀x ∈ Ω1, L2ψ(x) ≥ 0 ∀x ∈ Ω2, and ψ′(1+) − ψ′(1−) = ψ′(1) ≤ 0.

Then ψ(x) ≥ 0 for all x ∈ Ω.

13



Proof : We define the test function s(x) as follows:

s(x) =


1
8

+ x
2
, for x ∈ [0, 1]

3
8

+ x
4
, for x ∈ [1, 2]

(4.7)

Note that s(x) > 0, ∀x ∈ Ω; Ls(x) > 0, ∀x ∈ Ω1 ∪ Ω2, s(0) > 0, s(2) > 0,and s′(1) < 0.

Let µ = max{−ψ(x)
s(x)

: x ∈ Ω̄}. Then, there exists x0 ∈ Ω̄ such that ψ(x0)+µs(x0) = 0

and ψ(x) + µs(x) ≥ 0, ∀x ∈ Ω̄.

Therefore, the function (ψ + µs) attains its minimum at x = x0.

Suppose the theorem does not hold true, then µ > 0.

Case 1: x0 = 0

0 < (ψ + µs)(0) = ψ(0) + µs(0) = 0.

It is a contradiction.

Case 2: x0 ∈ Ω1

0 < L(ψ + µs)(x0) = ε(ψ + µs)′′(x0) + p(x0)(ψ + µs)′(x0) + q(x0)(ψ + µs)(x0) ≤ 0.

It is a contradiction.

Case 3: x0 = 1

0 ≤ (ψ + µs)′(1) = ψ′(1) + µs′(1) < 0.

It is a contradiction.

Case 4: x0 ∈ Ω2

0 < L(ψ+µs)(x0) = ε(ψ+µs)′′(x0)+p(x0)(ψ+µs)′(x0)+q(x0)(ψ+µs)(x0)+c(x0)(ψ+

µs)(x0 − 1) ≤ 0.

It is a contradiction.

Case 5: x0 = 2

0 < (ψ + µs)(2) = (ψ + µs)(2) ≤ 0.

It is a contradiction.

Hence, the proof of the theorem.

Lemma 2 (Stability Result): The solution u(x) of the problem (4.1) satisfies the

bound

14



|u(x)| ≤ C max

{
|u(0)|, |u(2)|, sup

x∈Ω∗

|u(x)|
}
, x ∈ Ω̄.

This theorem can be proved by using Lemma 1 and the barrier functions

θ± = CMs(x)± u(x), x ∈ Ω̄,

where M = max
{
|u(0)|, |Lu(2)|, supx∈Ω∗ |Lu(x)|

}
and

s(x) is the test function as in Lemma 1.

The uniqueness of the solution is implied by this minimum principle. Its existence

follows trivially (as for linear problems, the uniqueness of the solution implies its exis-

tence). This principle is now applied to prove that the solution of Eq. (4.1) is bounded.

The following lemma shows the bound for the derivatives of the solution.

Lemma 3: Let u(x) be the solution of Eq. (4.1) Then, we have the following bounds:

|u(k)(x)|Ω∗ ≤ Cε−k, for k = 1, 2, 3.

Proof : To bound u′(x) on the interval Ω1 = (0, 1), we consider

L1u(x) ≡ εu′′(x) + p(x)u′(x) + q(x)u(x) = f(x)− c(x)φ(x− 1).

Integrating the above equation on both sides on we have

ε [u′(x)− u′(0)] = − [p(x)u(x)− p(0)u(0)]+

∫ x

0

p′(t)u(t)dt−
∫ x

0

q(t)u(t)dt+

∫ x

0

[f(t)−c(t)φ(t−1)]dt,

Therefore,

εu′(0) = εu′(x)−[p(x)u(x)− p(0)u(0)]+

∫ x

0

p′(t)u(t)dt−
∫ x

0

q(t)u(t)dt+

∫ x

0

[f(t)−c(t)φ(t−1)]dt,

Then by the Mean Value Theorem, there exists z ∈ (0, ε) such that

|εu′(z)| ≤ C
(
|u(x)|, |R(x)|, |φ(x)|[−1,0]

)
,
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and |εu′(0)| ≤ C(|u(x)|+ |R(x)|+ |φ(x)|).

Hence,

|u′(x)| ≤ C max(|u(x)|, |R(x)|, |φ(x)|).

By a similar argument, we can bound u′(x) on (1, 2) as |εu′(x)| ≤ C.

From Eq. (4.3) and (4.4), we have

|u(k)(x)|Ω∗ ≤ Cε−k for k = 2, 3, 4.

Hence, the proof.

4.2 Formulation of the method

The theoretical basis of non-standard discrete numerical method is based on the develop-

ment of exact finite difference method. Mickens (1991) presented techniques and rules for

developing non-standard finite difference methods for different problem types. In Mick-

ens’s rules, to develop a discrete scheme, denominator function for the discrete derivatives

must be expressed in terms of more complicated functions of step sizes than those used

in the standard procedures. These complicated functions constitute a general property of

the schemes, which is useful while designing reliable schemes for such problems. For the

problem of the form in Eq. (4.1), in order to construct exact finite difference scheme, we

follow the procedures used in Bansal and Sharma (2017). Let us consider the following

singularly perturbed differential equation of the formεu
′′(x) + p(x)u′(x) + q(x)u(x) = R(x), x ∈ (0, 1);

u(0) = φ(0), u(1) = γ;

(4.8)

where R(x) = f(x)− c(x)φ(x− 1).

εu′′(x) + p(x)u′(x) + q(x)u(x) = 0 (4.9)
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εu′′(x) + p(x)u′(x) = 0 (4.10)

The constant coefficient homogeneous problems corresponding to Eq. (4.9) are:

where λ =
q±
√
q2−4pε

2ε
. Two linear independent solutions of Eq. (4.10) are exp(λ1x)

and exp(λ2x), where

λ1,2 =
−q ±

√
q2 − 4pε

2ε
. (4.11)

We discretize the domain [0, 1] using uniform mesh length ∆x = h such that

p(x)u′(x) + q(x)u(x) = R(x), u0 = φ(0). (4.12)

We discretize the domain [0, 1] using a uniform mesh length ∆x = h such that ΩN
1 =

{xi = x0 + ih|i = 0, 1, 2, . . . , N}, where x0 = 0, xN = 1, and h = 1
N
, and N denotes the

number of mesh points.

We denote the approximate solution to u(x) at grid point xi by Ui.

Now our objective is to calculate a difference equation which has the same general

solution as Eq. (4.7) at the grid point xi given by:

Ui = A1 exp(λ1xi) + A2 exp(λ2xi) (4.13)

Using the procedures used in , we have: By considering a small enough h, the dis-

cretized form of Eq. (11) becomes

det


Ui−1 exp(λ1(xi−1)) exp(λ2(xi−1))

Ui exp(λ1xi) exp(λ2xi)

Ui+1 exp(λ1(xi+1)) exp(λ2(xi+1))

 = 0 (4.14)

Simplifying Eq. (13), we obtain

− exp

(
−ph

2ε

)
Ui−1 + 2 cosh

(
h
√
q2 − 4pε

2ε

)
Ui − exp

(
−ph
2ε

)
Ui+1 = 0 (4.15)

which is an exact difference scheme for Eq.(14) Since ε→ 0,we use an approximationh
√
q2−4pε
2ε ≈
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ph
2ε in Eq.(14) Hence, multiplying both exp

(
ph
2ε

)

ε
Ui−1 − 2Ui + Ui+1

hε
p

(
exp

(
ph
ε

)
− 1
) + p

Ui+1 − Ui
h

= 0 (4.16)

(4.17)

The denominator function becomes ψ2 = hε
p

(
exp

(
ph
ε

)
− 1
)
. Adopting this denominator func-

tion for the variable coefficient problem, we write it as

ψ2
i =

hε

pi

(
exp

(
pih

ε

)
− 1

)
(4.18)

where ψ2
i is a function of ε, pi and h where pi is denoted for p(xi)

Assume that Ω
2N denote the partition of [0, 2] into 2N subintervals such that:

0 = x0 < x1 < . . . < xN−1 < xN = 1 1 < xN+1 < xN+2 < . . . < x2N−1 < x2N = 2

where xi = ih and h = 2
2N = 1

N for i = 0, 1, 2, . . . , 2N .

Case (1): Consider Eq(4.8). on the domain Ω1 = (0, 1], which is given by

εu′′(x) + p(x)u′(x) + q(x)u(x) = f(x)− c(x)φ(x− 1) (4.19)

Undertaking the notation ui ' u(xi) and using the nonstandard finite difference method-

ology of Mickens (1994), for right layer in the domain Ω1 the scheme to solve Equation (4.16)

is given by

ε

(
Ui−1 − 2Ui + Ui+1

ψ2
i

)
+ pi

Ui+1 − Ui
h

+ qiuiτ1 = fi − ciφ(x− 1) (4.20)

where

ψ2
i = hε

pi

(
exp

(
pih
ε

)
− 1
)

= h2+O
(
h3

ε

)
. the local truncation term τ1 = hpi

2 u
′′
i +o(h2) = o(h)

The numerical scheme in Eq. (4.20) can be written in a three-term recurrence relation as

EiUi−1 + FiUi +GiUi+1 = Hi, i = 1, 2, . . . , N − 1 (4.21)
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where

Ei =
ε

ψ2
i

, Fi = − 2ε

ψ2
i

− pi
h

+ qi, Gi =
ε

ψ2
i

+
pi
h

and Hi = fi

Case (2): Consider Eq.4.1 on the domain Ω2 = (1, 2), for the right layer in the domain Ω2 =

(1, 2) using the nonstandard finite difference method which is given by

ε

(
Ui−1 − 2Ui + Ui+1

ψ2
i

)
+ pi

Ui+1 − Ui
h

+ qiui + ciφ(x− 1) + τ1 = fi (4.22)

EiUi−1 + FiUi +GiUi+1 = Hi, i = N + 1, N + 2, . . . , 2N − 1 (4.23)

where

Ei =
ε

ψ2
i

− pi
h
, Fi =

2ε

ψ2
i

+
pi
h

+ qi, Gi =
ε

ψ2
i

and Hi = fi

Therefore, on the whole domain Ω = [0, 2], the basic schemes to solve Eqs. (1)-(3) are the

schemes given in Eqs. (21) and (23) together with the local truncation error of τ1.

4.3 Uniform Convergence Analysis

In this section, we need to show the discrete scheme in Eq. (??), satisfy the discrete minimum

principle, uniform stability estimates, and uniform convergence.

Lemma 4.4.1 (Discrete Minimum Principle) Let Ui be any mesh function that satisfies:

U0 ≥ 0,

UN ≥ 0

LNε Ui ≤ 0, for i = 1, 2, 3, . . . , N − 1

then Ui ≥ 0, for i = 1, 2, 3, . . . , N .

Proof is by contradiction. Let j be such that Uj = mini Ui and suppose that Ui ≤ 0. Clearly,
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j /∈ {0, N}. We have Uj − Uj−1 ≥ 0 and Uj+1 − Ui ≤ 0. Therefore,

LNε Ui = ε

(
Uj−1 − 2Uj + Uj+1

ψ2
i

)
+ pj

Uj+1 − Uj
h

=
ε

ψ2
i

(Uj−1 − 2Uj + Uj+1) +
pj
h

(Uj+1 − Uj)

=
ε

ψ2
i

((Uj+1 − Uj)− (Uj − Uj−1)) +
pj
h

(Uj+1 − Uj) ≥ 0.

where the strict inequality holds if Uj+1 − Uj > 0, this would lead to a contradiction, and

therefore we can conclude that Uj ≥ 0. Since j is arbitrary, we have Ui ≥ 0 for i = 0, 1, 2, ..., N .

From the discrete minimum principle, we can obtain an ε-uniform stability property for the

operator LNε . The discrete operator LNε is defined as follows:

The ε in the operator LNε must satisfy the minimum principle in order to ensure the ε-

uniform stability property. Next, we can analyze the uniform convergence of the operator LNε

as ε approaches 0 and N approaches infinity. This will provide insights into the properties and

behavior of the discrete operator and its relationship to the continuous problem. Using Taylor

series expansion, the bound forU(xi+1) and U(xi−1) atxias


U(xi−1) = U(xi)− hU ′(xi) + h2

2! hU
′′(xi)− h3

3! hU
′′′(xi) + h4

4! hU
(4)(xi) + o(h5)

U(xi+1) = U(xi) + hU ′(xi) + h2

2! hU
′′(xi) + h3

3! hU
′′′(xi) + h4

4! hU
(4)(xi) + o(h5)

We obtain the bound for
|D+D−U(xi)| ≤ C|U ′′(xi)|

|U ′′(xi)−D+D−U(xi)| ≤ Ch2|U (4)(xi)|
(4.24)

Similarly, for the rst derivative term

|U ′(xi)−D+U(xi)| ≤ Ch|U ′′(xi)|

where |U (k)(xi)| = sup
xi∈(x0,xN )

|U (k)(xi)|, k = 2, 3, 4.

Theorem 4.1 Let the coefficient functions a(x) and the source function f(x) in Eqs. (1.1)-

(1.2) on the domain Ω be sufficiently smooth, so that u(x) ∈ C4[0, 1]. Then, the discrete solution

Ui satisfies:
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|LN (ui − Ui)| ≤ Ch
(

1 + supx∈(0,1)

(
exp(− pxi

ε )
ε3

))

We consider the truncation error discretization as

|LN (ui − Ui)| = |LNui − LNUi|

≤ C
∣∣∣∣εu′′i + piu

′
i −
{
ε
D+D−h2

ψ2
i

ui + piD
+ui

}∣∣∣∣
≤ C

∣∣∣∣ε(u′′i + piu
′
i −

D+D−h2

ψ2
i

ui

)
+ pi

(
u′i −D+ui

)∣∣∣∣
≤ Cε

∣∣u′′i −D+D−ui
∣∣+ Cε

∣∣∣∣(h2

ψ2
i

− 1

)
D+D−ui

∣∣∣∣+ Ch
∣∣u′′i ∣∣

≤ Cεh2
∣∣∣u(4)
i

∣∣∣+ Cε
∣∣u′′i ∣∣+ Cε

∣∣u′′i ∣∣
≤ Cεh2

∣∣∣u(4)
i

∣∣∣+ Cε
∣∣u′′i ∣∣

We used the estimate

ρ =
pih

ε
, ρ ∈ (0,∞).

ε

∣∣∣∣h2

ψ2
i

− 1

∣∣∣∣ = ε

∣∣∣∣∣∣ h2

hε
pi

(
exp

(
pih
ε

)
− 1
) − 1

∣∣∣∣∣∣ = pih

∣∣∣∣ 1

exp(ρ)− 1
− 1

ρ

∣∣∣∣ = pihQ(ρ)

By simplifying and writing explicitly we obtain

Q(ρ) =
exp(ρ)− ρ− 1

ρ (exp(ρ)− 1)

and we obtain the limit is bounded as

limρ→0Q(ρ) = 1
2 , limρ→∞Q(ρ) = 0

Hence, ∀ρ ∈ (0,∞) we haveQ(ρ) = C So, the error estimate in the discretization is bounded

as

|LN (ui − Ui)| ≤ Cεh2
∣∣∣u(4)
i

∣∣∣+ Cε
∣∣u′′i ∣∣ (4.25)
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From Eq. (25) and boundedness of derivatives of solution in Lemma 3 , we obtain

|LN (ui − Ui)| ≤ Cεh2

∣∣∣∣1− ε−4 exp

(
pih

ε

)∣∣∣∣+ Ch

∣∣∣∣1 + ε−3 exp

(
pih

ε

)∣∣∣∣
≤ Ch2

∣∣∣∣1− ε−3 exp

(
pih

ε

)∣∣∣∣+ Ch

∣∣∣∣1 + ε−2 exp

(
pih

ε

)∣∣∣∣
≤ Ch

(
1 + sup

x∈(0,1)

(
exp

(
−pxi

ε

)
ε3

))

since ε−3 > ε−2. Most of the time during analysis, one encounters with exponential terms

involving divided by the power function in ε which are always the main cause of worry. For their

careful consideration while proving the ε -uniform convergence, we prove as follows.

Lemma For a fixed mesh and for ε→ 0, it holds

lim
ε→0

max
1≤i≤N−1

(
exp

(
−pxi

ε

)
εm

)
= 0, m = 1, 2, 3, . . .

lim
ε→0

max
1≤i≤N−1

exp
(
−p(1−xi)

ε

)
εm

 = 0, m = 1, 2, 3, . . .

where xi = ih, h = 1
N , i = 1, 2, 3, . . . , N − 1.

Consider the partition [0, 1] = {0 = x0 < x1 < x2 < · · · < xN−1 < xN = 1} for the interior grid

points, we have

max
1≤i≤N−1

exp
(
−pxi

ε

)
εm

≤
exp

(
−pxi

ε

)
εm

max
1≤i≤N−1

exp
(
−p(1−xi)

ε

)
εm

≤
exp

(
−p(1−xi)

ε

)
εm

As x1 = h and xN−1 = 1− h, then by the application of L’Hôpital’s rule m times, we get

lim
ε→0

exp
(
−ph

ε

)
εm

= lim
r= 1

ε
→∞

rm

exp(phr)
= lim

r= 1
ε
→∞

m

(ph)m exp(phr)
= 0.

Hence, the proof is completed.

Theorem 4.2 Under the hypothesis of boundedness of the discrete solution (i.e., it satisfies

the discrete minimum principle), Lemma 4.4.2 and Theorem 4.1, the discrete solution satisfies

the following bound:
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sup
0≤ε≤1

max
i
|ui − Ui| ≤ CN−1

4.4 Numerical Examples and Results

In this section, one example is given to illustrate the numerical method discussed above. The

exact solutions of the test problem are not known.

Definition 4.4: (Double Mesh Principle): Double-mesh principle is used to calculate the max-

imum absolute error and rate of convergence of the numerical scheme, when the differential

equation has no exact solutions[?]. So the accuracy of their numerical solutions will be com-

puted using double mesh principle. Therefore, we use the double mesh principle to estimate

the error and compute the experimental rate of convergence to the computed solution. For any

value of N,we put

ENε = max
0≤i≤2N

∣∣UNi − U2N
2i

∣∣ ,
where UNi and U2N

2i are the i-th and 2i-th components of the numerical solutions on meshes of

N and 2N respectively. We compute the uniform error and the rate of convergence as:

EN = max
ε,µ

ENε

RN = log2

(
EN

E2N

)

Example 4.1

Consider the boundary value problem for the delay differential equation.


εu′(x) + µ(1 + x)u′(x)− (4 + sinx)u(x) + u(x− 1) = −ex, x ∈ (0, 2)

u(x) = 5 + x, for x ∈ [−1, 0]

u(2) = 5
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Table 4.1: Maximum absolute error and rate of convergence for different values of N and
ε with non-standered fitted operator method for the give Example 4.1

ε ∈ { 1
211+k , 1 ≤ k ≤ 10}

Present method Kalaiselvan et al.(2019)
Number of mesh elements N

µ 64 128 256 64 128 256
2−22 6.1892E−03 4.1362E−03 2.0865E−03 4.756E−02 3.276E−02 1.486E−02
2−23 6.1892E−03 4.1362E−03 2.0865E−03 4.756E−02 3.276E−02 1.486E−02
2−24 6.1892E−03 4.1362E−03 2.0865E−03 4.756E−02 3.276E−02 1.486E−02
2−25 6.1892E−03 4.1362E−03 2.0865E−03 4.756E−02 3.276E−02 1.486E−02
2−26 6.1892E−03 4.1362E−03 2.0865E−03 4.756E−02 3.276E−02 1.486E−02
2−27 6.1892E−03 4.1362E−03 2.0865E−03 4.756E−02 3.276E−02 1.486E−02
2−28 6.1892E−03 4.1362E−03 2.0865E−03 4.756E−02 3.276E−02 1.486E−02
2−29 6.1892E−03 4.1362E−03 2.0865E−03 4.756E−02 3.276E−02 1.486E−02
2−30 6.1892E−03 4.1362E−03 2.0865E−03 4.756E−02 3.276E−02 1.486E−02
2−31 6.1892E−03 4.1362E−03 2.0865E−03 4.756E−02 3.276E−02 1.486E−02

EN 6.1892E−03 4.1362E−03 2.0865E−03 4.756E−02 3.276E−02 1.486E−02
RN 0.58145 0.98722 0.53781 1.1405

Table 4.2: Comparison of Maximum absolute error and rate of convergence for different
values of µ and N the with non-standered fitted operator method and fitted mesh method
for the give Example 4.1

µ ∈ { 1
25+k , 1 ≤ k ≤ 10}

Present method Kalaiselvan et al.(2019)
Number of mesh elements N

ε 128 256 512 128 256 512
2−34 2.9621E−02 5.8327E−03 1.8448E−03 1.241E−01 9.759E−02 6.750E−02
2−35 2.9621E−02 5.8327E−03 1.8448E−03 1.241E−01 9.759E−02 6.750E−02
2−36 2.9621E−02 5.8327E−03 1.8448E−03 1.241E−01 9.759E−02 6.750E−02
2−37 2.9621E−02 5.8327E−03 1.8448E−03 1.241E−01 9.759E−02 6.750E−02
2−38 2.9621E−02 5.8327E−03 1.8448E−03 1.241E−01 9.759E−02 6.750E−02
2−39 2.9621E−02 5.8327E−03 1.8448E−03 1.241E−01 9.759E−02 6.750E−02
2−40 2.9621E−02 5.8327E−03 1.8448E−03 1.241E−01 9.759E−02 6.750E−02
2−41 2.9621E−02 5.8327E−03 1.8448E−03 1.241E−01 9.759E−02 6.750E−02
2−42 2.9621E−02 5.8327E−03 1.8448E−03 1.241E−01 9.759E−02 6.750E−02
2−43 2.9621E−02 5.8327E−03 1.8448E−03 1.241E−01 9.759E−02 6.750E−02

EN 2.9621E−02 5.8327E−03 1.8448E−03 1.241E−01 9.759E−02 6.750E−02
RN 2.34438 1.6607 0.3471 0.5319
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Chapter 5

Conclusion and scope for Future work

5.1 Conclusion

This study introduce the design of the non-standard finite difference methods (NSFDMs) starts

mostly with the concept of exact schemes. Amajor advantage of having an exact difference

scheme for a differential equation is that questions related to the usual considerations of con-

sistency, stability and convergence do not arise. The objective of this project is, therefore, to

construct -uniform convergent non-standard finite difference method for solving singularly per-

turbed two parameter delay differential equation using finite difference method. The convergence

analysis and stability of the proposed method will also be established.

5.2 SCOPE FOR FUTURE

In this thesis, the design of the non-standard finite difference methods is presented for solving

singularly perturbed two parameter delay differential equation using finite difference method.

problems. Hence the scheme proposed in this thesis can also be extendedsolving singularly per-

turbed two parameter delay differential equation , using non-standered finite difference method

problems
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Figure 5.1: The behavior of the Numerical Solution for Example 4.1 at ε = 2−34→ε = 2−43
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Figure 5.2: The behavior of the Numerical Solution for Example 4.1 at ε = 2−32 and
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